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Preface 


This manual provides detailed solutions to all of the end-of-chapter (a) Exercises, and to the odd-numbered 
Discussion Questions and Problems in Quanta, Matter, and Change. — 

The solutions to some of the Exercises and many of the Problems in this manual relied heavily on the 
mathematical, graphical, and molecular modeling software that is now generally accessible to physical 
chemistry students. The availability of the software makes it possible to create and solve problems that can 
realistically mimic scientific research. Many of the problems specifically requested the use of such software, 
and, indeed, would have been almost unsolvable otherwise. We used the following software for many of the 
solutions in this manual: Excel™ for spreadsheet calculations and graphing, and Mathcad™ for mathematical 
calculations and the plotting of the results. When a quantum chemical calculation or molecular modeling 
process was called for, we usually provided the solution with PC Spartan™ because of its common availability. 
However, the majority of the Exercises and many of the Problems can still be solved with a modern hand-held 
scientific calculator. 

In general we adhered rigorously to the rules for significant figures in displaying the final answers. However, 
when intermediate answers are shown, they are often given with one more figure than would be justified by the 
data. These excess figures are indicated with an overline. 

The solutions were carefully cross-checked for errors not only by us, but very thoroughly by Valerie Walters, 
who also made many helpful suggestions for improving the solutions. We would be grateful to any readers who 
bring any remaining errors to our attention. 

We warmly thank our publishers, especially Jonathan Crowe and Jessica Fiorillo, and also Samantha 
Calamari, for their patience in guiding this complex, detailed project to completion. 
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STUDENT SOLUTIONS MANUAL FOR 
QUANTA, MATTER, AND CHANGE: 
A MOLECULAR APPROACH TO PHYSICAL CHEMISTRY 


Fundamentals 


Exercises 
F.1 Atoms 


F1.1(a) | The nuclear atomic model consists of atomic number Z protons concentrated along with all atomic 
neutrons within the nucleus, an extremely small central region of the atom. Z electrons occupy 
atomic orbitals, which are voluminous regions of the atom that describe where electrons are likely 
to be found with no more than two electrons in any orbital. The electrostatic attraction binds the 
negatively charged electrons to the positively charged nucleus, and the so-called strong interaction 
binds the protons and neutrons within the nucleus. 


The atomic orbitals are arranged in shells around the nucleus, each shell being characterized by a 
principal quantum number, 7 = 1, 2, 3, 4.... A shell consists of 7’ individual orbitals, which are 
grouped together into  subshells. The subshells, and the orbitals they contain, are denoted s, p, d, and f. 
For all neutral atoms other than hydrogen, the subshells of a given shell have slightly different energies. 


es SS 
omens 
Tiassa 


F1.3(a) = (a) chemical formula and name: MgCl,, magnesium chloride 
| ions: Mg”* and Cl 


F1.2(a) 


oxidation numbers of the elements: magnesium, +2; chlorine, —1 


(b) chemical formula and name: FeO, iron(II) oxide 


ions: Fe’* and O7 


Nae” 


oxidation numbers of the elements: iron, +2; oxygen, —2 


(c) chemical formula and name: Hg2Clo, mercury(I) chloride 
ions: Cl and Hg,”* (a polyatomic ion) 


oxidation numbers of the elements: mercury, +1; chlorine, —1 


F1.4(a) : : T Metals conduct electricity, have luster, and are malleable and ductile. 


Nonmetals do not conduct electricity and are neither malleable nor ductile. 


| Metalloids typically have the appearance of metals but behave chemically like 
nonmetals. 


SS ES SS ae 
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Periodic Table of the Elements 


eas. 32 - 
ie og As 
0.72 258 74.92 


51 
i Sb Te 
8 118.7 121.8 127.6 
. 83 
Pb Bi 4 


F.2 Molecules 


F2.1(a) A single bond is a shared pair of electrons between adjacent atoms within a molecule while a 
multiple bond involves the sharing of either two pairs of electrons (a double bond) or three pairs of 


electrons (a triple bond). 
F2.2(a) (a) Sulfite anion, SO; F ‘a z= 
:—S—0: 


Alternatively, resonance structures may be drawn and, if desired, formal charges (shown in circles 


below) may be indicated. 
v2? a s. im 3 © » toa 5 o : 
sole [| ol el] wl] | soto, 
=] (b) Xenon tetrafluoride, XeF, oF . 
|Z. 
:F——xe——F : 


(c) White phosphorus, P, 


FUNDAMENTALS 3 


F2.3(a) _ Valence-shell electron pair repulsion theory (VSEPR theory) predicts molecular shape with the 
concept that regions of high electron density (as represented by single bonds, multiple bonds, and lone 
pairs) take up orientations around the central atom that maximize their separation. The resulting 
positions of attached atoms (not lone pairs) are used to classify the shape of the molecule. When the 
central atom has two or more lone pairs, the molecular geometry must minimize repulsion between the 
relatively diffuse orbitals of each lone pair. Furthermore, it is assumed that the repulsion between a 
lone pair and a bonding pair is stronger than the repulsion between two bonding pairs, thereby making 
bond angles smaller than the idealized bond angles that appear in the absence of a lone pair. 

F2.4(a) Molecular shape and polyatomic ion shape are predicted by drawing the Lewis structure and . 
applying the concepts of VSEPR theory. 
since — 

Lewis structure: 
Cl 
Orientations caused by repulsions between one lone pair and three bonding pairs: 
* Cl 
ep: = 
Cl Cl 
Molecular shape: trigonal pyramidal and bond angles somewhat smaller than 109.5° 
ili Cl \ cl 
Lewis structure: ae. 
Cl 
Orientations caused by repulsions between five bonding pairs (no lone pair): 
Cl 
Cl: 
Spe—cl 
ar] 
Cl 
Molecular shape: trigonal bipyramidal with equatorial bond angles of 120° and axial bond 
angles of 90° 
(c) XeF, °* Fal 
Lewis structure: Pig 


Orientations caused by repulsions between three lone pairs and two bonding pairs: 
F 


F 
Molecular shape: linear with a 180° bond angle 
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F2.5(a) 


F2.6(a) 


F2.7(a) 


F3.1 (a) 


F3.2(a) 


(d) XeF4 e *. 


Lewis structure: F ——X¢——F 


Orientations caused by repulsions between two lone pairs and four bonding pairs: 


Go 
p~ | Yp 


Molecular shape: square planar with 90° bond angles 


(a) gt 5 (b) P——H __ Nonpolar or weakly polar. (c) §* 5. 
Cc—Cl jc 


(a) CO, is a linear, nonpolar molecule. 

(b) SO, is a bent, polar molecule. 

(c) N,O is a linear, polar molecule. 

(d) SF, is a seesaw molecule, and it is a polar molecule. 


In the order of increasing dipole moment: CO», NO, SF,, SO, 


F.3 Bulk matter 


The solid phase of matter has a shape that is independent of the container it occupies. It has a 
density compatible with the close proximity of either its constituent elemental atoms or its 
constituent molecules, and consequently it has low compressibility. Constituent atoms, or 
molecules, are held firmly at specific lattice sites by relatively strong net forces of attraction 
between neighboring constituents. Solids may be characterized by terms such as brittle, ductile, 
tensile strength, toughness, and hardness. 


A liquid adopts the shape of the part of the container that it occupies; it can flow under the influence 
of gravitational attraction to occupy any shape. Like a solid, it has a density caused by the close 
proximity of either its constituent elemental atoms or its constituent molecules, and it has low 
compressibility. Liquids can flow because the constituent atoms or molecules have enough average 
kinetic energy to overcome the attractive forces between neighboring constituents, thereby making 
it possible for constituents to slip past immediate neighbors. This causes constituents to be placed 
randomly in contrast to the orderly array in crystals. Liquids are characterized by terms such as 
surface tension, viscosity, and capillary action. Liquids within a vertical, narrow tube exhibit a 
meniscus that is either concave up or concave down depending on the nature of the attractive or 
repulsive forces between the liquid and the material of the tube. 


Gases have no fixed shape or volume. They expand to fill the container. The constituent molecules 
move freely and randomly. A perfect gas has a total molecular volume that is negligibly small 
compared to the container volume, and because of the relatively large average distance between 
molecules, intermolecular attractive forces are negligibly small. Gases are compressible. 


(a) Mass is an extensive property. 

(b) Mass density is an intensive property. 
(c) Temperature is an intensive property. 
(d) Number density is an intensive property. 


F3.3(a) 


F3.4(a) 


F3.5(a) 


F3.6(a) 


F3.7(a) 


F3.8(a) 


F3.9(a) 
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46.069 


() n=—7 =25.0 (ae = -|-0 = [0.543 mol] [F.1] 


mol 


23 
(b)  N=nN, =0.543 mo | Sezai meee 3.27x10 molecules 


(a)  m=nM=10.0mo (S288) - [isi [i80.g] [F.1] ° 


(b) weight = Fy avityon Earth =" 2panh 


= (180. g)x(9.81 m =) oe) =1.77kgms~ =|1.77N 


ang 
fot hg 


(65 kg)x(9.81ms7)( 1 cm? 
150 cm? 10“ m? 


=|0.43 bar 


= 4.3x10' Nm® =4.3x10° Pal Ak 
10° Pa 


1 atm 
1.01325 bar 


0.43 bar a 10.42 atm 


5 
(a) 145 aum{ EOUSESAIO' Pe | 1.47x10° Pa 


(b) 145 aim( OSS be) =[1.47 bar 
a 


T/K=0/°C + 273.15 =37.04+273.15 =310.2 = [F.2] 


To devise an equation relating the Fahrenheit and Celsius scales requires that consideration be given 
to both the degree size and a common reference point in each scale. Between the normal freezing 
point of water and its normal boiling point, there is a degree scaling of 100°C and 180°F. Thus, the 
scaling ratio is 5°C per 9°F. A convenient reference point is provided by the normal freezing point 
of water, which is 0°C and 32°F. So to calculate the Celsius temperature from a given Fahrenheit 
temperature, 32 must be subtracted from the Fahrenheit temperature (@;) followed by scaling to the 
Celsius temperature (9) with the ratio 5°C / 9°F. 


_9 or _9 a 
6, °F = Y5xO/°C +32 = Y6x78.5 +32 =173 
6, =173 °F 
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7.0+273.15) K ) -— 
F3.10(a 110 kPa x| (7°+273.15) K | _ Fos pal 
- aceas = ¢ 
F3.11(a) epeaar Fas 
M 
_wRT  pRT 


M where p is the mass density 


pV 


(3.710 kg m™)(8.314 JK™ mol")(773.15 K) 
= $$ ______"_ = 0,256 kg mol” = 256 g mol” 


93.2x10° Pa 
The molecular mass is eight times as large as the atomic mass of sulfur (32.06 g mol”'), so the 
molecular formula is Sd. 
F3.12(a) n= 22's x | LE |e rl 
30.07 g 
mRT 1 4 (0.73 mol)(8.314 JK“ mol')(298.15 K)(— cm? 
Par peel ~~ 1000. em? 10° m° 
=1.8x10° Pa =[1.8 MPa 
F3.13(a) m, =1.0mole and ny, =2.0 mole 
RT 1.0 mol)(8.314 JK™ mol” )(278.15 K 3 
Pr = [F.3] ee :}= 2.3x10° Pa 
. , m 


Since there are twice as many moles of hydrogen as nitrogen, the hydrogen partial pressure must be 
twice as large. 


Pu, =[4.6x10° Pal p = Py, + Py, [F-4] =|6.9x10° Pal 


F.4 Thermodynamic properties 


F4.1(a) Apa? ps) - Ook 272 
C 3.67 3K 
F4.2(a) n=100. g «(me | 0.483 mol 
207.2 g 


AU =CAT [F.5]=nC,,AT 
= (0.483 mol)(26.44 JK mol™)(10.0 K) =[128 J 


F4.3(a) C, =C,,/M = (111.46 JK™ mol" »(z = | =|2.4194 JK7 g 


F4.4(a) C, =C,M =(4.18 JK" g* )-{ Se =[75.33K" mol” 
mo 


F4.5(a) 


F4.6(a) 
F4.7(a) 


F4.8(a) 


F4.9(a) 


F4.10(a) 


F5.1(a) 
F5.2(a) 


F5.3(a) 


F5.4(a) 
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Dividing eqn. F.7 by the number of moles 7 and using the molar properties (intensive) H,,, Um, and 
Vn yields the equation 


H, m UL 7 ff 
Substitution of the perfect gas eos, pV, = RT, yields 


H,, -U,, = RT =(8.3145 J mol! K)x(298 K) =[2.48 kJ mo!™| 
/ 1.00x10° Pa)x(207.2 I) (10° mm? 
ie Stig eae p= Ee ee) ee") ans i 


11.350 gcm™ cm 


Si,0@ 2 Su,00 


Syea000 k) > Sre300 kK) 


The second law of thermodynamics states that any spontaneous (that is, natural) change in an 
isolated system is accompanied by an increase in the entropy of the system. This tendency is 
expressed commonly by saying that the natural direction of change is accompanied by dispersal of 
energy from a localized region to a less organized form. 


In a state of dynamic equilibrium, which is the character of all chemical equilibria, the forward and 
reverse reactions are occurring at the same rate and there is no net tendency to change in either 
direction. Examples: 


2 SO, (g) + O,(g) = 2 SO,(g) Addition of oxygen shifts the equilibrium to the right. An increase 
in pressure also shifts it to the right so as to reduce the number of moles of gas. 


CaCO, (s) = CaO(s) + CO,(g) Addition of carbon dioxide shifts the equilibrium to the left. An 
increase in pressure also shifts it to the left so as to reduce the number of moles of gas, 


CO(g) + H,O(g) = CO,(g)+H,(g) Addition of carbon monoxide shifts the equilibrium to the 
right. An increase in pressure has no effect on the equilibrium because there are equal numbers of 
moles of gas on left and right. 


F.5 The relation between molecular and bulk properties 
Quantized energies are certain discrete values that are permitted for particles confined to a region of space. 


AE = Exo: — Evouer = 1 €V = 1.6022x10" J 


N ~19 23 yp-l 
~ een Pop 3) {(1.38pa0- 3 K-")x(300 K)} ~(1,.602x10-" 


lower 
PN ett RIES gg ™ F ~(1.6022x10° 3} {(1.3840™ 3 K-'}x(3000 K)} = 
(b) =e =e =|2.092x10 


N 
im( 5 =lim(e”""") [F.9]=e™ =0 
T-30 Nioka T3230 


In the limit of the absolute zero of temperature all particles occupy the lower state. The upper state 
is empty. 


AE = Evrcr — Exoyer = Vhe = (2500 cm™)(6.626x10™ J s)(3.000x10" cms") = 4.970x10 J 


awe = AIA FP 9) = glnepe™ ){(1.38A0 3K )x(293 K)} ~14.631x10~ 


lower 


The ratio Mupper/Mower is so small that the population of the upper level is approximately zero. 
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F5.5(a) Kinetic molecular theory, a model for a perfect gas, assumes that the molecules, imagined as 
particles of negligible size, are in ceaseless, random motion and do not interact except during their 
brief collisions. 


F5.6(a) Molecules can survive for long periods without undergoing chemical reaction at low temperatures 
when few molecules have the requisite speed and corresponding kinetic energy to promote 
excitation and bond breakage during collisions. 


1/2 


F5.7(a) View &(T/M) [F.11] 


Venn (Tz) _ (T,/M)” (2) 


Be: 


~~ 


Veen (T,) (F/M)? 


jee 4 1/2 
Vien (313 K) ) (33 4 =[1.07 


Vien (273K) \273K 


1/2 


F5.8(a) Viren & (T/M) 


Vnean (Mz) (T/M,)"” -( ) 


[F.11] 


SS eee: ee 


Vinean (M, ) (T/M,)" M, 


Vea (N2) _ { 44.0 g mol” 
Vinean (CO,) | 28.0 g mol” 


1/2 


={1.25 


F5.9{a) A gaseous argon atom has three translational degrees of freedom (the components of motion in the 
x, y, and z directions). Consequently, the equipartition theorem assigns a mean energy of */,kT to 
each atom. The molar internal energy is 


U,, =.N,AT =4RT [F.10] = (8.3145 J mol K™)(298 K) = 3.72 kJ mol” 


U =nU,, =mM“U,, =(5.0 al ae (2 kJ 


)- 047 KI 
39.95 g mol 


F5.10(a) (a) A gaseous linear carbon dioxide molecule has three quadratic translational degrees of freedom 
(the components of motion in the x, y, and z directions) but it has only two rotational quadratic 
degrees of freedom because there is no rotation along the internuclear line. There is a total of 
five quadratic degrees of freedom for the molecule. Consequently, the equipartition theorem 
assigns a mean energy of */.kT to each molecule. The molar internal energy is 


U,, =£N,kT =4RT [F.10] = $(8.3145 J mol K™')(293 K) = 6.09 kJ mol" 


U =nU,, =mM"'U,, =(10.0 0) (S28) = [1.38 kJ 


44.02 mol 


(b) A gaseous, nonlinear methane molecule has three quadratic translational degrees of freedom 
(the components of motion in the x, y, and z directions) and three quadratic rotational degrees of 
freedom. Consequently, the equipartition theorem assigns a mean energy of °/.kT to each 
molecule. The molar internal energy is 


U,, = £N,kT =3RT [F.10] = 3(8.3145 J mol K™)(293 K) = 7.31 kJ mol" 


U =nU,, =mM'U,, =(10.0 ef Lid (2 | 


4.56 kJ 


16.04 g mol 
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F5.11(a) See Exercise F5.9(a) for the description of the molar internal energy of argon. 
Crm = = SE = 2 R= (8.3145 Jmol! K*) =[12.47 Jmol! K* 


F5.12(a) See Exercise F5.10(a) for the description of the molar internal energies of carbon dioxide and 
methane. 


(a) U,,=2RT for carbon dioxide 


Ml ae ee 
Cris = EER = 3 (8.3145 J mol 'K") =|20.79 J mol” K7! 
(b) U, =3RT for methane 
oU,, _9(3RT) | es 3 ——— 
Cram =e = = BR = 3(8.3145 Jmol K) = 24.94 J mol’ K" 


F.6 Particles 


F6.1(a) a=dv/dt=g so dv=gdt. The acceleration of free fall is constant near the surface of the Earth. 


[are fe 


v(t) = gt 


(a) —-v(1.0s)=(9.81 ms*)x(1.0 s) =|9.81 m s“| 


BE, =14my =1(0.0010 kg)x(9.81 ms") =[48 mJ 
(b) + (3.0s)=(9.81ms*)x(3.0s)=[29.4ms"| 
E, =4m¥ =1(0.0010 kg)x(29.4 ms") =[0.433 


F6.2(a) The terminal velocity occurs when there is a balance between the force exerted by the electric 
field and the force of frictional drag. It will be in the direction of the field and have the 
magnitude Sterminal- 


ZCE = OANRS serminat 


Zeé 
627R 


fe 


F6.3(a) x(t) = Asin(a@t) + Bcos(art) 


dx ee dsin(a@t) +B dcos(ar) 


= . ne Ax(a@cos(a@t))+Bx(—-asin(a)) 


= Amwcos(a@t) — Basin(at) 
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F6.4(a) 


F6.5(a) 


F6.6(a) 


a c A 2) Zi Bo St 
dt dt dt 
= Awx(-asin(a@t)) - Bax(acos(ar)) 
=-a (Asin(@t)+ Bcos(@r))=—-@'x where @=(k/m) 


1/2 


This confirms that x(¢) satisfies the harmonic oscillator equation of motion. 
The harmonic oscillator solution x(?) = A sin(a@?f) has the characteristics 
x(t) = Asin(@t) + Bcos(at) 


v(t)= “ = Aawcos(@) 


Xnig = X(t =n/ @, n=0,1,2...)=0 and x,,, = x(t=(n++)2/o, n=0,1,2...)=A 


At Xmin the harmonic oscillator restoration force (Hooke’s law, —kx) is zero, and consequently, the 
harmonic potential energy, V, is a minimum that is taken to equal zero while kinetic energy, F,, is a 
maximum. As kinetic energy causes movement away from X,pin, kinetic energy continually converts 
to potential energy until no kinetic energy remains at x,,., where the restoration force changes the 
direction of motion and the conversion process reverses. We may easily find an expression for the 
total energy E(A) by examination of either Xpjn OF Xmax- 


Analysis using Xin: 
E=E, pax =EMV yx =4MA W where @=(k/m)'” orm@ =k 
E= + kA’ 


We begin the analysis that uses x,,,, by deriving the expression for the harmonic potential energy. 
dV =-—F.dx [F.20]= kx dx (i.e., F, =—kx; Exercise F6.3a) 
[Pav = [hx de 


V(x) =k? Thus, Ving, =V (Spay) =LKA? and [E = Vg = $hA?| 


The electron acceleration is caused by the centripetal electrostatic force of attraction of the 
positively charged nucleus for the negatively charged electron. The force and its resultant 
acceleration always point from the electron to the nucleus. A path of constant radius r is possible 
only when the electron speed v creates a centrifugal force, mv’/r, that exactly balances the 
centripetal force. The magnitude of the centripetal acceleration is found by equating the force of 
Newton’s second law of motion and the centrifugal force. 


mv" 


F=ma= 


y2 (2188x10° mst) = ell 
r 53xl0°* m 


The relationship between angular velocity @ and the speed of an electron in a stable circular path 
(i.e., an “orbit” of radius r) is found by recognizing that, when the electron travels through one 


orbit, it traverses 27 radians while traveling the distance 2zr. Thus, 


@=VXx(27/2ar)=vi/r 


F6.7(a) 


F6.8(a) 


F6.9(a) 
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J=10=(m?)x{¥)=mry [F.15] 

r 
= (9.10938x10 kg)x(53x10"? m)x(2188x10° ms) 
=1.1x10™ kgm’ s' =1.1x10™ Js 


= (1.1x10™ J s)x{ =) h whereh=h/2z 


=(1.1x10™ J s)x{ | h=[L.0h 
6.63x10™" Js 


w=tk’ wherex=R-R, is the displacement from equilibrium 
(a) — w=4(450N m*)x(10x10™ m) =2.25x10 Nm = [2.25x10™ J 
(b) w=4(450Nm”")x(20x10-? m) =9.00x10 Nm = [9.00x10 J 


E, =eAp 


2eA@ 1/2 
im’ =eAp or v= (Ze 


1/2 

2(1.6022x10° C)x(100x10° V IR V2 

= 24) 6002 ee) lal =1.88x10° = = 1.88x10° a 
9.10938x107! kg kg kg 


9 2 \l2 é 
=1,88x10° [eis | =|1.88x10° ms” 
kg 
_E=E, =eAg=ex(100 kV) =[100 keV 


The work needed to separate two ions to infinity is identical to the Coulomb potential drop that 
occurs when the two ions are brought from an infinite separation, where the interaction potential 
equals zero, to a separation of r. 


In a vacuum: 


w=-V= (4 (F.24]= (ee ae 


TE,r 47e,r 4m r 
(1.6022x10-" c) 
4(8.85419x10"? J! C? m™)x(200x10-" m) 


=[L1sx10* 3] 


In water: 


xK(— 2 2 
w=-V = -[ te aye ta 2 £  =_© _ 1.25] where e, = 78 for water at 25°C 
Amer Amer 42€.€5r 


: (1.6022x10"" C) 
~ 4x(78)x(8.85419x10-? J C? m™)x(200x10™ m) 


=[.48x10™ J 
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F6.10(a) We will model a solution by assuming that the LiH pair consists of the two point charge ions Li* 
and H. The electric potential will be calculated along the line of the ions. 


e (—e) e ] | 
=Q—.+ F.27| =————__ + ———_ [F..26] = ——| —_-—_ 
P=, +P, [P27] inp) AML. [F.26] al 


9 1.6022x10°"" C 1 1 


* 4(8.85419x10- <= m"') 200x10"" m_ 150x10-? m 
=—2.40 JC! =-2.40 CVC" =|-2.40 V 


F6.11(a) We will assume that the electric circuit has a negligibly small heat capacity so that the water 
receives all of the electrically generated heat energy. 


AU,, . = energy dissipated by the electric circuit 

= [Ag At [F.30] 

= (2.23 A)x(15.0 V)x(720 s) =24.1x10 C s* Vs =[24.1k)] 
AU yo = (MCAT) y,0 [F-5] 


AU 0 AU 4.0 24.1x10° J 


(nO), (mC/M)y (200 g)x(75.3 JK mol)/(18.02 g mol") 


= 28.8 K = {28.8 °C 


F7.1(a f= 
(a) 590x10° m\ cm 


~2 . 
rai-g |” =|. 1.69x10* em 


8 a | - 
yok Ra 5.08x10" 5 SS Oe as 


A 590x107? m 
8 -1 
F7.2(a) de a pan) SEIS Soexte me 
ee 1.33 
| 1 I 10° um — 
F7.3(a ee ee -|4.00 
. 7 elo 0 <li =| e 


8 -] 
ver [F.31] = 00x10 ms” _750x10" s =[7.50x10" Hz 


4.00x10° m 


F7.4(a) (a) f(x) =cos(2zx/A) where A = 1 cm (Sée Figuie F. 1: es .) 


(b) fix) =cos(2ax/A + g) where gp=2/3 (See Figure F.1: ----..---------. ) 


FUNDAMENTALS 13 


1 
x/em Figure F.1 


F7.5(a) f (x,t) = cos{2avt—(277/ A)x} 
“ =—2av sin{2avt -(22/ A)x} 

oS = _(2nv) cos {2avt—(2/ Ax] 

=-(2av) f 
“ = —(-22/ A)sin{2avt - (27 / A)x} =(22/ A)sin{2avt - (27 / A)x} 
4 =~(2/A)* cos{2mvt—(2n/ Ax} 

=-(2n/A) f 
2 ef =~(2ae/ ay f 


=-(2mv) f 


Inspection of the simplified equations for 07 f / dt? and c’(d? f /dx*) reveals that they are equal. 
Consequently, we conclude that f(x,?) satisfies the wave equation. 


F.8 Units 


F8.1(a) 1.45 cm? = 1.45 (10? m) =[1.45x10% m’ 
: lkg lcm 3 
F8.2 13 =|11.2x10° kg m@ 
(a) ( 2, )x + ae - Gs o~ -) ta 


F8.3(a) Pa_Nm”™ -Ce)n le et 


J J 
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1.381x10 JK )x(298 K — 
Fa.Ale) kr ___(1.381x10" JK") x(298K) 


he (6.626x10™ J s)x(2.998x10" cm s™ 


3 3 
F8.5(a) Aas a Pam x{ 1 atm }{ oH )- 
K mol J 101325 Pa 10° m 


“Te | ’ 
F8.6(a) (1 dm’ atm )x PEE «(Te J = 101.325 J 
dm 1 atm Pam 


iP hoe eS el ee 
F8.7(a) = (a) Base unit of Pte = (e - mx (m) (J m ){ 7 |- kg ms 


: tof ep eel 
(b) Unitof ar (Ce 5 n")x(m?) (Im y«{ J-kems =[N] 


D1.1 


D1.3 


D1.5 


The principles of 
Quantum theory 


Answers to discussion questions 


At the end of the nineteenth century and the beginning of the twentieth, there were many 
experimental results on the properties of matter and radiation that could not be explained on the 
basis of established physical principles and theories. Here we list only some of the most significant. 


(1) The photoelectric effect revealed that electromagnetic radiation, classically considered to be a wave, 
also exhibits the particle-like behavior of photons. Each photon is a discrete unit, or quantum, of 
energy that is absorbed during collisions with electrons. Photons are never partially absorbed. They 
either completely give up their energy or they are not absorbed. The energy of a photon can be 
calculated if either the radiation frequency or wavelength is known: Epnoton = Av = he/A. 

(2) Absorption and emission spectra indicated that atoms and molecules can only absorb or emit discrete 
packets of energy (i.e., photons). This means that an atom or molecule has specific, allowed energy 
levels, and we say that their energies are quantized. During a spectroscopic transition the atom or 
molecule gains or loses the energy AF by either absorption of a photon or emission of a photon, 
respectively. Thus, spectral lines must satisfy the Bohr frequency condition: AE = hy. 

(3) Neutron and electron diffraction studies indicated that these particles also possess wave-like 
properties of constructive and destructive interference. The joint particle and wave character of 
matter and radiation is called wave-particle duality. The de Broglie relation, Age Brogiie= h/p, 
connects the wave character of a particle (Age Brogiie) With its particulate momentum (p). 


Evidence that resulted in the development of quantum theory also included: 


(4) The energy density distribution of blackbody radiation as a function of wavelength. 
(5) The heat capacities of monatomic solids such as copper metal. 


If the wavefunction describing the linear momentum of a particle is precisely known, the particle 
has a definite state of linear momentum; but then according to the uncertainty principle (eqn. 1.19a), 
the position of the particle is completely unknown. Conversely, if the position of a particle is 
precisely known, its linear momentum cannot be described by a single wavefunction. Rather, the 
wavefunction is a superposition of many wavefunctions, each corresponding to a different value for 
the linear momentum. All knowledge of the linear momentum of the particle is lost when its 
position is specified exactly. In the limit of an infinite number of superposed wavefunctions, the 
wavepacket illustrated in text Fig. 1.17 turns into the sharply spiked packet shown in Fig. 1.16. But 
the requirement of the superposition of an infinite number of momentum wavefunctions in order to 
locate the particle means a complete lack of knowledge of the momentum. 


By wave-particle duality we mean that in some experiments an entity behaves as a wave while in 
other experiments the same entity behaves as a particle. Electromagnetic radiation behaves as a 
wave in reflection and refraction experiments but it behaves as particulate photons in absorption and 
emission spectroscopy. Electrons behave as waves in diffraction experiments but as particles in the 
photoelectric effect. Consequences are especially important for small fundamental particles like 
electrons, atoms, and molecules. It is not possible to precisely specify complementary observables 
like position and momentum for fundamental particles. It is also impossible to specify the 
simultaneous energy and timing of an event. Rather, the multiplied uncertainties of complementary 
observables must always be greater than, or equal to, #/2 (i.e., the Heisenberg uncertainty 
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D1.7 


E1.1(a) 


E1.2(a) 


E1.3(a) 


principle of eqns. 1.19a and 1.23). Quantum theory shows that, because of wave-particle duality, it 
is necessary to specify the wavefunction of fundamental particles and to use Postulates I—V of the 
text to interpret their behavior and observable properties. 


(a) The eigenvalue equation Qy = @y provides the relation between the operator for an 
observable (Q) and the value of the observable (w). Whenever the system is described by a 
wavefunction y, which is an eigenfunction of 2, the outcome of a measurement of the 
observable Q will be the eigenvalue w. This is Postulate IV of the text. 


(b) Should the system wavefunction be a superposition of eigenfunctions (eqn. 1.14, w= Vovs) the 
probability of observing the eigenvalue @, is proportional to |c,|*. This is Postulate V of the text. 


Solutions to exercises 


AE =<Wy [1.1]=— 


—34 8 -l 
- ee eee =|3.37x10-" J 


AE =hv=h/T where the period T equals 1/v (T =1/v) 


_ 6.626x10™ Js 


= 33x10” J= 33 zd) zJ 
20x10" s ’ 


(a) 


This corresponds to N, x(3.3x10™ J) =|20. kJ mol” 


2 34 - - 
(b) ag = SS = 3x10 J], [0.20 nJ mol 
US 


This is much too small to be measurable, thereby, demonstrating that for practical purposes the 
energy of a macroscopic object is a non-quantized, continuous variable. 


1/2 
E. minim pir nie ili [1.2] and v= ehh 
Z A m 


® =2.14eV =(2.14)x(1.602x10°" J) = 3.43x10°" J 


he _ (6.626 x 10° Js) x (2.998 x 10° ms’) 


eae =3.42x10°" J 
A 580 x 10°m 


(a) 


The photon energy is very nearly equal to the value of the work function. 


Consequently, if photoejection occurs, the electrons will have |no kinetic energy and zero speed]. 


he (6.626 x 10" 2.998 x 10 s 
(b) ie Aa ceca ANKE Eee = 7.95x10 4 J 
A 250 x 10” m 


B, = 1 my? = (7.95-3.43)x10-? J = 4.5210” J = [0.452 


V2 PS eee 
Me e ) _{ (2)x(4.52 fn aes 906 ea 
m 9.109x10™"kg 
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E1.4(a) Ey => =hv-@ -<_9 [1.2] or @ = -E, 
6.626x10-" Js)x{2.998x10° ms"! -19 
jut gl Be ee 1.602x10" J 
A 465x107 m eV 
=8.92x10 J 


The maximum wavelength needed for photoejection leaves the electron with zero kinetic energy. If the 
wavelength is longer, the radiation has insufficient energy for photoejection. If the absorbed wavelength 
is shorter, the electron will have a non-zero kinetic energy after photoejection. In the former case, 


Oe ini ds ae be hl BO 2.23 ut 
Aa @ 8.92x10™ J 


. 1/2 
E1.5(a) B,=>my’ = hv - -0 =" -6 [1.2] or =o my or eye) 


=r ' ~1 
cee Seth _ {bans ih a ee kg)x(1.24x10° ms") 
A? 165x10° m y) 


= 5.04x10°" J 


1/2 34 8 ee I 
_}(2\ {<-o) 7 2 cl (6.626x10 Janyce. 0940 ms”) 5 g4y10-3 
m, A 9.109x10™ kg 265x10° m 


=|7.35x10° ms‘ 


E1.6(a) Evinting = Epona Ey = by = nem 
he 1 4 (6.626x10-* Js)x(2.998x10° ms") 1 ” mee 
cg SE DY ee ee OU HGRID™ keg) (2. 14x10" ing 
~ a RE SER Sh 150x102 m 2‘ B)~( aie 


=(1.12x10° J » arr 6.96 keV| without a relativist mass correction. 


Note: The photoelectron is moving at 7.1% of the speed of light. So, in order to calculate a more accurate 
value of the binding energy, it would be necessary to use the relativistic mass in place of the rest mass. 
i 
ann wenn cee 2 ae) aa <7 =9.13x10"" kg 
“( aver ie (1- (2:14x10" ms /2,998x10° ms*) - 


_ (6.626x10™ J's)x(2.998x10" ms) 4 


alee 
A: ee 150x10? m 


59. 13x10 kg)x(2.14x10" ms") 


binding 


= (1 12x10" J {er | =|6.96 keV| with the relativistic mass correction. 
‘ x 
The relativistic mass correction did not make a difference in this exercise. 


E1.7(a) E=-w=" E(per mole) = N, E = Ta 


hc = (6.62608x10-* Js)x (2.99792 10° ms) = 1.98610" Jm 
N, he = (6.02214x10” mol™)x (1.986x10™ Jm) = 0.1196 J m mol” 


1.986x10™ Jm 0.1196 Jm mol!’ 
A 


Thus, £ es E(per mole) = — 


E1.8(a) 


E1.9(a) 


E1.10(a) 
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We can therefore draw up the following table. 


/nm E/ E/(kJ mot) 


(a) 620 320x100" 193 
(b) 570 3.49 x 10°19 210 
(c) 380 5.23 x 1079 315 


Power is energy per unit time; hence 


£ =" 1p <powenin waite, 1W=1 eter 

At hy be 
eee mee 
(6.626% 10“ Js)x(2.998x10° ms”) 1.99x107° 


= 5.03x10°(P/ W)x(A/nm)s™ 


(a) -N/ At =(5.03x10"°)x(10)x(590s”) =3.0x10" s™ 
(b) —-N/ At = (5.03x10"*)x(250)x (590s) =|7.4x10” 57 


P my 
34 . 
AR ELMER ver 


(2.0 x 10° kg) x (1.0 x 10 ms”) 


For a macroscopic object (e.g., 2 g) the de Broglie wavelength is much too small to be observed. Its 
particulate character predominates and energy levels are extraordinarily close, thereby producing an 
apparent continuum of possible energies. 


-34 
midi Ac: 6.626x10™ Js sor ar 


(2.0107 kg)x(2.5x10° ms") _ 


6.626x10™ Js 


= $= (99.7 
(4.003)x (1.660510 kg)x (1000 m s”) 


(c) 


COMMENT. The wavelengths in (a) and (b) are smaller than the dimensions of any known particle, 
whereas the wavelength in (c) is comparable to atomic dimensions. 


Question. For stationary particles, v = 0, corresponding to an infinite wavelength. What meaning 
can be ascribed to this result? 


— 
= = 


mA 


E1.11(a) 


E1.12(a) 


E1.13(a) 


E1.14(a) 
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The accelerating potential difference needed to provide this speed is 


y= &, mer eg 
e€ 4 
1(9.109x107! kg)x(7.27x10° ms) 
a g) te (15Y) (ov 
1.602x10™ € J 


Low-energy electron diffraction (LEED) uses a beam of electrons of a well-defined low energy 
(typically in the range 20-200 eV) incident to a single crystal with a well-ordered surface structure 
in order to generate a back-scattered electron diffraction pattern. 


1/2 
1 he 2he 
E. =— 2 = hv — eee oO = 
: ee 7 i? (2) 


2(6.626x10™ J s)x(2.998x10° ms") )~ —- 
y= | ee et | STINT ea 


(9.109x10' kg)x(150x10° m) 


The time-independent wavefunction in three-dimensional space is a function of x, y, and z so we 
write w(x, y, z) or y(r). The infinitesimal space element is dt = dxdydz with each variable ranging 
from —°o° to +00, The time-independent wavefunction is said to be a stationary state. 


It is reasonable to expect that in some special cases the probability densities in each of the three 
independent directions should be mutually independent. This implies that the probability density for 
the time-independent wavefunction y(r) should be the product of three probability densities, one for 
each coordinate: |y(r)|? « |X(@x)/ x |¥()/ x |Z@J’.. Subsequently, we see that the wavefunction is 
the product of three independent wavefunctions in such a special case and we write y(r) «< X(x) x 
Y(y) x Z(z). Such a wavefunction is said to exhibit the separation of variables. 


For the special case of a particle free to move in a cube of volume L*, we may generalize the 
wavefunction provided in Example 1.4 of the text, X (x) w sin(zx/L), to Y(y) < sin(ay/L) and Z(z) « 
sin(az/L) and conclude that y(r) < sin(a/L) x sin(ay/L) x sin(zz/L). Alternatively, for a particle free to 
move in a rectangular parallelepiped of sides L,, L, and L,, y(r)  sin(ax/L,) x sin(zy/L,) x sin(az/L,). 


Remarkably, when the potential energy term of the hamiltonian is either zero or a constant value throughout 
space, the time-independent wavefunction does not depend upon the particle mass! Mass does appear in 
both the kinetic energy operator and eigenvalues of operators that contain the kinetic energy operator. 
Similarly, electrical charge does not appear in the time-independent wavefunction in this particular case. 


An isolated, freely moving hydrogen atom is expected to have a translational, time-independent 
wavefunction that is a function of the center-of-mass coordinates Xcm, Vem, and Zon, SO We write 
Wom(Xems Vems Zem) OF Wem(Fem) With each variable ranging from —o to +oo. The infinitesimal space 
element for the center of mass variables is dtoq = AX%emdVem4Zem- 


The hydrogen atom also has variables x, y, and z, which are the Cartesian coordinates of the electron 
with respect to the center-of-mass of the hydrogen atom. The electronic wavefunction can be 
written as wi(x, y, Z) OF we(r) with each variable ranging from —oo to +00, 


In general we expect that the total wavefunction is the product won(Tem) X Wer). (See E1.12a.) 
Furthermore, we expect that there are special cases for which the translational wavefunction 
exhibits the separation of variables: Wom(Tom) % Xem(Xcem) X Y(Vem) X Zem(Zem). The electronic 
wavefunction does not exhibit the separation of Cartesian variables because the electrostatic 
potential between the electron and nucleus is proportional to 1/r, which cannot be written as a sum 
of separate terms in the variables x, y, and z. 


An isolated, freely moving hydrogen atom is expected to have a translational, time-independent 
wavefunction that is a function of the center-of-mass coordinates Xem, Vem, aNd Zn, SO We write 
Wem(Xem> Vem» Zem) OF Wem(Fem) With each variable ranging from —oo to +00. The infinitesimal space 
element for the center of mass variables is dtoq = A%cemdVemdZem: 
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The hydrogen atom also has variables r, 0, and g. These are the spherical polar coordinates of the 
electron with respect to the center-of-mass of the hydrogen atom. The electronic wavefunction can 
be written as yw.(r, 6, gy) with the variables lying in the ranges 0< @<2z, 0< O<7, and 
0<r<oco(see text Figs. 3.12 and 3.13). Furthermore, the infinitesimal space element is dr = 
dxdydz = r* sin drdédg. 


In general we expect that the total wavefunction is the product Wom(Tem) X Wel”, 8, gv). (See E1.12a.) 
Furthermore, we expect that there are special cases for which the translational wavefunction 
exhibits the separation of variables: Wem(Fem) & Xem(Xem) X YVem) X Zem(Zem)- In Chapter 4 you will 
discover that the electronic wavefunction also exhibits the separation of spherical polar coordinates 
because the electrostatic potential between the electron and nucleus is proportional to 1/r. 


E1.15(a) The normalized wavefunction has the form y(g) = Ne” where N is the normalized constant. 
a 
[vv dp=1 [1.6] 


N? ["eri#el# dp = N? [“dp=20N? =1 


1/2 
“pe (| 
22 
E1.16(a) (9) = (1/2z)'” e® so |w(g)|’ = (1/2) e°” e'” = 1/2. Thus, the probability of finding the atom in an 


infinitesimal volume element at any angle is (1/27) dg. 


V2 
E1.17(a) The normalized wavefunction is y = & el? 


Probability that 7/2<g<3a/2=[" y'y dg [Postulate Il 
* 1 Bn12 ig ig ane 1 cn 
wt rer | oad 4 es Pat 88 ? 
1 G=32/2 { 1 (= = l 
=| — 9| Spo XY or — EE 
an)? lon) 2 2) [2 
a2 a2 4. a2 a 2 2 2 
E1.18(a) E, hh F(z) (3) [1.11] 
, 2m\ dy }, 
E1.19(a) Let a and b be any real or complex number and let Ax) be defined as f(x) = ae™™ + be”. Then 
ef = 2iae*™ —2ibe 
dx 


d? 
dx’ 


= (2i)’ ae™* +(2i)° be** =—4(ae™* + be™* ) 


=-4f (x) 
tx) is an eigenfunction of the operator d’/dx’. The eigenvalue is L4) 


de™ 


“dx 


2 


E1.20(a) (a) = (ik)e Thus, e” is an eigenfunction of d/dx. The eigenvalue is [ix 


Q. 
@ 
§ 


(b) or (2ax)e* Thus, e® is not an eigenfunction of d/dx. 
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(c) < =1 Thus, x is not an eigenfunction of d/dx. 


2 
(d) < = 2x Thus, x’ is not an eigenfunction of d/dx. 


d(ax+b) ; 
(e) mak ae =a Thus, ax + dis not an eigenfunction of d/dx. 
(f) ven = cos(x+3a) Thus, sin(x+3a) is not an eigenfunction of d/dx. 


E1.21(a) y; and y, are orthogonal if fy;y, dt=0 [1.16]. 


Where n # m and both » and m are integers, 


aoa cui 
[ sin@unx/ L)xsin(mzx / L) dx =| ————_—— - —-——__ 
2a(n—m)/L 2a(n+m)/L 


 2n(n—m)/L 2a(n+m)/L |2x(n—m)/L 2a(n+m)/L 


eo ae sin(0) sin (0) 


=0 because the sine of an integer multiple of 7 equals zero. 


Thus, the functions sin(nzx/L) and sin(mzx/L) are orthogonal in the region OS x SL. 
E1.22(a) y, and y, are orthogonal if lv y,dr=0 [1.16]. 
we lee i ame i ul tab oa z 
{ (e'?) xe" do=[ e °xe™” do= [ edges e* pe 
= +(e" — 6°) = +(e ~1) =2(cos(2m)- isin(2z)-1)=~(1-0-1)=0 
i i i i 


(The Euler identity e” = cos(a) —isin(a) has been used in the math manipulations.) 


Thus, the functions e'” and e”” are orthogonal in the region 0 < g< 2z. 
E1.23(a) The normalized form of this wavefunction is 
>t 
y(x)= (=) sin(2#x/L) (See Self-test 1.4) 


The expectation value of the electron position is 


(x)= [y'xy de [1.156] -(2) [xsin’ (=) dx 


oe) a 
Coe) =—— 
Fak vB ayhorw re eee « 


4 82/L = 8(2a/L)’ 


x=Q 


=. P Lsin(4z) | cos (4 0? Oxsin(0) cos -(2}. P 
L 4 82/1 m1 LY 4 82/L g m1 LY Ad 4 
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E1.24(a) The normalized form of this wavefunction is 
V/2 
y(x)= (=) sin(ax/L) (See Example 1.4) 


“Y = (2) [= eos (ax/L) 


The expectation value of the electron momentum is 


le fonvsctisiefo(tE)va (tte) 
(AG Or@)-HOamZ@ « 


(42) (a (ere 20) ero 


iv 2n/L iv 2a/L 2x/L 
x=0 
kes y's 
E1.25(a) Let fand g be functions of x and examine the integral ‘Zz if (-= 5) g dx. Integrate successively 
m 


by parts (see Justification 1.1) and use the fact that these functions must be well behaved at the 
boundaries (i.e., they equal zero at infinity in either direction). 


tr (Eee S)er(S ufo) 
(SH SL cts} H t-te 


EL] Leth} (cotea 


Ww a .( Pe 
rms LF (Seas Jom { Le (irae) 


This is exactly the criterion that a hermitian operator must satisfy [1.13], so we conclude that the 
kinetic energy operator is hermitian. 


E1.26(a) A quick examination of its expectation value reveals that it is complex because the expectation 
values of both position and momentum are real. All observables must be real. 


fv" ( %+iap, ) )y dr= fy’ (2) (2) ydr+ia [y*( (, ) ydt= (x)+ia(p, ) 


Also, x and p, are complementary observables so they cannot be simultaneously known. 


E1.27(a) 


E1.28(a) 


E1.29(a) 
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The hermiticity of the operator may also be checked using the fact the both the position and linear 
momentum operators are hermitian. 


fe (+ip,) f de = [g(%) f de+ifg(A,) faz 
={J7(2) gar} +i{ fe(a.) far} 
={[¢(8) gat} -i'{ fe(p,) fac} 
={[¢(8-ip,) gaz} 


This is not the relationship required by eqn. 1.13 so we conclude that the operator is not hermitian 
and cannot correspond to an observable. 


Ap ~ 0.0100 percent of p, = py x(1.00x10~) = m,vx(1.00x10%) (py =m,v) 


‘2 vb yenye 1.055x10"Js 
2Ap (2)x(1.673x10-” kg)x(6.1x10°m s“')x(1.00x10%) 


=5.2x10"' m= 


The minimum uncertainty in position and momentum is given by the uncertainty principle in the 
form ApAg>+5h[1.19a] with the choice of the equality. The uncertainty in momentum is 
Ap =mAv so 


h 1.055x10™ Js 
a Av, 2g Le el eee 
(2) Avan = Fkg ~ (0.500) xC.0%10 m) 


1.055x10" Js a 
b ee a a =|1x10~ ml 
(b) Gain = sane ~ (x (5. 0x10~ kg)x(1x107° ms* 


COMMENT. These uncertainties are extremely small; thus, the ball and bullet are effectively classical 
particles. 


Question. If the ball were stationary (no uncertainty in position) the uncertainty in speed would be 
infinite. Thus, the ball could have a very high speed, contradicting the fact that it is stationary. What 
is the resolution of this apparent paradox? 


(a) [8,3] =ay-yx = xy -2y = [0] 
mb GSES) GS) ta)- CF (soa) 


2 2 
= [ol because = = ea for all well-behaved functions. 
Oxdy dydx 


re iG Sept ho\ _ (hy) (hn) (hw 
() [%,8,]= (23}- Sai hed GG — 

2 a | *2)- ae 
@) [#,8,J=2 fae es} e= a(t) 2 oh om 

nag ‘ 3 (? = mx" h 7 n—l 
fe ee (#2) 02), r= <[t2) = oe [nix”a] 


(b 


New’ 
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Solutions to problems 


Solutions to numerical problems 


P1.1 -(2) sinm~ and y? a ts a 
ie © L L 


The probability P that the particle will be found in the region between a and 5 is the integral 
summation of all the probabilities of finding the particle within infinitesimally small volume 
elements within the region (w’dx according to Postulate II). 


P(a,b)= ['y'dx [Section 1.5, Postulate II] 


| tee See E L . 2ax\” (: Py net 
=— | sin® ——dx = —x| —-———sin —— =| ———sin — 
£ 2 42 EB 


2 — | 1 —— 
L 2&6 L L 
LZ =10.0 nm 
(a) —- P(4.95 nm, 5.05 nm) = resi (27) x (5.05) _ (2%) * aa 
10.0 2 10.0 te id 


= 0.010+ 0.010 =|0.020 


creer (27) x (9.05) Loe (22)x a 
10.0 27\ 10.0 10.0 


= 0.110 —0.063 =|0.047 


(c) _-P(9.90 nm, 10.0 nm) = re = of sin EO 10 gy PS) moo) 
10.0 2” 10.0 10.0 


= 0.010 — 0.009993 = 


(d)  P(Onm,5.0 nm) = P(5.0 nm,10.0 nm) = [by symmetry] 


(b) — P(7.95 nm,9.05 nm) = 


| lL 1 Ye. 48 2n 
P —L,—L =————-| Sif} —— Sin — | = 
(e) (3 : : {si sin =) 


P1.3 The normalization constant for this wavefunction is 


V2 


1 5 1/2 
N =| —————_- u.i-(5] 
[x xx? dx © 


so the normalized wavefunction is 


po fv aea(5) fx ac-(2) 


Consequently, P = % when 


P1.5 


P1.7 


P1.9 
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The normalization constant for this wavefunction is 
t/2 1/2 


1 ) 1 1 1/2 
aS ie a) oe [1.4]= as -(+) 
{ exe ue { dy 
so the normalized wavefunction is 


y = (2x) eine 
2 4 -j] 2% imp _.-ime _| ple | EA y Om 2e 
()= ["v'ovdp=(2n)' [*perree dp =(22)' [“pdp=(2n)"| © 


: go 
1 4x ; 
=| — 1x! ——_ HK (17 
& 2 
The most probable location occurs when the probability density, |y|’, is a maximum. Thus, we wish 
to find the value x = Xn, such that dly|7/dx = 0. 


y (x) = Nxe* 2 
| - Nee"? 
dy? |/dx=N? {2xe"'* -(20 /d )e*!? b= 2N'x{1-7 ae" 
The above derivative equals zero when the factor 1— x° /a’ equals zero so we conclude that fina = 4. 


The expectation value of the commutator is 


(2, A)) = Juli, ply de 


First evaluate the commutator acting on the wavefunction. The commutator of the position and 
momentum operators is defined as 


Pe oe See 
»P P er 


so the commutator acting on the wavefunction is 


where y(x)=a'?e*” 


Evaluating this expression yields 


[x, ply = gy” (-a/2)e™” a" 2 e*? + x(-a/2)(ay? ©], 
. i 


[, bly =ih(ay"e* 
which is just if times the original wavefunction. Putting this result into the expectation value yields 


([%, p]) = [ (a)? e-™” (ina)? eo" dx =iah i e™ dx 


0 
Note: Although the commutator is a well-defined and useful operator in quantum mechanics, it does 
not correspond to an observable quantity. Thus one need not be concerned about obtaining an 
imaginary expectation value. 


([%, pl) = iahx 
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Solutions to theoretical problems 


2 2 


P1.11 Time-independent Schrédinger equation of a single particle: (-e es ry = Ey [1.7] 
m 


2 2 2 
(a) [-# <- : Joe 


2m, dx’ 42€,x 
F d? 
(b) (- = y- V 


(ii) 


P1130 Gi) | 4,B |= 4B- BA = -(BA- AB) =- B, Al 
| 
(iii) | 


P1.15 (a) Since the relevant Heisenberg uncertainty principle is Ap. Ax > 4h [1.19a], knowledge of the 
values of both positions x and p, simultaneously is restricted to non-zero uncertainties. However, if 
the uncertainty in one of these observables is very large, the uncertainty in the other can be small. 
The value of an observable can be known exactly in the case for which its complementary 
observable is completely uncertain. Non-complementary observables, like p, and y, can be 
simultaneously measured without the restrictions that the uncertainty principle implies. 

(b) The three components of momentum (p,, Py, pz) commute with each other, so they are not 
complementary and they may be simultaneously measured without the restrictions that the 
uncertainty principle implies. 

(c) The operators for kinetic energy and potential energy do not commute (see Self-test 1.13), so in 
general they cannot be measured without the restrictions that the uncertainty principle implies. 


2 2 
[7 =| So 
2m\ dx dx dx 
However, the general form of the uncertainty principle, AQA2 2 [2.4 ]}) [1.23], 


indicates special cases for which uncertainty restrictions will not occur. These include the case 
for which 


(i) dV/dx = 0 and (ii) (Sots) =0 


(d) The general form of the uncertainty principle indicates that AWAE = ol B,) (see Example 
m, 


1.10) so in general, electric dipole moment and energy cannot be measured without uncertainty 
restrictions. However, in the special case for which (p,)=0 there will be no restriction on the 


simultaneous determination of them even though the corresponding operators are complementary. 


(e) Since E E, | = Md p, (see Example 1.10), the general uncertainty principle indicates that 
m 


AxAE > y, (7 5.) =I ~(é.) | (,)= (2) (B,) 
> (.) 
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Position and kinetic energy are complementary observables. However, in the special case for which 
( P.) =0 there will be no restriction on the simultaneous determination of them. 
P1170 (a)? (x° ~ kx) =(-x)’ -k(-x) =-x° + x =-1x(x* - ex) 
x — ke is an eigenfunction of 7. Its eigenvalue is Ei] 
(b) i (cos(kx)) = cos(—kx) = cosh) 
cos(kx) is an eigenfunction of i. Its eigenvalue is 


(c) f(x? +3x-1)=(-x)’ +3(-x)-1=x?-3x-1 


x’? +3x-—1 is not an eigenfunction of i 


2 42 
P1.19 a,-#-7(t2\24)- Gea. 
2m, 2m,\idx/\i de 


and the unnormalized wavefuction is y = (cos ye" +(sin y)e” =c,e" +c,e" 


ys orig #8 Wet WAE 7 Farge S18 
(E,)=N eye ee = | 


ly*wdr 


Pa i ae " (e™ cos yt+e™ sin y) dt 


Jy"war 
_ Bae WHI cosa te sine _ ni yar _ [PR 
Jy'ydr 2m. [ywwdr | 2m, 
P1.21 (r\ = N? fu'rwar, (r?\ = N? fv r’yde 


(i) The normalized wavefunction (see P1.12) is 


1/2 
y=N 2-— |e" where N = } 
ay ia, 
1 ; 2 
(= f-[2-4] re drx4r | [sine dé [ dg=4| 
0 0 
4 5 
ie: flr -“.2) ody 
ay QA, A 
4x4'(a,/2) 5a,/2)° 
wa fonda ay OY Se 2) \- 3a, /2 [f e dx = a 
ay " ay 


A 
ie ALS ! ! 6! 
Oe Ca are ee 
a & a, 2 2 2 


=|9a,’ /2 


1/2 
(ii) The normalized wave function (see P1.12) is w= Nr sin @cosg@e”* where N = ia ; ) 
a 


= . 5 .-riay | An _ 
ir) na, iy ree’ drx 3 


l ath Field 
Bale 24a," b Clos ta 


wa 
5 x Ola, = 304," 
0 
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P1.23 For the hermitian operator Q: (2°) = fy’ Qydt = jw QQwdt = {( 2) 2yar| 


The integrand on the far right is a function times its complex conjugate, which must always be a real, 
positive number. When this type of integrand is integrated over real space, the result is always a real, 
positive number. Thus, the expectation value of the square of a hermitian operator is always positive. 


h 
fire p(a) = 884 ar) 


(a) A plot of Planck’s spectral energy density at 298 K is shown in Figure 1.1. 


05 


The Planck Distribution 
s, T=298K 


Figure 1.1 


— lim J 8zhc I _13._ | 8h ] 
(b) lim p(2) in} 13 (set) = im ai J 


In the limit as 4 — 0, eT _5 co more rapidly than 1° + 0. Hence, p > 0 as A 0. To see this 
in a series of mathematical manipulations, let a = hc/kT and examine the denominator of the 
above expression in the limit as A > 0. 


VA 
li = in Wane = i ] = L 
lim p(A) 87the lim) 1 8xhe in| e!4 | = 8he im e? 


VA WA VA 
=8rhclimj—l—' =8¢hclimi—_L__| = bin ated oa. 
im ca >} c lim im (nd) 8zhe lim im (nd 


. 1 1 sae “9 
= 8helim| 1} =8rhclim| | =8rhe lim) 1| = 8rhelim| +} 


= lim, Zhe | _ 9 
A0 


hc/akF [ 
eel a 


(c) As A increases, hc/AkT decreases, and at very long wavelength hc/AKT <1. Hence we can 
expand the exponential in a power series. Let x = Ac/AKT. Then 


= Lass x! Pest +++. 
2! 3! 
p= 87thc l 
A ltx+y)x° +4 < t-omgesl 
ee 82the 1 |- 8zhc{ 1 _)_ 8akT 
1+x~-1 AP \ he/AkT A‘ 
This is the Rayleigh—Jeans law. 


P1.27 


P1.29 
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Solutions to applications 


he (6.626x10™ J s)x(2.998x10° ms”) 
Aon = —— [P1.26] =. 
SkT 5x(1.381x10 JK )x(5800 K) 


= 4.96x10” m=/496 nm, blue-green| (See text Fig. F.11.) 


The superpositions of cosine functions of the form cos(mx) can be chosen with n equal to any 
integer between 1 and m. For convenience, x can be examined in the range between —1/2 
and z/2 The normalization constant for each function is determined by integrating the function 
squared over the range of x [1.4]. Using Mathcad to perform the integration, we find 


, , l.ig.n).sinf(l-wz-n\+a-n 
[{ (cos(n-xy%dr od cos(4 x n) sin(4 x ) 
2) 2 n 

When n is an even integer, sin(#n/2) = 0, and when n is an odd integer, cos (zn / 2) =0. 
Consequently, when n is an integer, the above integral equals 7/2 and we select (2/z) as the 
normalization constant for the function cos(mx). The normalized function is «mn, x). The 
superposition, y(m, x), is the sum of these cosine functions from n = | to n = m. Since the cosine 
functions are orthogonal, y(m, x) has a normalization constant equal to (i / m) . The Mathcad 
probability density plots of Figure 1.2 show w’(m, x) against x for m = 1, 3, and 10. 


ae 4 m 
_{2) mesic >: ee eS 4 z 


oa 


n=! 


Probability Density Plots 


(; Figure 1.2 


Examination of the probability density plots reveals that, when the superposition has few terms, the 
particle position is ill-defined. There is a great uncertainty in knowledge of position. When many 
terms are added to the superposition, the uncertainty narrows to a small region around x = 0. A plot 
with m greater than 10 will further confirm this conclusion. 


Each function in the superposition has been assigned a weight equal to the normalization constant (1/m)"”. 
This means that each cosine function in the superposition has an identical probability contribution to the 
expectation value for momentum (see Justification 1.4). Each cosine function contributes with a probability 
equal to 1/m. Furthermore, each cosine function represents a particle momentum that is proportional to the 
argument n (see Example 1.5). The Figure 1.3 Mathcad plot of momentum probability against momentum, 
as represented by n, is an interesting contrast to the plot of probability density against position. 
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Variables needed for the Mathcad plot: n=] ht Prob(, m) = if [n < Sota 0 
m 


Momentum Probability, Prob(n,m),against Momentum n 


08 


Prob(n,1) 96 
Prob(n, 5) 


w~ewae 


0.2 


n Figure 1.3 


The momentum probability plot shows momentum probabilities for superpositions of m = 1, 5, and 10 
terms. When there are many terms in the superposition, the range of possible momentum is very broad even 
though the range of observed positions becomes narrow. Position and momentum are complementary 
variables. As location becomes more precise with the superposition of many functions, precise knowledge 
of momentum decreases. This illustrates the Heisenberg uncertainty principle (1.19a and 1.23]. 


The plot of probability density against position clearly indicates that the superposition is 
symmetrical around the point x = 0. Consequently, the expectation position for all superpositions is 
x = 0. The expectation value for position is independent of the number of terms in the superposition. 


The square root of the expectation value of x’ is called the root-mean-square value of x, X;ms- The 
Figure 1.4 Mathcad plot of x,n; against m indicates that this expectation value depends upon the 
number of terms in the superposition. However, it does appear to very slowly converge to a very 
small value (zero?) when the superposition contains many functions. 


4 
Xrme(™) = [2.x*-wOn, sy] m =1...50 
2 


Root-Mean-Square Position 


m Figure 1.4 


D2.1 


D2.3 


D2.5 


D2.7 


Nanosystems 1: motion in 
one dimension 


Answers to discussion questions 


In quantum mechanics, particles are said to have wave characteristics. The fact of the existence of 
the particle then requires that the wavelengths of the waves representing it be such that the wave 
does not experience destructive interference upon reflection by a barrier or in its motion around a 
closed loop. This requirement restricts the wavelength to values 4 =2/nxL, where L is the length 
of the path and n is a positive integer. Then using the relations A=h/ p and E=p’/2m, the 
energy is quantized at E =n’h’ /8mL . This derivation applies specifically to the particle in a box. 
The derivation is similar for the particle on a ring (see Section 3.3); the same principles apply. 


The lowest energy level possible for a confined quantum mechanical system is the zero-point energy, 
and zero-point energy is not zero energy. The system must have at least that minimum amount of 
energy even at absolute zero. The physical reason is that if the particle is confined, its position is not 
completely uncertain, and therefore its momentum and hence its kinetic energy cannot be exactly zero. 
We have already seen zero-point energy in the particle in a box and the harmonic oscillator. 


Macroscopic synthesis and material development always contain elements of molecular 
randomness. Crystal structures are never perfect. A product of organic synthesis is never absolutely 
free of impurities, although impurities may be at a level that is lower than measurement techniques 
make possible. Alloys are grainy and slightly non-homogeneous within any particular grain. 
Furthermore, the random distribution of atomic/molecular positions and orientations within and 
between macroscopic objects causes the conversion of energy to non-useful heat during 
manufacturing processes. Production efficiencies are difficult to improve. Nanometer technology on 


_the 1 nm to 100 nm scale may resolve many of these problems. Self-organization and production 


processes by nanoparticles and nanomachines may be able to exclude impurities and greatly 
improve homogeneity by effective examination and selection of each atom/molecule during 
nanosynthesis and nanoproduction processes. Higher efficiencies of energy usage may be 
achievable as nanomachines produce idealized materials at the smaller sizes and pass their products 
to larger nanomachines for production of larger scale materials. 


The directed, non-random use of atoms and molecules by nanotechniques holds the promise of the 
production of smaller transistors and wires for the electronics and computer industries. Unusual 
material strengths, optical properties, magnetic properties, and catalytic properties may be 
achievable. Higher efficiencies of photoelectronic conversion would be a boon to mankind. There is 
hope that science will devise nanoparticles that destroy pathogens and repair tissues. See Impact 2.1 
for discussion of examination of atom positions on a macroscopic surface by scanning probe 
microscopy and for the current nanotechnological method for positioning atoms on a surface. See 
Impact 3.1 for discussion of nanoquantum dots that have unusual optical and magnetic properties. 


The particle in a box can serve as a model for many kinds of bound particles. Perhaps most relevant to 
chemistry, it is a model for z-electrons in linear systems of conjugated double bonds. See Example 
2.1, in which it is the basis for estimating the absorption wavelength for an electronic transition in the 
linear polyene B-carotene. More crudely yet more fundamentally, it can provide order-of-magnitude 
excitation energies for bound particles such as an electron confined to an atom-sized box 
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around a nucleus or even for a nucleon confined to a nucleus-sized box. The harmonic oscillator 
serves as the first approximation for describing molecular vibrations. The excitation energies for 
stretching and bending bonds are manifested in infrared spectroscopy. 


Solutions to exercises 


E2.1(a) —_‘If the wavefunction is an eigenfunction of an operator, the corresponding eigenvalue is the value of 
the corresponding observable (Section 1.7, Postulate IV). Applying the linear momentum operator 


p= -< (eqn. 1.10) to the wavefunction yields 
i 


=. . wee hd x. ike 
=—— y =—— e” =hke™, 
ee ige ide 
so the wavefunction is an eigenfunction of the linear momentum; thus, the value of the linear 
momentum is the eigenvalue 


hk =1.0546x10™ Jsx3 m‘ =|3x10™ kg ms” 


2 2 
Similarly, applying the kinetic energy operator E, Me ot (eqn. 1.11) to the wavefunction 
2m dx 
yieldsO 
2 2 2) 2 242 
Dahm — = eh: we AF et 


~—-—~e 
2m dx? . 2m dx’ 2m 


so the wavefunction is an eigenfunction of this operator as well; thus, its value is the eigenvalue 


222 —34 -1\2 
h°k _ 1.0546x10 Jsx3m_) [5x10 J 


2m 2x9.11x10™! kg 


E2.2(a) (a) An electron accelerated through a potential difference of 1.0 V acquires a kinetic energy of 
1.0 eV. That is the definition of the electronvolt. The wavefunction for such a particle is (eqn. 
2.2 with B = 0 because the particle is moving toward positive x) 


VY, = 
The index & is given by the relationship 
h’k? 
Om 


=1.0eV 


E, 


(2mE,)" _ (2x9.11x10™! kgx1.0 eV x1.602x10°? JeV")”” 
ee LEXF LIAL KBXLU CV ALOUEXIV OV) 
h 1.0546x10™ Js 


=|5.1x10? m™| 


(b) Here £, = 10 keV, so 


Thus &k 


_ mB)? _ (2x9.11x107" kgx10x10" eVx1.602x10-% Je)! 


k ~34 
h 1.0546x10™™ Js 
=|5.1x10"' m” 
27,2 
E2.3(a) B= - [2.6a] 
h? (6.626x10™ Js)? 


aa 3 = Gam 6 <4 nee eee = 6.02x10°% J 
8m,L2  8(9.11x107! kg)x(1.0x107 m) 


E2.4(a) 


E2.5(a) 
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The conversion factors required are 


1 eV =1602x10"" J; 1 cm =1.986x10™ J; 1 eV =96.485 kJ mol’ 


@) E,-E,=(4-)— = 2 = @x(6.02x10 J) 
oa 8m, 8m.L 
=(1.8x10-" J], [1.1 eV], [9.210° cm} [1. bd 0? kJ mol 
e 11h? genes 
(b) E,-E, = = So EF 7 1 Dx (6.0210 J) 


=[6.6x10-" J}, [4.1 eV}, [3.310% om™], [4.0x107 kd mot 


COMMENT. The energy level separations increase as n increases. 


The wavefunctions are 


nx 
=|=— i 2.6b 
rom(2) oo *) 06 


The required probability is 
P= [0 yj de=y2ax 


Ax = 0.02Z and the function is evaluated at x = L/2. 


(a) P= = sin) 0.02L = 
(b) P (2 sin’ (2 xo. 02L = (2 ) sin 2x0.02L =[0] 
hs a is 


where 


The wavefunction for a particle in the state m = 1 in a square-well potential is 


P\ Py Mx ~~ 
velba s <a [2.6b] 


ee A 
The expectation value of the momentum operator, p= 73. is 
i 


a8 al oe Pears 1a. | Be), 
= [v * py, sae [sin =} © si * Ja 
2mh , 1 ae Mx 
“FL Foo Feo 


The expectation value of the momentum squared operator, p? = —h’? — 


8 fol 


ad? 
a , 1s 


{eel 


Use ° ax)dx = ~——sin 2ax with a=n/L. Thus 
a 


7 (2) (z) (4) = I 
=| — |x} — | x} — 
ab Fo a ae ae 


(o*)=(E (8) (-ea()) 
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COMMENT. The expectation value of 6 is zero because on average the particle moves to the left as 
often as the right. 


E2.6(a) The zero-point energy is the ground-state energy; that is, with m = 1, 


nh? h’ 
E =——— [2.6a] = ——— 
8m,L? i2.6a) 8m_L° 
Set this equal to the rest energy m,c’ and solve for L: 
m.c’ = ull i hae 
cians. at 8"? m.c 


In absolute units, the length is 


6.63x10™ Js 


ee 8.58x10°" m=0.858 pm 
8° x(9.11x10~° kg)x(3.00x10° ms_ ) 


h [4 


In terms of the Compton wavelength of an electron, A, = =| 5i2 
m.c 


E2.7(a) vy, -(2) sin 7) [2.60] 


30x 


no-vinm() 


dP(x) 


The maxima and minima in P(x) correspond to -= = 0, 


2 
OS) SF x sats| AEE pcg SEN iy |< ec aty Faee) 
dx L L L 


dx 


sin @=0 when @equals an integer times 7: 


7 


67x © iets 


<a) =n’n for n’ =0, 1, 2,..., which corresponds to x = _ 


n’ = 0, 2, 4, and 6 correspond to minima in y’, leaving n’ = 1, 3, and 5 for the maxima; that is, 


COMMENT. Maxima in y* correspond to maxima and minima in y itself, so one can also solve this 
—_ d 
exercise by finding all points where = =, 


E2.8(a) The transmission probability (eqn. 2.17) depends on the energy of the tunneling particle relative to 
the barrier height (€ = E/V = 1.5 eV/(2.0 eV) = 0.75), on the width of the barrier (Z = 100 pm), and 
on the decay parameter of the wavefunction inside the barrier (4), where 


x ~ 2m EY)" _ Qx9.1110"" kgx(2.0-1.5) eV x1.602x10"7 FeV)" 
h 1.0546x10"" Js 
= 3.6x10° m™ 


We note that «L =3.6x10° m™x100x10-" m = 0.36 is not large compared to 1, so we must use 
eqn. 2.17(a) for the transmission probability. 


KL uh) 036 ,036\2 ) 7 
r= {ie} ng - [oa] 


16e(1-€) 16x0.75x(1—0.75) 
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E2.9(a) The zero-point energy of a harmonic oscillator is (eqn. 2.23) 


2 ~34 ~ 40 2 
z,=4no=2{4) (2.21) _ 1,0546x10 Js, 155 bm 
2 2\m 2 1.67X107’ kg 
=|1.61x10 J 


E2.10(a) The difference in adjacent energy levels is 


k 1/2 
AE =E,,,, -E, =h@ [2.22]= Hf [2.21] 


m 
2 -21 '. 
Hence k = m( =) = (1.33x10° Kes | = 278 kgs” =|278 Nm” 


1.055x10™ Js 


E2.11(a) The requirement for a transition to occur is that AE (system) = E(photon), 


where AE(system)=fq@ [2.22] 


and (photon) =hv = = 


1/2 
Therefore, Re ee (*) x (+ 
A 2m. \2aj mt 


2 
A=2ae\ | =(2m)x(2.998x10° ms” ? 
ne( | (277)x( x10° ms | tia 


= 2.63x10%m = 
V2 
E2.12(a) A= 2ne( 2 | (E2.1 1a] 
Since Ac m'”, A, = 2! Ayy =(2"7)x(2.63 um) = 


E2.13(a) The Schrédinger equation for the linear harmonic oscillator is 


1/2 
1.673x107” s| 


1 | 
oa ap +okiy = Ey [2.20] 


The ground-state wavefunction to be tested is 


yw, =N,e"* [2.25a] 


2 


v4 . 
with a= (=) [2.24]; so k= oe (a) 


Performing the operations, 
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E2.14(a) 


E2.15(a) 


Substituting into the Schrédinger equation, 


a Tae. 


But Ep is a constant, independent of x; therefore the terms that contain x must drop out, which is 
possible only if 
2 
: == —k=0 
Ima" 2 


2 
which is consistent with k = as in (a). What is left in (b) is 
m 


2 : ¥/2 2 
Eo= — sine (4) and k = G | 
2 m ma 


2ma 


Therefore, y is a solution of the Schrédinger equation with energy =ha, 


The harmonic oscillator wavefunctions have the form 
1 * 2 1/4 
y,(x) = N,H,()exp (7 y with y= . and a@= (=) [2.24] 


The exponential function approaches zero only as x approaches +eo, so the nodes of the 
wavefunction are the nodes of the Hermite polynomials. 


H,(y) =16y* — 48y’ +12 =0 [Table 2.1] 


Dividing through by 4 and letting z = y”, we have a quadratic equation 4z” —12z+3=0. 


p+ Vb? —4ac 12412? -4x4x3 aaa 


So Se ee ee 
2a 2x4 
r 

and y=t saat and x= c 8 


mr the result numerically yields z = 0.275 or 2.72, so y = +0.525 or +1.65. Therefore, 


= (£0.525a@ or +1.65a1|. 


COMMENT. Numerical values could also be obtained graphically by plotting H,(y). 


The harmonic oscillator wavefunctions have the form 


2 1/4 
v.(2)= NH )exn( 3 y ‘ with y=— and @= (*) [2.24] 
2 a mk 


so the wavefunction in question is 
V(x) = N,(4y? -2)e"” 
Normalization requires 
he a 
l= iz *y,dx = i y, ady = (i (Nv, (4y —2)e” . ) ady 


=4NZa [ (4y* ~4y? +1)e” ay 
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To evaluate the integral, note that the integrand is even, so the integral is twice the integral from 
zero to infinity of the same function. Use 


7: a ia 2Va 


Thus 1=8N,’ o(4 AE aS 4 | 8N, wane 
1 
and = N, = — Gaya 


Confirming orthogonality amounts to demonstrating that 
Lv. *y,dx =0 where y,(x) = N, (16y* —48y° +12)e"” 
The integral in question is 
[_N.a6y" ~48y? +12)e" ? N,(4y? -2)e”? ady 
=8N,N,a [ (4y* -12y? +3\(2y-Ie™ dy 
=8N,N,a ty (8y° —28y‘ +18y’ —3)e” dy 


= BN Nal 8x33 - 28-5 +18x35-3x4 Va 


Z 
Db 2, 23 
The terms in parentheses, 7 iy tae , do indeed add up to zero, making the integral vanish, as 
required. 
E2.16(a) The effective mass is 
_ AM, MM _ Mg _ 34.9688 ux1.66054x10 kg u™ 
mtm, Myt+M, 2 2 


= 2.90335x10™ kg 
The difference in adjacent energy levels, which is equal to the energy of the photon, is 
AE = ho [2.22] =hv 


so, in terms of wavenumbers, 


V2 V2 V2 
4 *) 221)=heo- ant Pe (=) * aa(4) 
m he\m 


1/2 Ja 


2a x2.998x10'° cms | 2.90335x10 kg 


E2.17(a) Justification 2.2 analyzes the classical turning points of the harmonic oscillator. In terms of the 
dimensionless variable y, the turning points are y, = +(2v + 1)'*. The probability of extension 
beyond the classical turning point is 


P= | yide=aN,? [| (He dy 
*p Yep 
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1 M2 
For v= 1, H,(y) = 2y and N, -(s) 


P=4aN; ("ye dy 
Use integration by parts: 

| udy = uv— | vdu 
where u=y, dv= ye” dy 


ye) du=dy, v= “507 


oo 00 2 
yu2 [.e ey) 
a ge (3 as { § a ey) 

32 


The remaining integral can be expressed in terms of the error function: 


and P=-2aN; ( ye” 


ey atl “e” dy 
oe Z 


1/2 


wo 24 1/2 
so | e” dy ri a ee a a ) 
gil2 


Finally, using erf 3” = 0.986, 


294 1/2 
paw(smers20-et)) pag 


COMMENT. This is the probability of an extension greater than the positive classical turning point. There 
is an equal probability of a compression smaller than the negative classical turning point, so the total 
probability of finding the oscillator in a classically forbidden region is ' 
COMMENT. Note that molecular parameters such as m and k do not enter into the calculation. 

E2.18(a) Mean kinetic and potential energies are related by 


QE,)=b(V), where V= ar’. [2.30] 


So for V« x’, we have 2(E,) = 3(V) , or KE) = (V/). 
E2.19(a) The perturbation is 
22x 


H® =V(x)=-esin (225) 


The first-order correction to the ground-state energy, E;, is [2.34] 


L Lf 2 os MX Qnx\( 2 \" NX 
BO = [yO +H yar =— | (=) sin( 2 Jesin( 2" )(2) sin( 2 diy 
Mi id ol L L L L Pe 
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Notice that the sin” term is symmetric about the midpoint of the — of integration while the sin 
term is antisymmetric. Therefore, the integral vanishes, and E =|0} 


Ge cso lade 


Figure 2.1 


E2.20(a) The perturbation is 


ry 2mx\ (22x 
ath le L } L } 


The first-order correction to the ground-state energy, Fj, is [2.34] 


B° = [vA yd =- (2) sin ™ }ecos( 22 )(2) snl #* las 
oe a era LY A ckumeyen L 


5 = [se (pa ( 2 


Use the trigonometric identity 


sin’ (42) = 1-1 o{ 722 
22 
2x 24x 
S E® =-— a - eh eee 
oO tf os{ Jas [cos Jas} 


for the second integral, so 
L 
E® =~ E) sin 222) 52 \ 4nx = 
Dae by 2 ale 


E2.21(a) The functional form of a linear slope that rises from 0 at x = 0 to €at x = Lis 


A s(x = 
(x) 7 


The first-order correction to the ground-state energy, £, is [2.34] 


E2.22(a) 


E2.23(a) 
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L ef 7 \\% mx \Ex{ 2 “ . { mx 
ee = { ye yO dy = | —| sin) —|—|—| sin] — |dx 
0 ol L EYGAUL L 


Use Jxsin’ ax dx = — —————— - 
4 4a 8a 


L 
L 2 2 
So Bo = 28 vsin’ (7 Ja = 2 =F sin{ 22 | coe 5 
LD 4o L [\ 4 42 L 87 L 


The perturbation is 


H® =V(x)= mgx 
The first-order correction to the ground-state energy, Eo, is [2.34] 
Eo " { a y® * Hy ‘c= { " N, eo? (2a m gxN,e* 2 die 


= mgN, [x27 a =[0 


COMMENT. The expression integrates to zero because the integrand is antisymmetric about the 
midpoint of the region of integration (i.e., an odd function of x). The result should not be terribly 
surprising, as the perturbation affects stretching and compressing the bond to an equal but opposite 
degree. 


The second-order correction to the ground-state energy, Eo, is [2.35] 


A 2 
oo LL gf) & ZO), 
0) Sve HOM del 
0 — SS IE RS REET 
» Eo cy Eo 


v=] 
where H® = mgx,y = N,H,(y)e”? and E, =(v+4ho. 


The denominator in the sum is 
no-(v+3 \he =—vho 
The integral in the sum is 
[v0 Ho vode= [NH Ce” mgxNye” dx 
= mgN,N,a@ [Amer 12 ye"? dy 


where we have used Ap(y) = 1 and y = x/@ . Now notice that H,(y) = 2y, so the integral can be 
expressed as 


[+A yprar = "ZT HOON He” Pde 


_ MgNo@ ("0+ Ody 
9 N, me YW, 


Because the harmonic-oscillator wavefunctions are orthogonal, this integral vanishes unless v = 1. 
In that case, the remaining integral is the normalization integral. 


P2.1 


P2.3 
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2 2 
ae Lv 0) eae (mete) 
pap eine SY ae 


ep Pa 
Eo -E a -~E -ho 


v=l 


me = y Ory al 


1 1/2 1 1/2 2 \l4 
‘ 4 2 . - ° 
Using N, = [a] , N= [ts | ,@7= (=) , and k = mw’, this result simplifies to 


mk 
; 4N/*h@ 2a 


Solutions to problems 


Solutions to numerical problems 


nh? 3h? 
E Y Get [2.6a], E, —, ~ eae, 


We take m(O,) = (32.000)x(1.6605x10~ kg), and find 


(3)x(6.626x10™ Js)? 


Ey Er ae Fh I 
(8) x (32.00) (1.6605x107” kg)x(5.0x10~ my’ 


We set E= nie = skr and solve for n. 
2 
From above, —— é ~£-f Sci 4.13x10™ J; then 
8m? SE ye 


n’ x(4.13x10 n= (5 }xc.381x10" J K7')x(300 K) =2.07x10™! J 


4.13x10~° J 


21 
Wa find>-n -( et) -[22_10" 


At this level, : - 


f= f a —(n-1l) yx =(2n- Dx =~ (nx Son 


= (4.4x10°)x(4.13x10™ oma? [or 1.1 ws mol] 
Pa 
o-(*) [2.21 with yz in place of m] 


The relationship between the oscillator frequency and the wavenumber of absorbed photons comes 
from the fact that absorption occurs when Ephoton equals the difference between adjacent energy 
levels: 


Ey — E, =h@ [2.22] = Eton = AV = hev sO Q= o = 27cV 


4n°c’¥’ mm, 
m,+m, 


Therefore, k= @ = 47°c?V" w= 


44 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


We draw up the following table using isotope masses from a handbook. 


Ac] 1y78'p, oS hall | ot Oa 6 M4n!6o 
5/m" 299000 +=». 265000~=Ssté<‘<«é«é8000S”st*=<CS*«G7000~S”s*~C*«*«2920400 
10°’ m,/kg 1.6735 1.6735 1.6735 19.926 23.253 
107’ m,/kg 58.066 134.36 210.72 26.560 26.560 
k/(N m‘*) 516 412 314 1902 1595 


Therefore, the order of stiffness is HHI < HBr < HCl < NO <CO 


P2.5 The probability is given by 


P= |v,’ 


dx [Section 1.6, Postulate I] 


where ly”|=y,’ == sin’ (=) [2.11] 
Use the integral 
fsin’ el ee sin 2ax 
4a 


£/2 
£/2 arch 

@ B=2["si sin? (ax = 7 xb sin) fy 

oe Lb L\2 4mn L “ 2 
COMMENT. The sine term vanishes at both limits of integration for all n. 

2{x L . (2mm) .2[2 2 .fne) 1, 1 fom 
(b) Po=—4\—-—— sin| —— =—4——-——- sin} — |} = ——-——sin| — 

L\2 42n iL . L\8 427n 2 4 27n z 


For even n, the sine term vanishes. The sine term is 1 for m = 1, 5, 9, and —1 for m = 3, 7, 11, and so 
on. Thus 


for even n 
P for n =1, 5, 9, etc. 


for n= 3, 7, 11, etc. 


(c) Here the interval of integration is small, so the integral is equal to the integrand evaluated at the 
midpoint of the interval times the size of the interval: 


AL +x 
en ay Si n’( El = eA) ‘(= * 26x = 40x ——- sin (=) 
4” L 2 iL 2 


Again, the sine term vanishes for even n; for odd n, squaring the sine term gives 1. So 


0 forevenn 


pd for odd n 
L 
P2.7 Treat the gravitational potential energy as a perturbation in the energy operator: 
H® = mex 


The first-order correction to the ground-state energy, £), is [2.34] 


~ Lf 2 Mx a “A ax 
E° = | O* 7 Oy Ody = ( 4) o[ HX 4 de 
a7 VY, ae sin 7 F sin - 


P2.9 


P2.11 
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Not surprisingly, this amounts to the energy perturbation evaluated at the midpoint of the box. For 
m = me, Ey PIL = 4.47 x10 J mt. 


The first-order correction to the ground-state energy, F), is [2.34] 
Eo = ve Hy dx 


1 1/2 a /4 
where H® =ar+ bx’, y = (| or aul , a= (=) {2.24} 
an mk 


(a) If the anharmonic perturbation is present for all values of x, then 
E® == a) Ease (ax’ 2 bx*)dx 
OUT —o 


Use the integrals 


- A 1/2 
{ ve" dr= ap and [ x'e" dx= =(2} 
0 2c 0 8c" Lc 


and remember that [ f(x)dx =0 if fx) is odd and { ” £(x)dx =2 : f(x)de if fOr) is even. 


1/2 4 
Thus CAs ry — [0+ ae |- a 


(b) If the anharmonic perturbation is present only during bond expansion, then the perturbation 
vanishes for x < 0. 


br thal os 1 (aa 3be'n'”) [aa 3ba" 
md Rab aad > es B, yeh akta ok 


(c) If the anharmonic perturbation is present only during bond compression, then the perturbation 
vanishes for x > 0. Use the fact that 


) oo 
E, — 


[f@ ae -[s (x)dx if Ax) is odd and [s (x)dx = (f (x)dx if A(x) is even. 


1 Pia re aa = 3baen'” ace 3bar 
nfl Ce te gl A AE | ae 


E® = 
1 an! 


Solutions to theoretical problems 


The normalization integral is 


= [ "y* wax = [we Ne" jax = N? [ “dx = NUL 
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So the normalization constant is 


P2.13 The text defines the transmission probability and expresses it as the ratio of | A’|’/| A|’, where the 
coefficients A and A’ are introduced in eqns. 2.12 and 2.15. Eqn. 2.16 lists four equations for the six 
unknown coefficients of the full wavefunction. Once we realize that we can set B’ to zero, these 
equations in five unknowns are 


(a) A+B=C+D 

(b) Ce“ +De™ = A’e™ 

(c) ikA —ikB = KC—KD 

(d) KCe™ —KDe™ =ikd’e™ 


We need 4’ in terms of A alone, which means we must eliminate B,C, and D. Notice that B appears 
only in eqns. (a) and (c). Solving these equations for B and setting the results equal to each other 
yields 


$eC+f-j5 dee 
ik ik 


Solve this equation for C: 
244 Bf ey 7 
ik _ 2Aik+ D(k-ik) 


pao K+ik 
ik 


Pw 


Now note that the desired A’ appears only in (b) and (d). Solve these for A’ and set them equal: 
i re itt 
A =e" (Ce + De") = are (Ce —De“) 
i 


Solve the resulting equation for C, and set it equal to the previously obtained expression for C: 


Sey —2KL 
ik _(k+ik)De*™ _ 2Aik + D(k-ik) 


Cites agri icel sist oe voce ca K+ik 
Solve this resulting equation for D in terms of A: 
(x+ik)’ eo —(K-iky p= 2Aik 
(K—1k)(K+ik) K+ik 


2 Aik(K — 1k) 
sO - se \2 .-2KL 3 \2 
(x+ik)e""" —(x—-ik) 
Substituting this expression back into an expression for C yields 


_ 2Aik(K+ik)e"™ 
(x+iky eo —(x-ik) 


Substituting for C and D in the expression for A’ yields 


+4 kL 
2Aike ~[(K+ ikje +(Kk—ik)e™ J, 


A’ =e™ (Ce + De) = >. 
( ) (x+ik) eo —(K~ik) 


P2.15 
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A hike“ e% hikxe ™ 
A” (x+ikfer = aike iky’ ~ (x+ikye *! _(K—-ikye™ 


The transmission coefficient is 


|A’/’ 4ikxe™” -4ikxe 
slaty (euibye™ —~(e—iky e* oie eT Le Me Soe a 
AD (ae +ikyve™ —(Kx—ikye™ )\ (k-iky ee" —(x+ik)e 
The denominator is worth expanding separately in several steps. It is 
(x+ik)’ (x-ik)’ eo — (x ik)" — (+ ik)! + (K-ik) (K+ikY 


=(K +k (0 +07") — (a? -2ikk -—k?)Y -( +2iKk-KY 
= (4+ 242k? + k4) (2%! + e282) — (244 —1 22k? + 2k?) 


If the 124°k* term were —4x°k* instead, we could collect terms still further (completing the 
square), but of course we must also account for the difference between those quantities, making the 
denominator 


(x4 +2K7k? +k*) (0 — 2407") 416K H=( 4K (8% -—O "YP 416K? 
So the coefficient is 


4 16k? 
7 + PP (et -e YP 416107? 


We are almost there. To get to eqn. 2.17(a), we invert the expression: 


r-( (x? +k)? (0% —e™)? + 16x7K? ) 2 G +(e -e™)? a) 


16k°K 16k? 
(+key . . , 
Finally, we try to express rs oe in terms of a ratio of energies, €= E/V . Eqns. 2.12 and 2.14 
define k and x: The factors involving 2, f, and the mass cancel, leaving K< (V — E)” and k < E"? ,so 
Cy Ow Cl 3) ee ee 
kx EV-E)  EWV-E) e(-6) 


which makes the transmission coefficient 


If xZ >> 1, then the negative exponential is negligible compared to the positive, and the 1 inside the 
parentheses is negligible compared to the exponential: 


em \" 16e(1-2) eee] 
T= a ee 16é 1 &e 
en 5) - en ce 


(a) The wavefunctions in each region (see Figure 2.2) are (eqns. 2.12, 2.14, and 2.15) 
y(x)=e"+Be™* 
y,(x)= Ae" + Be 
W(x) = Ae" 
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With the above choice of A, = 1, the transmission probability is simply T = |43|”. The wavefunction 
coefficients are determined by the criteria that both the wavefunctions and their first derivatives 
with respect to x be continuous at potential boundaries. 


a ee 


x Figure 2.2 


¥,(0)=y,(0); w,(L)=¥,/) 


dy,(0) _dy,(0), dy,(Z) _ dw.) 
de Gpesin? > de dx 


These criteria establish the algebraic relationships: 
1+B,—A,—B, =0 
(—ik, —k,)A, +(-ik, +k,)B, + 21k, =0 
Ae” + Bie” — Ae =0 
A,k,e"” — B,k,e™ —iA,k,e"” =0 

Solving the simultaneous equations for A; gives 


i Ak k, 
(ia + bye” ~(ia—b)e*” 

where a=k; —k,k, and b=k,k, +k,k,. 

Since sinh(z) = (e* — e*)/2 or e” = 2sinh(z) + e%, substitute e”” = 2sinh(k,L)+e’, giving 

2k, ke 


4, = Gas byanh(k,L) + be™ 


T =|AJ'= 4, x A, sa ye iene so Se 
(a? + b*) sinh? (k,L) +b” 


where a? +B? =(k? +k2)(k2 +k?) and b? =K2(k, +k) 


(b) In the special case for which V, = V, =0, eqns. 2.12 and 2.15 require that k, = k3. Additionally, 


2 M3 
ao ee where € = E/V, 
“8 I=8 
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b’ = 4k? k; 


eee Oa 


b? Ak? 4e(1—-€) 


b? 1 
EGE PEL ge ry a ee aes 
b? + (a? +b") sinh*(K,L) 1+( 22° sinh? (kL) 


ee Sb ies 
T= 14 sinh? (L) (k,L) | ai e} 
4e(1-€) 16e(1-€) 
This is eqn. 2.17(a). In the high, wide barrier limit, 4,2 >> 1. This implies both that e*’ is 


negligibly small compared to e*’ and that 1 is negligibly small compared to e*”” / {16e(1—«)}. 
The previous equation simplifies to eqn. 2.17(b). 


T =l6e(l-e)e** 


: Bodies dy 
P2.17 The Schrédinger equation is eas ts - —kx*yw=Ey 
We write the trial solution y = e™ so a ~2xxe"™ 


dx 


— = -2Ke™ 44K Ve ™ =-Dey + 4exr’y 


and dy 
dx? 


Insert the trial solution into the Schrédinger equation. 


2 2 
[= \y- Gast yts Sty = Ey 


m 
Z Z 
SO [(ZE)-2|vo{4e-™ fe }e y=0 
m m 
This equation is satisfied if 


: ; 1/2 
B="* and Wx? =1mk,s0 K= s(t) 
= 2\h 


The corresponding energy is 


P2.19 (x"}=a"(y")=a" [vy'var=a [yyy [x= ay] 
(x) oc L y’y’ dy =[0] by symmetry [y’ is an odd function of y] 


(x*) =a" L yyw dy 
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yy = y'NHe*? 


yA, = y (44,41 


+vH, ,)=y'|4(4H,,. + +DA,}+¥(4$H, +-DH a | 
=y |+H,,, +(v+4)H, +vv-DH,., | 

= yl|4(4H,,, +(v+2)H,,,)+(v+4)x(4H,,, +vH,,] 
+v(v-1)x(LH,, +(V-2H, 5)] 

= y(4H,,,+2(V+DH,,, +37 +(0-Dx(v-2)H, 5) 


v~l 


Only yH,,; and yH,,_, lead to H, and contribute to the expectation value (since H, is orthogonal to all 
except H,) [Table 2.1]; hence 


y‘H, =4y{(v+ DA,,, +2V-H,_,}+ 
=3/(v+D(LH,,. +(v+ DH,)+2v (LH, +(v-DH,.]|+ 
=3{(v+l)’H,+vH,}+ 
=3(2v’+2v+I1)H,+ - 


Therefore 


. wy'y dy =3(2v +2v+ IN’ {i He” dy = =v" +2v+l1) 


ten 2 or sn far 
| ) 1/2 . ? 
P2.21 (a) (x)= (7 js sin "| 2 s ae 


L 
2 [ xsin” axdx gata 
L } 40 L 
Z 


-(2}{ xsin2ax cos2ax ‘ 


} [Trig functions vanish or cancel at limits. ] 
0 


SO 


ee ee ee 


\ 4 4a 8a° 


Z 
-(2}{=]-4 [by symmetry also]. 
L 
. ; 2 3 2 “tind 
(2) =F [Pain nae =(F)of S| EE in nar 200822 
; 3 3 
-(2}x a : - -0 (3-3 
L 6 4n7 3° 2n'x 
2 ye 1/2 
oe e(3-s =e ah 
+ 29° 4 12 nn 


(p)=0 [by symmetry] 


2h2 2 
2\_ 7 h _P 
and (p = ie ome =F] 
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nh)” [nh 
. o-(Sr | “lor 


nh ‘Tt i ee ( ty oe 
Ax = —xL} —-—— |  =!|—=|1-—— || COI 
~ 1z & =) 23 eed 2 


(b) (x)=@ ' wy dy[x =a@y]=0 [by symmetry, y is an odd function]. 


Bul (V)=(z,)=£ = s(v+3 |r [2.29b&c], 


oH) 


SO 


1/2 
and Ax = {(»+3} 4} 
2 /@m 


( p) = 0 {by symmetry, or by noting that the integrand is an odd function of x] 


a 
Fa 
is) 
ee 
i] 
 — ie 
< 
+ 
tN | — 
) eg 
4 
pare 
~|8 
See” 
H] 


(p?\ =2m(T) = (amyx{ 5 }x(v+5 }xno=(v+5 }nom [Problem 2.18] 
1 V2 
Ap = {(v+3}nom| 
1/2 1/2 
w-(eJef (D2 ED 


Both results are consistent with the uncertainty principle, ApAx 2 Z . Note that for the ground-state 
harmonic oscillator (v = 0), the equality holds. Z 


P2.23 Call the integral in question J: 


[= [vxy, dese? [vow dy [x=ay] 


yy, =N, (Sa ve tVH,_, er [Table 2.1] 


Hence J[=@°N,N, Grae +vH,H,, e” dy=0 unless v’=v+1 [Table 2.1]. 
2 


Forv’=v+1 

i= 5 NN. H?,e” dy= = aN,N,2"" 2" (v+D!= a(t) 
For Vv = v—-1 

1 =v0PN,N,_, |H?,e” dy =voeN,N,_,2@'?2""\(v-))!= a2) 


No other values of v’ result in a nonzero value for J; hence, no other transitions are allowed. 
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P2.25 


P2.27 


To address this time-dependent problem, we need a time-dependent wavefunction, made up from 
solutions of the time-dependent Schrédinger equation 


H¥ (x,t) = ye [Table 1.1] 


If yx) is an eigenfunction of the energy operator with energy eigenvalue E, then 
Y (x,t) =y(xjer" 


is a solution of the time-dependent Schrédinger equation (provided the energy operator is not itself 
time dependent). To verify this, evaluate both sides of the time-dependent Schrédinger equation. On 
the left we have 


HY (x,t) = Hy(xje" = Ey(xje™" = EY(x,1) 
On the right we have 


i a eld a voor =~? Ey(xje®" = EV(x,1) 


the same as on the left. Our wavepacket is an arbitrary superposition of time-evolving harmonic 
oscillator wavefunctions, 


¥(x,t)= Dow (xee 
v=0 
where y{x) are time-independent harmonic-oscillator wavefunctions and 
E,= [+5 no [2.21] 


Hence, the wavepacket is 


¥(x,0) =e?) ley, (em 


v=0 


The angular frequency @ is related to the period T by T=22/@, so we can evaluate the 
wavepacket at any whole number of periods after ¢, that is, at a time ¢ + nT, where n is any integer 
(not a quantum number.) Note that 


t+nT=t+27m/@ 
9%) W(x,t+nT) = niet? ian? /2 ba cw, ( xe eivanT _ -iar/2,-inn » cw,(x) e-ivar .-2zivn 
v=0 v=0 


Noting that the exponential of (271 x any integer) = 1, we note that the last factor inside the sum is 
1 for every state. Also, since e’”” = (—1)", we have 


Y(x,t+nT) = (-1)’ P(x, 


At any whole number of periods after time ¢, the wavefunction is either the same as at time ¢ or —1 
times its value at time ¢. In any event, |‘¥/ returns to its original value in each period, so the 
wavepacket returns to the same spatial distribution in each period. 


Solutions to applications 
(a) Treat the z electrons as particles free to move the length of the conjugated system. The energy 
levels are given by 
hn? 


E= 
" 8mP? 


[2.6a] 


a —_— Ses ee 
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and we are looking for the energy difference between n = 6 and n =7: 
27772 _ ¢2 
AE = h*(7 = ) 
SmL 
Since there are 12 atoms on the conjugated backbone, the length of the box is 11 times the bond length. 


L =11(140x10-* m) = 1.54x10° m 


-34 2 “ad 7 ‘ 
= oO 9 SIT 
; g)(1.54x10™ m) 


(b) The relationship between energy and frequency is 


AE 3.30x10° J + 
AE =hv sO VY = — = = |4,98x10" 
i> Gee 


The wavelength and frequency are related by c = Av, so 


8 -! 
pak SS lee ga ae 


vy 4.9810" s* 


(c) Look at the terms in the energy expression that change with the number of conjugated atoms, N. 
The energy (and frequency) are inversely proportional to L” and directly proportional to (n + 1)* - 
n° = 2n + 1, where n is the quantum number of the highest occupied state. Since n is 
proportional to N (equal to N/2) and L is approximately proportional to N (strictly to NV — 1), the 


energy and frequency are approximately proportional to N'. So the absorption spectrum of a 
linear polyene shifts to frequency as the number of conjugated PRG ceo 


P2.29 In effect, we are looking for the vibrational frequency of an O atom bound, with a force constant 
equal to that of free CO, to an infinitely massive and immobile protein complex. The angular 


frequency is 


} 1/2 
o-(7) 
m 
where m is the mass of the O atom 


m = (16.0u)(1.66x10-” kgu™) = 2.66x10™ kg 


and k is the same force constant as in Problem 2.3, namely, 1902 N m™': 
1902Nm? )" 
a= | ——_———— | =12.68x10"<" 
(| 


P2.31 First, let f= n/N; therefore, fis the fraction of the totally stretched chain represented by the end-to- 
end distance. 


am inf 2) A nf MOLD) at (2) 
N-n) 2 \NQ-f)) 2 \I-fs 


=-“tinl+ fn) 


When n << N, then f<< 1, and the natural log can be expanded: In(1+ f) = fand In(1-f) = 
Therefore 


kT AT mT. Of 
fF # ———[f_.—(— ee SS eee Se 
a er M NE 
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In the last step, we note that the distance x between ends is equal to n/, so n = x/I. This is a Hooke’s 
law force with force constant kT / NP. 


The root mean square displacement is (x*)"”. 


In part (b) of P2.21, (x*) for a harmonic oscillator was evaluated and was found to be 


wrens Ht oot] 


Therefore, putting in the appropriate values for the ground state (v= 0) of this model 


(e)=b(BMt)” hf a0)" 
2 \m kT} 2 \mkT)- 


2 1/4 
gilt hi N 
and)" =(5) oe 


D3.1 


D3.3 


D3.5 


D3.7 


E3.1(a) 


Nanosystems 2: 
motion in several dimensions 


Answers to discussion questions 


In quantum mechanics, particles are said to have characteristics of waves. The fact that the particle 
exists then requires that the waves representing it not experience destructive interference upon 
reflection by a barrier or in its motion around a closed loop. This requirement restricts the 
wavelength of a particle on a ring to wavelengths such that a whole number of wavelengths must fit 
on the circumference of the ring. That means 


nA = 2zar, where n = 0, 1, 2, ... 


See Section 3.3(a). 


Fermions are particles with half-integral spin, 1/2, 3/2, 5/2, ..., whereas bosons have integral spin, 0, 
1, 2, ... . All fundamental particles that make up matter have spin 1/2 and are fermions, but 
composite particles can be either fermions or bosons. 

Fermions: electrons, protons, neutrons, °He, ... . 

Bosons: photons, deuterons 


COMMENT. In the standard model of particle physics, non-composite bosons are carriers of force. 
Photons are an example: they are not composite particles, but they are not constituents of matter. In 
the standard model, protons and neutrons are composite particles, but they are still fermions by virtue 
of their half-integral spin. 


Rotational motion on a ring and on a sphere share features such as the form of the energy (square of 
the angular momentum over twice the moment of inertia) and the lack of zero-point energy because 
the ground state does not restrict the angular position of the particle. Degeneracy is possible in both 
cases. In the case of the ring, the axis of rotation is specified, but it is not in the case of the sphere. 
This distinction gives rise to the fact that angular momenta about different perpendicular axes 
cannot be simultaneously specified: i, 7, and I are complementary in the sense described in 


x? "y? 
Section 1.10. 


Spin angular momentum and orbital angular momentum have in common the fact that the 
magnitude of angular momentum and the z component of angular momentum are both quantized. 
Both spin and orbital angular momenta give rise to magnetic effects. The spin angular momentum 
is an intrinsic angular momentum rather than one due to rotational motion in the classical sense. 


Solutions to exercises 


2 2\22 
(n° +m" )h i. - 
hath te [3.3b, with L, = Ly] 
- ~S4 a t te 
h = __(6.6260x10" Isy 6 09x10 J 


8m? 8(9.11x107' kg)x(1.0x107 mj’ 
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E3.2(a) 


E3.3(a) 


The conversion factors required are 


leV=1.602x10"°J; 1cm!'=1.986x10J; 1 eV =96.485 kJ mol’ 


9 2 2 2) 2 2 
(a) B.ED 
8m_L 8m,_L 
= [3.6x10-” J]= [2.3 ev] =[1.8x10* cm] =[2.2x10? kJ mol 
a 2 
(b) f.-g,, <r 


™, 
=[1.3x10"* 3]=[8.3 ev] =[6.7x10" om] = 


8.010? kJ mol” 


(a) Radiation stimulates a transition if the energy of the photon is equal to the difference between 


energy levels. The photon energy is AV, so 


-19 
pri Oey OX) scalping 


h 6626x10™ Js 


The wavelength is the reciprocal of the wavenumber, so 


A=——____ = 5.510% em =|5.5x107 m]=[550 nm 


1.8 x — 
AE 1.3x10°% J 


(b) $s eu ee 2.010% s” 


h 6.626x10™ Js 


and A= =1.5x10% em=[1.5x107 m]=[150 nm| 


6.7x aaa 
(a) The energy is 


so the zero-point energy is the ground-state energy: 


Zz 2 -34 2 
a l jail 1 ton (6.626 x 10 Is) 2 G95 
(1.0x10°m)? (2.0x10°m)? } 8x9.11x10™ kg 


The temperature at which this energy equals the typical thermal energy kT is 


E —20 
Paes i ge NO ay 


ke 138%? 7K" 


(b) The first excited energy level is 


2 o —34 2 
; ( 1 2 oe ae a rainy 


=| ————___—_ + 
(1.0x10° m)*  (2.0x10° m)’ ) 8x9.11x10™ kg 
so the first excitation energy is 
E,, — E,, =(1.20 x10 -—7.5x10™)J=4.5x10™ J 
The temperature at which this energy equals the typical thermal energy AT is 


_ 450 2. 
1.381x107 JK™ 
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E3.4(a) The wavefunctions are 


Vin = < sin{ "2 )sin{ 222 [3.3a, with Li =] 
The required probability is 
SIL pod. 
Fan s i AOL , ad “ Wi arinaas 
where Ax = Ay = 0.02Z , and the function is evaluated at x = y = L/2. 
a) 2 


a) =i; -(2) sin’ (= )sine( =} 0.022 0.021 - 0.0016 


2 
(b) A.=(2) sin (2 }sin (2 }xo. 02Lx0.022 =[0| 


E3.5(a) See the comment at the end of the solution to Exercise 2.7(a): Maxima in the probability 
distribution, which is equal to y’, correspond to maxima and minima in y itself, so we look for 


ov oy 
ints where —— = = 0, 


W = Zsin( 22 lsin{ 722 {3.3a, with ZL; = L>] 
*) 
a} =“ cos{ 72 Jsin( 222 ey). 0 

Ge “Sg L i 


cos @= 0 when @ equals an odd integer times 7/2: 


mr st a forn’ =0, 1, 2, ... which corresponds to x = 7 and “ 


Note: we disregard positions where the sine factor vanishes because they correspond to positions 
where the wavefunction vanishes as well. 


OV a3 _ OF on [== Joos 2) -0 


ay L L £ 
nd a ca fae for n”=0, 1, 2, ... , which corresponds to fe. and ze 
L 2 6 6 6 


Thus, the positions of maximum eres, expressed as ordered pairs (x/L, y/L) are 


E3.6(a) Nodes of the wavefunction are sets of points where the wavefunction vanishes. 


a. janx). 1 se 
W>3 =F sin{ 72 Jsin( er) [3.3a, with L,= L] 


sin 9=0 when @equals an integer times 7. 


om =n’ for n’ =0, 1, 2, ... which corresponds to 


3ay 


=n'r for n’=0, 1, 2, ... which corresponds to = =0,5,551 
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Of course, if one factor of the wavefunction vanishes, the whole wavefunction vanishes. Thus, the 
wavefunction vanishes not at single points but on the vertical and horizontal lines defined above. 


COMMENT. Some of these lines correspond to edges of the square box. The term node is often used to 
describe places other than the boundaries where the wavefunction vanishes. These are x = 1/2 and 


E3.7(a) See Exercise 2.5(a) for the one-dimensional analog to this question. The wavefunction is 
y,,=—sin (=) sin( 2) [3.3a, with L,= Ly] 


; re. 
The expectation value of the x component of the momentum operator, p, =— 


i ox 
P 4h a EV TO Ll BS. LY 
a * ae ae we hab he ay |i ae af 
(oa)= [vst ams doy =F [Pin in 2) inl in 5? 
_ Aah & . ( ax ax ‘2| AY \ a 
= sn{ B Joos{ = Jaf sin (# jaf 


(The dx integral vanishes.) To find the expectation value of the momentum squared operator, 
2 2 
p --r| aay } we need 


ae | ay? 


Se ea ee sin( 7 )sin{ 22 

PM, L \ ax’ dy’ L L 

rh . (2s (=| rh. (2s (2) 

= ———sin| — |sin) — |+——-sin| — |sin) — 
a L L i L i 


Soa = ap 


2 


he h 
(P')=[ [vt'vistniy=se [ [vuole 


E3.8(a) The zero-point energy is the ground-state energy; that is, with n, = n2 = 1, 


tn | eee 


= —— [3.3b, with L;=L 
8m LP 8m. 4m,.V jhe 


Set this equal to the rest energy m,c’ and solve for L: 
S$ h 


mc = so L= 
Ms 4m, a 2m._c 


In absolute units, the length is 


34 
ba Sa ED IS i cal 
2x(9.11x10™ kg) x (3.00 x 10° ms” 
In terms of the Compton wavelength of an electron, A, = fe L= & 
m,c 


E3.9(a) The energy levels are given by 


E3.10(a) 


E3.11(a) 


E3.12(a) 
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De ith... sr 
£3 
: 1 4 j)8ml 8mL 


We are looking for another state that has the same energy. By inspection we note that the first term in 
parentheses in E,. works out to be 4 and the second 1; we can arrange for those values to be reversed: 


Cc iw 5h’ 
|e eh | er’ 
; 1 4)/8ml 8mL 


So in this box, the state is degenerate to the state n| = 2, n. = 2. The question notes that 
degeneracy frequently accompanies symmetry, and it suggests that one might be surprised to find 
degeneracy in a box with unequal lengths. Symmetry is a matter of degree, as we will see in 
Chapter 7. This box is less symmetric than a square box, but it is more symmetric than boxes whose 
sides have a non-integer or irrational ratio. Similarly, there is much more degeneracy associated 
with a square box than with this one. Every state of a square box except those with nm, = np is 
degenerate (with the state that has m, and m2 reversed). Only a few states in this box are degenerate. 
A box with incommensurable sides, say, Z and 2'"Z, would have no degenerate levels. 


73 Z 2 
(n? +n, +n; )h? 
rn non § hia ke Oy [3. 5b, with L,=L,= L3] 
_ 3h _ oF 
“wale poet 


Hence, we require the values of n,, n. and m3 that make 
2 2 eo 
ni +n, +n; = 9 


Therefore, (71), mz, 73) = (1, 2, 2), (2, 1, 2), and (2, 2, 1) and the degeneracy is [3]. 


3 (n? +n,° +n; )h K 


E hm x [3.5b, with L,=L= L;] 


Ah Pgh 8mI2 
a ie 
AE (0.9L) OLY oe 
09H E11 =[023] or percent 
"y 
Set the particle in a cubic box energy equal to 37/2. 
_(* = n; +H, 5 )h hr 3 
———ae nas 5 = TAT 
8mL mE. 2 


= siting JK )x(300K) = 6.214x107"J 


2 
So n’ as E 
If L? = 2.00 m’, then Z? = (2.00 m*)*? =1.59 m’, 
z -4 2 
= *—fasiengeat” | oe = =6.51x10 J 
mi (8)x| 2:03200kg mol | <1.59m? 
6.022 x10° mol 


» _ 6.214x10' J 
6.51x10 J 
(ns lPR oh? h? 
AE = E,,, -E, = - — = (2n+1)x 
A el? 


=9,55x107; n=|9.77x10" 


and 
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E3.13(a) 


E3.14(a) 


E3.15(a) 


AE=E 


9.7710 H 
= (19.5510!) x(6.51x10~ J) =|1.27x107'J 


The de Broglie wavelength is obtained from 


Wh’ )_19.55x10 nh? 
*, 10 ae Ae a 


A= Rech [1.3] 
P my 
The velocity is obtained from 
E, =4 my’ =2kT =6.214x107J 
wee 6.214x107'J 
uh \. 0.03200 kg mol” 
2) \6.022x10” mol 


-34 
A= — S000 x10 8 __ 9. 58x10" m=[25.8 pm 


(5.31X10 kg) x (484 ms“) 


Xe) = 2.34x10° m?s*; v=484ms" 


The conclusion to be drawn from all these calculations is that the translational motion of the 
oxygen molecule can be described classically. The energy of the molecule is essentially 
continuous, 


AE 
— <<<] 
E 


Orthogonality requires that, if m # n, then 
| VW, dT =0 
Performing the integration: 
[v. yw dr= { " Ne™Ne™ d= N? ‘s en? do 
If m 4 n, then 
2" Nn? 


rrem 


2 
Fviysen coe 


i(n—m) 


Therefore, they are orthogonal. 
Magnitude of angular momentum = {/(/+1)}'7A [3.22a] 
Projection on arbitrary axis=m,h [3.22b] 


Thus, 
Magnitude =(2'7)xh=|1.49x10™ Js 


Possible projections 


The diagrams are drawn by forming a vector of length {jj + 1)}°°, with j =s or / as 
appropriate, and with a projection m; on the z-axis (see Figure 3.1). Each vector represents the 
edge of a cone around the z-axis (that for m; = 0 represents the side view of a disk 
perpendicular to z). 


1/2 


E3.16(a) 


E3.17(a) 


E3.18(a) 
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(a) (c) 
50 
2.449 
YX 0 ~ 
Figure 3.1 


Let @ be the angle of the vector with the positive z-axis. The cosine of that angle is the ratio of 


m1 GG+1)}'” 


a =0.577 so 6 =0.955 radians or 54.7° 
(b) cosd= oa sO @ =\|7f/4 radians or 45° 
(c) cosd= 0 SO @ =|”/2 radians or 90° 


The rotational energy depends only on the quantum number / (eqn. 3.21), but there are distinct 
states for every allowed value of m), which can range from —/ to / in integer steps. For / = 3, possible 
values of m; =—3, —2, -1, 0, 1, 2, 3. There are 7 such values, so the degeneracy is Al ‘ 


a cos = 
(a) 3 


The energy levels are 


my; 


242 
mh [3.10a] 
21 


We are looking for the difference between the ground state (7; = 0) and the first excited level (mm; = 
+1); that difference is equal to the energy of the photon: 


2 “My 
Fan AEE aT OT ga OD 


he 
E aoa = 
—34 ee | - 
so A= ee aE .75x10* m|=|0.975 mm 
U4 X 
photon 


Such a photon would be in the region. 


We can find the speed of a point on the equator if we know the rotational frequency, @ the speed is 
ra@, where r is the radius. Classically, angular momentum is equal to moment of inertia, /, times @. 
For a sphere of mass m,, the moment of inertia is J = 2m,r77/5 [Section 3.4 or any general physics 
text]. An electron has spin angular momentum of 0.866 (Section 3.5). Putting it all together, 


2 
6266h< eenieel een pape 
5 2m,r 
The speed is 
-34 
p= 5X0866h ___5x0.866x1.0546x10" Is _ age 


COMMENT. This speed is about 300 times the speed of light! Clearly this quasi-classical, non-relativistic 
model does not capture this aspect of the electron. 
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P3.1 


P3.3 


Solutions to problems 

Solutions to numerical problems 

The energy of the particle in a cubic box is 
(n +n, +n; ) h? 


E= ; 
8mL 


[3.5b] 
so the difference between the two lowest energy levels is 


PY pep A FRE SS Ee 


The mass is m(O,) = (32.00)x(1.6605x10~ kg) =5.31x10™ kg, so 


3h? 3x (6.626 x10 Js) | = 
AK =. 2 ee eee ed) 
8m 55.31K 10 kg x (5.0107 m)? as 


Set the energy equal to 3477/2: 


End 30 he 3kT 
=e 
_(4kTm2 YY” 
n a 


_( 4x1.381x10 JK7™x300 Kx5.31x107 kgx(5.0x107 m)? \" 
(6.626x10™ Js)? 


= 2.24x10° 


The degenerate energy level immediately below this level has one of the quantum numbers equal to 
n— 1 and the other two still equal to n. 
37h f2n? +(n-1) 3A? — (2n-Dh’ 


AE=E.-E ee Scere tenga 
oe, nae SmI SmI 


rin ye 34 702 
_ (2X2.24x10? -1)x(6.626x10 Js)? _F>G937y 


8x5.31x10° kgx(5.0x107 m) 


COMMENT. The problem is similar to E3.12(a). The separation in energy levels is much smaller than the 
energy of the occupied level. The energy of the molecule is essentially continuous. 


In Ceo, each carbon atom is bound to three others, so each makes three sigma bonds. That 
leaves one p orbital and one electron per carbon atom to go into the 7 system. Thus, Cgp has 60 
mz electrons, which would doubly occupy the lowest 30 particle-in-a-cube “orbitals.” The 
energy levels are 


2 2 2\ 22 
m tn, +n, jh 
: ete [3.5b, with L,=1,=L;3] 


Levels in which all three quantum numbers are the same are non-degenerate. The degeneracy of 
levels that have two quantum numbers in common is three, for the different quantum number can be 
in any of three places. The degeneracy of levels that have three different quantum numbers is six, 
the number of possible different ordered triplets. The energy levels are shown in Figure 3.2, labeled 
by one corresponding set of quantum numbers. 


P3.5 


P3.7 
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E/(r’AmL’) 


Figure 3.2 


Filling the orbitals from the bottom makes the level marked (1,2,4) the highest occupied level. Its 
energy is 21h’/8mL7. The next level has an energy of 22h’/8mL? (the level marked (2,3,3)). So the 
excitation energy is the difference between these levels, namely, 


2 ~34 
ap=—* = —_GS6X10_19)__a1.2x10 J 
8mL 8x9.11xK10~ kg x(0.7x10 m)’ 
he 
Oe = Ee 
he 6.626x10™ Jsx2.998x10° ms 
so =e eS pci al = 
AE 1.2x10°" J 1.610% m]=[1.6 zm 


The excitation energy is the difference between the two lowest energy levels, and that energy 
difference is equal to the energy of the photon. 


AE = oe — 
8m,a° ror te 


8m,c 8x9.11x10~' kgx2.998x10* ms” 


=[6.9x10-° m] =[0.69 om] 


(a) The normalization integral is 


" at ' 2 
= 0A Gs ~Fio et -{ 00 —1?)x6.626x10™ J. sx1500x107 "| 


|= [xv +37 iy, *)N(v., w 3iw,,)dp 
aN? (ya P #8] ya P+ iW ty —3iv, *yL,)dg= AN? 


In the last step, we used the fact that the particle-on-a-ring eigenfunctions are themselves 
normalized and orthogonal. The overall normalization constant, then, is and the normalized 
wavefunction can be written as a superposition of particle-on-a-ring eigenfunctions: 


yi +3 iW, 

2 
(b) The particle-on-a-ring wavefunctions are eigenfunctions of the angular momentum, so any 
measurement of angular momentum will result in a corresponding eigenvalue (Section 1.8, 
Postulate V). The measurements will be m,% [3.9]. In particular 


y= 
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P3.9 


P3.11 


Lal, the eigenvalue of yx, , with probability |(1/2)/ = 
and {+ f|, the eigenvalue of y1 , with probability |(3"7i/2)/ = 
(c) The particle-on-a-ring wavefunctions are also eigenfunctions of the energy, so any energy 
measurement will result in a corresponding eigenvalue. However, both energy eigenstates that make 
up the superposition have the same energy eigenvalue, so any measurement will yield that value, 
namely, 


F _ mh h 
ae 2m_r’ 


p 


(d) Expectation values are weighted averages of eigenvalues; the weights are the squares of the 
magnitude of the coefficients in the superposition wavefunction: 


(Q)= Pleo, [1.17] 


[3.10a] 


So the expectation value of angular momentum is 


2 
h 
(/,)= xn=|4 


(Note that none of the angular momentum measurements will yield the expectation value.) The 
expectation value of the energy can be computed in the same way. We have already noted, though, 
that every energy measurement will yield the same value; therefore, the expectation value is also 
equal to that value. 


2 


1/2: 
x(-A)+2— 


2 


1 


2 


h? 

(H) = ; 

2m,r 

2¢2 242 
p.m toe 

; 2] 2mr 
The ground-state energy is 0, when m,=0. The first excited state energy is 

2 ~34 2 

B= So (1.055x10™ Js) = 130x102 J 


2mr? (2) x(1.008)x(1.6605x10~’ kg)x(160x10"" m)’ 


This is also the excitation energy (the difference between the first two levels) and the energy of the 
photon that can excite rotation. Thus 

he 

A 

he _ 6.626x10™ Jsx2.998x10° ms” 


$0 Ae LL 53107 ma] = [1.53 mm] 


AE 1.30x10" J 


BE SD ce = 


The minimum angular momentum is [+Al, 


This is an example of rotational motion in two dimensions, so we use results for a particle in a ring. 


(a) The expectation value of angular momentum is the weighted average of possible results of 
angular momentum measurements. 


(I,) =4x3h+ix(-3n) = [-Sh] 


(b) The particle-on-a-ring wavefunctions are eigenfunctions of angular momentum and of energy. 
The angular momentum eigenvalues are 3% and —3#. The corresponding eigenfunctions are y4 and 
Y¥Z3, respectively, where 
eo? 13.100] 
V,,, (P) pe (2m)? [ . 


P3.13 
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The wavefunction of this molecule is a superposition of y% and yw; (Section 1.8, Postulate V), so 


Y(Q)=CY,+cy, 


The probabilities of finding the molecule in one of the eigenfunction states is the square of the 
magnitude of its coefficient in the superposition: 


le,’ = 1/4 and —s|c,|* = 3/4 
sO g=Z and Cc, = 37/2 


(We can take the coefficients to be real and positive.) 
ei? 3 1/2 esie 

rr Se eee 

VO omy? FS 2 


(c) The energy eigenvalues for the eigenfunctions are 


S mh me mW 
a er . Se 


Both functions in the superposition have the same energy, and that is why energy measurements 
always give the same value, namely, 


2 ~34 2 
3°(1.0546 x 10™ Js) tanpani 


R= 726 =] pee: 
:~ 2% 2.000x 10° ke x(250.0x 10” m) 


The question asks about the most probable angles with respect to an arbitrary axis. We may 
take that axis to be the z-axis, in which case we are looking for the most probable values of the 
angle @ The most probable values of @ are maxima in the probability, which correspond to 
positive maxima and negative minima in the wavefunction. (Note: We can speak as if the 
wavefunctions were real because the @ dependence of the spherical harmonics is real.) So we 


look for @ such that oY =O. 


00 
For /= 1, there are two forms of dependence on @: 
m,=0: Yi. x cos @, which has maxima at (i.e., along the z-axis) 
m,= 1: Y; 41 « sin @, which has a maximum at (perpendicular to the z-axis) 
For / = 2, there are three forms of dependence on @: 
m, = 0: Y,9 « (3 cos@— 1), so 


oY, 
— 9 « —3x2cos sind = 0 
00 ; 


The derivative vanishes at|@= 0, x/2, & 7]; these are the most probable values of 8. 


m, =H: Y241 % COS @sin 8 so 


OY 


The derivative vanishes where cos 9 =+sin 0, namely, at|@= 2/4 & 37/4), 
m;= +2: Yr 49 sin’@, so 


OY, 12 
00 


x cos? @—sin? 8 =0 


« 2cos@sin 9 =0 
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The derivative vanishes at |@= 0, 2/2, & 71. 
For / = 3, there are four forms of dependence on @: 
m, = 0: Y39e (5 cos’ @— 3 cos @), so 


OY, 
00 


The derivative vanishes when sin 9= 0 and when cos @= +(1/5)'”. Thus 
O=0, 7, 63.4°, & 116.6° 
m;= +1: Y34, ~ (5 cos’@— 1), so 


OY, 21 


—" « —15cos’ Osin 8 + 3sin 8 = 0 = —3sin O(5cos’ 8-1) 


«x —l10cos @sin 8 =0 


The derivative vanishes at |@= 0, 7/2, & 771. 
m, = +2: ¥349 « sin’Ocos8, so 


OY, : 
ri x 2sin @cos” O—sin’ 8 =0 =sin O(2cos’ O—sin’ 8) 


The derivative vanishes when sin @= 0 and when 2cos’@= sin’@. The latter condition amounts to 
tan’O= 2. Thus |@=0, 7, 54.7°, & 125.34, 


m,= +3: Y343 e sin’ @, so 


333 : 2 
——= « 3sin* Gcos@=0 
00 
The derivative vanishes at |O= 0, 2/2, & z 
Solutions to theoretical problems 


The wavefunctions in question are solutions of the Schrédinger equation. The hamiltonian inside 
the box is 


so the equation to be solved is 


a? ’ Q° > > a? 3 
2 vey8), z), Bet Yr2) , Ris 2) Spt yak 


We look for solutions that factor into functions of one variable. That is, let 


YAx,y,z) =X(x) X Y(y) x Zz) 


and see under what conditions (if any) the differential equation can be solved. In substituting our trial 
separated solution into the differential equation, note that each partial derivative acts only on one factor: 


h 


sail a’xX a 
ry )Z(z) 


+£X(x)Z(2) 2D oot Ws xy ae EX(x)¥(y)Z(2) 


Divide both sides of the equation by the trial wavefunction and by —h 7 / 2m: 


1 a X(x) , 1 vy(y), 1 @Z(z)_ mE 
X(x) de? = Y(y) dy = Z(z) da’ i’ 


P3.17 
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The right side of the equation is a constant, while the left side is a sum of three terms, each of which 
depends only on one of the three independent variables. Because the three terms depend on independent 
variables, the only way that they can sum to a constant value is if each is equal to a constant value. Thus, 


1 @X(x)_ 2mE, 1 aY(y)_ 2mE, ae @Z(z)__ mE, 
X(x) de’ i? ° Y(y) dy’ Bie Za ae h? 


where Ey + Ey + Ez = E. Each of these equations rearranges to an ordinary differential equation of 
the same form as eqn. 2.1(b), the Schrédinger equation for a one-dimensional particle in a box. 
Thus, each factor in the three-dimensional wavefunction has the form given in eqn. 2.6(b): 


/2 2 “i 
x=(2) sin 22), roy=[2) inf "22 ana ze=(2) sn 2) 


yielding the three-dimensional wavefunction given in eqn. 3.5(a). 


The Schrédinger equation is 


To verify that 
, _ AA 
W(x, y)= within sin —— sin ~— ‘ {3.3a] 
1 1 
is actually a solution, we take the required partial derivatives. 
oy _ 2a Ms NX . ny 


Ge (LL wean 4h 


2 2 
SO Oy 22 eal sin gin 7 - (4) VY 


a GL Ce ee 
2m) in MX ain May __( ma) 
Similarly Se =e (z= } ee é . 


Putting these derivatives into the Schrédinger equation yields 


Hime) (me) yl 
mie) Ce) re 


This expression is a true equation if 


=(e)-4) 


With a little rearrangement, we arrive at eqn. 3.3(b) for the energy: 


2 2 2 2 2 2 
iat, asd a ema 
iy} |8m\Z) 1, 


(a) By hypothesis, the angular momentum is +#, so the corresponding wavefunction is 
+ig 


VY (D)= Qn? 
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There is Ino uncertainty in A/} because the wavefunction is an eigenfunction of /, . Therefore, the 


uncertainty product A/, A sin g must also be zero. Because the question asks for all pieces in the 
uncertainty expression, we evaluate A sin 9: 


ee ee + oF 1 {'si 1 -cos |" 
= | ——~sing——-_dg=— =—x———+| =0 
me { bgp Ga er eey RS aT 
(sin? g) = (sin? pegs xk [" sin’ gdp 
(22)'” (22)? In R 
eo ee 
i ee eee 


| a 1 v2 1 
So Asin p= ((sin? g) —(sing)”) (3-0) [34 


The only way the uncertainty relationship can hold is if the expectation value of sing also vanishes: 
2x 
=0 


0 


z ee etiP 1 < 1 sing 
(cos ) = [ Ont am?” = on ( eT So 


2 


so Al. Asin g > +|(cos¢)| because 0 > 0. 


(b) A wavefunction proportional to cos@ is a mixture of the two particle-on-a-ring wavefunctions 
that have m,; =+1 and m;=—1 because e® + e"® = 2 cos¢, 


eti? +e? 
= Wee ee 
W(P) (ny? 


To compute expectation values, we need the normalization constant: 


i2 if ei? 4. ei? ei? ws ei? 


__N? pe : 
—_—___—_ N ——_-—~— dg = —— { 2+e 7" + ef? 4 
(2x)? (22) In ( ) Q 


5 : 2% 
2 -2i¢9 +2i9 
-< (29-5 S2 : =2N’ 
1 


So N= 1/2!" = 1 = C41, where the c’s are coefficients in the superposition. Because particle-on-a- 
ring wavefunctions are eigenfunctions of angular momentum, we can use 


(Q)=SilePo, [1.17] 
k 
So the expectation value of angular momentum is 
. 1 1 
1 )=—x(-h)+—xh=0 
(= >xCA) +5 


Both particle-on-a-ring wavefunctions have the same eigenvalue of angular momentum squared, 
namely 7”, so this is the expectation value of that operator. 
1/2 


a =((12)-(0))" =? 07" =f 


Before we look at the expectation values of trigonometric functions, note that the wavefunction can 
be written as 


P3.21 
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. 3 2a 
So (sing) = [ rsing eao=— [" cos sin pip = 2x20 =0 
0 
; cos cos Pe es ' 
(sin? 9) = i sg sin’ @ i dp=— [ cos’ psin’ gdg 
-1,(2_sase)” nb 
£#\% 2 4, 4 
Asin g = ({sin’ g) —{sin g)’)"” -(1-0) =f =| 


cos cos | ed 
(cos g) = i STE COS 9 Pap =— [ cos’ gd@ 


fuck uta 
oe sin? i 
=—x! sing—-——_—- | =0 
1 ? 3 | 


Finally, A/_Asing2 Lh|(cos 9) because 4h >5hx0=0. 


The uncertainty principle is trivially satisfied in both cases because the minimum uncertainty is 
zero. The cases are somewhat different, though, in that there is no uncertainty in the angular 
momentum in the first case, and there is uncertainty in the second case. 


The elliptical ring to which the particle is confined is defined by the set of all points that obey a 
certain equation. In Cartesian coordinates, that equation is 


je - 
+ =] 
as you may remember from analytical geometry. An ellipse is similar to a circle, and an appropriate 


change of variable can transform the ellipse of this problem into a circle. That change of variable is 
most conveniently described in terms of new Cartesian coordinates (X, Y) where 


ee 


X=x and Y=ay/b 


In this new coordinate system, the equation for the ellipse becomes 


2 2 
sts > 2 gel > X4Y=a 
a a 


‘_ 


which we recognize as the equation of a circle of radius a centered at the origin of our (X,Y) system. 
The text found the eigenfunctions and eigenvalues for a particle on a circular ring by transforming 
from Cartesian coordinates to plane polar coordinates. Consider plane polar coordinates (R,®) 
related in the usual way to (X,Y): 


X=Rcos® and Y=Rsin® 


In this coordinate system, we can simply quote the results obtained in the text. The energy levels are 


242 
g=™%" [3.100] 
2f 
where the moment of inertia is the mass of the particle times the radius of the circular ring 
l=ma@ 


The a are 


im,® 


—— [3.10b] 
a m) 


lies 
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It is customary to express results in terms of the original coordinate system, so express ® in terms 
first of X and Y, and then substitute the original coordinates: 


La SO a ee 
X 4 bx 
P3.23 The Schrédinger equation is 
era @ . 
-~—-V’y = Ey [3.18b] 
2m | 
7? | 
Vey = 2), * n2y [rable 3.1) | 
r or r? 
since r = constant, the first term is eliminated and the Schrédinger equation may be rewritten 
2 
eh. A’y=Ey or a plies = Ey [I =mr’] or y= at a 
2mr? 21 i? 


: got, F.-- dint - ee 
where A Seer ey te Pee 

sin'Od¢ sin@00 00 

Now use the specified y = Y from Table 3.2, and see if they satisfy this equation. 

(a) Because Yoo is a constant, all derivatives with respect to angles are zero, so A’Y,, = [ol, 
implying that E =(| and angular momentum =|) [from {/(/+1)}"?A, eqn. 3.22a]. 

ae ihe A eek Be ss Pale 


; Ke epee Best where Y, = Ncos@sin@e* 
(b) "eh sin? sin? 8 o¢” = sin9. 00 00 ae 
OY, 1 | 
—*" = Ne™* (cos? @—sin? 0 
aar sokte: 
: oY, 
a a Pte = Oe r_« —sin 9Ne™* (cos” 6 —sin? 6) 


sn000. 00 sind 00 
~i¢ 
= (sin (4 cos @sin 6) + cos O(cos” @—sin  @)) 


= Ne* (-s cos @sin 6+ a4 [cos’ 8 = cos A(1—sin’ 6)] 
in 


1 OY,, -Ncos@sinde* —NcosOe* 


sin’ O Og’ sin’ 0 sind 


so A’Y, _, = Ne“*(-6cosOsin 0) =-6Y,_, =-2(2+))¥,_, [ie., /=2] 


and hence 


2 
“OF, = 3 Ae implying that |E = = 


and the angular momentum is {2(2+1)}"7h =|6"” Al. 


2 
(c) A’Y..= “ae a! Le 
3 


oY, ™ +3 3i¢ 
+—— in@—= where Y, = Nsin’ @e 
sin @ ag = sin@ a0. 00 . 


Zr) = 3N sin? @cos @ e** 
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1 a oY, 1 a 3 
er ae == 3A, @ @e# 
sin@ 00 as 06 sindae si" Goon © 


_ 3Ne™# 
sin 


= 3Ne** sin@(3—4sin? @) [cos’ 6 =cosO(1—sin’ 6)] 


7c sin’ @cos’ 6—sin* 9) = 3.Ne** sin O(3cos’ @—sin’ 6) 


oY. - 3i¢ 
l i ON sin’ Ae = -9N sin@ ei 


sin’ 0 Fa sin? 6 
SO A’Y,, =-12N sin’ Oe"? =-12Y,, = -33+DyY,, [ie /=3] 


and hence 


2 
=12%,; HRs, implying that. p= 
1 


and the angular momentum is {3(3 + 1)}"?A =|2V3Al, 
P3.25 ; ie ¥;,Y,, sin@d0dg = a “ (25) [ sin’ @sinoao is dg [Table 3.2] 


-(4}. (22)xcam f (1-cos’ 6)’ dcos@ [sin@d@=dcos@, sin’@ =1-cos’6] 


=35 [ (13x? +3x4—2x°)de [x= 0086] 


ae) Pee oe 
= 97 tee $a) = =33% a =[l 


jk 
P3.27 i=? xp=|x jy Z| [see any book treating the vector product of vectors] 
PP. P,* FP, 


=i(pp,—2p,)+ (Zp,-£P,)+kGP,— Ip) 


Therefore, 


— a me h 0 ? A : A - A OA A A A A 1 
We have used P.=> >> etc. The commutator of 7, and 7, is [7,,7,]=(7,/,—-7,/,) . Recall that 


the operators always imply operation on a function. We form 


[t feleey® 2-52) 
bd, f= [2 22 \22 eld 


del tn Ot 4 O° f 
--w [eh dk eae ghar ZL) 
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0 0 0 F) 
and i? f=-h | z—-x— —-z— 


Q? a’ f a’ f os 
(= a. axdy ~ <% dzdy by oy 


Since multiplication and differentiation is each commutative, the results of the operation Li, and 


of of 


Li. differ only in one term. For ii, ve a replaces -y——. Hence, the commutator of the 


ox 
operations, (//,-7.7/.), is -W y2-x2) or 41 
x oy i 


COMMENT. We also would find 


P3.29 We are to show that [/ i = 0. Start by expanding the first operator: 


le ee eee eo eee 
21-0 +0 +1?,] 1= 2+ LI+E cal 


(pet lle 4 
The three commutators are 


(PL J=0l LP =) -1 =0 


= 1 (-ini,)+ (ial, i, = -ia( 1, +71.) [3.24] 


(?,i)=P2 -iP =Pi -2ii +iti - 


> 


Therefore, —[/”,,]=—ia(iI, +1,7,)+in(t, +7,7,)+0=0 


z 


We may also conclude that [i 21] =0 and [/? L] =0 because /, / and /, occur symmetrically 


x? “py? 
in 7’. 
Solutions to applications 


P3.31 P3.30 states that there are 22 electrons in the conjugated systems, so they would doubly occupy the 
lowest 11 particle-in-a-square “orbitals.” The energy levels are 


E (alm [3.3b, with Ly = Ly] 

= ———.— [3.3b, wi = 
2, FE Seis 
Levels in which both quantum numbers are the same are non-degenerate; levels whose two quantum 
numbers are different are doubly degenerate. The energy levels are shown in Figure 3.3(a), labeled 
by one corresponding set of quantum numbers. 
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Figure 3.3(a) 


Filling the orbitals from the bottom makes the (3,3) level the highest occupied level. So the 
wavefunction to be plotted is 


2. (3mx). (3 a. 
Wi(%y)=Fsin (2 sin( 222) [3.3a, with L, = Ls] 


and the corresponding probability density is 


4 . ,(3ax).. »{ 3ay 
ofa 


To generalize our plot to any size L, we will neglect the normalization constant and redefine 
the coordinates with y =x/L and n =y/L. The coordinate origin is (y,7) = (0,0) and the ranges 
are OS yS1 and O<nS<!1. The function /(y,n)=sin(m,zy)sin(n,2yn) will represent our 


wavefunction. Mathcad™ contour and surface plots are set up by defining a grid of 101x101 
coordinate points, assigning values to n, and m2, and calculating the value of fat each point: 


N =100 i=0...N j=0...N 4== Wes 


n, =3 n, =3 
J; = sin(n, -7- Z,)-sin(m, -7-7;) 


Figure 3.3(b) 


The Mathcad surface plotting feature easily produces the wavefunction graph of Figure 3.3(b). 
Figure 3.3(c) is a surface plot of the HOMO probability density, which is simply f squared. A 
portion of the porphine molecule has been sketched onto the Figure 3.3(c) probability density and 
the nitrogen atoms of the porphine ring should be viewed as being near the ring’s center. 
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Figure 3.3(c) 


Figure 3.3(c) shows a remarkable resemblance between the probability density of the particle-in-a- 
square and the conjugated z-system of porphine suggested by the structure. It is even possible to 
imagine the center spike in the probability density as being representative of the lone pair electrons 
on the nitrogen atoms. However useful this model is for conceptualizing the electron density in 
porphine, far more accurate computations, to be studied in Chapter 6, are needed to determine the 
actual distribution of electron density. 


(a) In the sphere, the Schrédinger equation is 


ar? rar 


~ 2 


2 2 
as E(B 22 be ly = Ey [Table 3.1] 
i? 
where A’ is an operator that contains derivatives with respect to and gonly. 
Let Yr, 8 P=RN)YV(A OD. 
Substituting into the Schrédinger equation gives 


2 
Ie sd lest aMy — ERY 
or’? sr Or 
Divide both sides by RY: 


2 2 ’ 
ae a £28, twas 
2m 


Ror Rrar Yr 


The first two terms in parentheses depend only on r, but the last one depends on both r and angles; 
however, multiplying both sides of the equation by 7” will effect the desired separation: 


2 
aps Fe ey aay = Er’ 
Ror Ra ¥ 


Put all the terms involving angles on the right side and the terms involving distance on the left: 


TE ee 2 O'R ,2r OR ey h A2y 
Ror TR or 2mY 


Note that the right side depends only on @and ¢, while the left side depends on r. The only way 
that the two sides can be equal to each other for all r, @, and @ is if they are both equal to a 


2 
constant. Call that constant ae (with / as yet undefined), and we have, from the right 
side of the equation, 

WI +1) 


2 
= anys Y= eae so A’¥=-I(/+1Y 
mn m 
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From the left side of the equation, we have 
eo eeaeton 2. _WKE+) 
2m\ R or’? R or 2m 
After multiplying both sides by R/r* and rearranging, we get the desired radial equation: 
Wr & 2 =) W1(1 +1) 


ane le ao : 
2mr 


R=ER 
dr? ror 


Thus, the assumption that the wavefunction can be written as a product of functions is a valid one, 
for we can find separate differential equations for the assumed factors. That is what it means for a 
partial differential equation to be separable. 


(b) The radial equation with / = 0 can be rearranged to read 
o°R 2 OR _ 2mER 


or ror fe 
Form the following derivatives of the proposed solution: 


OR _ (may! [sonar ( nt ‘3 ee 
r) r 


r a ‘3 


PR _ gay '2| —Sinvarla) ( nt ) _ 2cos(naria) ( nn , 2sin(naria) 
or’ r a “ a - 


Substituting into the left side of the rearranged radial equation yields 


(20a)??| - sin(nar/a) ( nt ) _ 2cos(nar/a) ( nn , 2sin(nmr/a) 
F a r a ye 
+ (2a)? 2cos(n7r/a) ( nn _ 2sin(nar/a) 
r? a r 
= (2a)? Seria) (==) a -(*) R 
r a a 


Acting on the proposed solution by taking the prescribed derivatives yields the function back- 
multiplied by a constant, so the proposed solution is in fact a solution. 


(c) Comparing this result to the right side of the rearranged radial equation gives an equation for 
the energy 


(==) 2mE ( a one? ( h ) wh? 
—- = ——— So E =| —_—_ = ent —- = ge 
a h a} 2m 2ma’\2nx 8ma 
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D4.5 


D4.7 


Atomic structure and 
atomic spectra 


Answers to discussion questions 


When hydrogen atoms are excited into higher energy levels, they emit energy at a series of discrete 
wavenumbers that show up as a series of lines in the spectrum. The lines in the Lyman series, for 
which the emission of energy corresponds to the final state 7, = 1, are in the ultraviolet region of the 
electromagnetic spectrum. The Balmer series, for which n, = 2, is in the visible region. The Paschen 
series, 1, = 3, is in the infrared. The Brackett series, n, = 4, is also in the infrared. The Pfund series, 
n, = 5, is in the far infrared. The Humphrey series, 7, = 6, is in the very far infrared. 


(1) The principal quantum number, 7, determines the energy of a hydrogenic atomic orbital through 
eqn. 4.8. 

(2) The azimuthal quantum number, /, determines the magnitude of the angular momentum of a 
hydrogenic atomic orbital through the formula {/(/+1)}"’ kh. 

(3) The magnetic quantum number, m,, determines the z-component of the angular momentum of 
a hydrogenic orbital through the formula m,h. 

(4) The spin quantum number, s, determines the magnitude of the spin angular momentum through 
the formula {s(s +1)}"” h. For hydrogenic atomic orbitals, s can only be 1/2. 

(5) The spin quantum number, m,, determines the z-component of the spin angular momentum 
through the formula m,h. For hydrogenic atomic orbitals, m, can only be +1/ 2. 


The selection rules are 
ha = £1,272, .!: Al = +1 Am, = 0,+1 


In a spectroscopic transition the atom emits or absorbs a photon. Photons have a spin angular 
momentum of 1. Therefore, as a result of the transition, the angular momentum of the 
electromagnetic field has changed by +1h. The principle of the conservation of angular momentum 
then requires that the angular momentum of the atom has undergone an equal and opposite change 
in angular momentum. Hence, the selection rule on A/ = +1. The principal quantum number n can 
change by any amount since n does not directly relate to angular momentum. The selection rule 
on Am, is harder to account for on the basis of these simple considerations alone. One has to 
evaluate the transition dipole moment between the wavefunctions representing the initial and final 
states involved in the transition. See Justification 4.4 for an example of this procedure. 


The selection rules are strictly valid (1) only for hydrogenic atoms in which the states can be 
described by pure and exact wavefunctions and (2) if there are no other external perturbations 
(interactions) that could lead to a mixing of the states. 


See Fig. 4.8 of the text. The periodic table shows the manner in which the chemical and physical 
properties of an element, composed of atoms of one kind only, varies as a function of the atomic number 
of the element. This variation is periodic in the atomic numbers of the elements. The configuration of the 
electrons in an atom is what determines the chemical and physical properties of the atom (element); 
hence the periodicity of the properties is necessarily a result of the electron configurations. 


80 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


D4.9 


D4.11 


E4.1(a) 


The order of occupation of atomic orbitals, forming the electron configuration of the atom, mirrors 
the structure of the periodic table. 


The s and p blocks form the main groups of the periodic table. The similar electron configurations for 
the elements in a main group are the reason for the similar properties of these elements. Each new 
period corresponds to the occupation of a shell with a higher principal quantum number. This 
correspondence explains the different lengths of the periods. Period 1 consists of only two elements, H 
and He, in which the single 1s orbital of the n = 1 shell is being filled with its two electrons. Period 2 
consists of the eight elements Li through Ne, in which the one 2s and three 2p orbitals are being filled 
with eight more electrons. In Period 3 (Na through Ar), the 3s and 3p orbitals are being occupied by 
eight additional electrons. In Period 4, not only are the electrons of the 4s and 4p orbitals being added 
but so are the 10 electrons of the 3d orbitals. Hence there are 18 elements in Period 4. Period 5 
elements add another 18 electrons as the 5s, 4d, and 5p orbitals are filled. In Period 6, a total of 
32 electrons are added, because 14 electrons are also being added to the seven 4f orbitals. 


In the crudest form of the orbital approximation, the many-electron wavefunctions for atoms are 
represented as a simple product of one-electron wavefunctions. At a somewhat more sophisticated 
level, the many electron wavefunctions are written as linear combinations of such simple product 
functions that explicitly satisfy the Pauli exclusion principle. Relatively good one-electron functions 
are generated by the Hartree-Fock self-consistent field method described in Section 4.4(f). If we 
place no restrictions on the form of the one-electron functions, we reach the Hartree-Fock limit that 
gives us the best value of the calculated energy within the orbital approximation. The orbital 
approximation is based on the disregard of significant portions of the electron—electron interaction 
terms in the many-electron hamiltonian, so we cannot expect that it will be quantitatively accurate. 
By abandoning the orbital approximation, we could in principle obtain essentially exact energies; 
however, there are significant conceptual advantages to retaining the orbital approximation. 
Increased accuracy can be obtained by reintroducing the neglected electron—electron interaction 
terms and including their effects on the energies of the atom by a form of perturbation theory 
similar to that described in Further Information 2.1. For a more complete discussion consult the 
reference in Footnote 3. 


An electron has a magnetic moment and magnetic field due to its orbital angular momentum. It also 
has a magnetic moment and magnetic field due to its spin angular momentum. There is an interaction 
energy between magnetic moments and magnetic fields. The energy between the spin magnetic 
moment and the magnetic field generated by the orbital motion is called spin-orbit coupling. The 
energy of interaction is proportional to the scalar product of the two vectors representing the spin and 
orbital angular momenta and hence depends upon the orientation of the two vectors. See text Fig. 4.26. 
The total angular momentum of an electron in an atom is the vector sum of the orbital and spin angular 
momenta as expressed in eqn. 4.36. The spin-orbit coupling results in a splitting of the energy levels 
associated with atomic terms as shown on the top of text Fig. 4.28. This splitting shows up in atomic 
spectra as a fine structure as illustrated on the bottom of Fig. 4.28. 


Solutions to exercises 


Egn. 4.1 implies that the shortest wavelength corresponds to n, =o, the longest to m2. = 2. Solve 
egn. 4.1 for A. 


ae (1/n? —1/n2y' 
Ry 


2 a1 
Shortest: onl abit be 9.118x10° cm 


109677cm™ 


2 4 792)-1 
Longest: poten es Lg 1.216x10° cm 


109677cm™ 


E4.2(a) 


E4.3(a) 


E4.4(a) 


E4.5(a) 
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For atoms A, eqn. 4.8 may be rewritten in terms of the Rydberg constant R as 


sie Z? uyhcR a Z*hcR 


n 
mon n? 


where to within 0.01% the ratio 4/,/m, is unity. Eqn. 4.1 can then be rewritten as 


ze 5-4 ye v= 
Vv 


c 
; A 


nh Mm 


5 = 4109737 om™! (4-=}- 3,292x10° om! si 


10 ~l 
ye eT Ae = eaeosie ae 


3.037610! cm 


Identify / and use angular momentum = {/(/+1)}'"h. 


(a) /=0, so angular momentum = 0 
(b) /=1, so angular momentum = ¥2h 
(c) /=3, so angular momentum = 2V3h 


The total number of nodes is equal to n—1 and the number of angular nodes is equal to /; hence 
the number of radial nodes is equal to n—/—1. We can draw up the following table. 


3p Sf 
n, 1 2,0 3,1 ae 
Angular nodes 0 1 2 


Radial nodes 1 | 1 1 ~ 


The ionization energy for one-electron atoms and ions (A) is given by the negative of eqn. 4.8 with n= 1. 


ae Z,e8 
S329 62h? n? 


This may be rewritten in terms of the Rydberg constant as 


I, =Z?hcR, =Z?hc** R= Z? = J, 
m. Hy 


Jy = 2.1788 aJ. Reduced masses are calculated from eqn. 4.4, the ionization energies from the above 
equation. 


be’ bs 
5.4828x107 u 5.4850 x10“ u 1.00040 8.7188 a] 


This is essentially the photoelectric effect [eqn. 1.2 of Section 1.2] with the ionization energy of the 
ejected electron being the work function &. 


dank 2 
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E4.6(a) 


E4.7(a) 


E4.8(a) 


E4.9(a) 


2.99810" ms* 
I = hy —=mev" = (6.62610 JHz")x| == 
ge [ 58.4x10°m 


—(4)x (9.109 x 10 kg) x (1.59 x 10° ms)’ x 


=2.25x10!8 J, corresponding to 14.0eV 


The L shell corresponds to m = 2. For n = 2, / = 1 (p subshell) and 0 (s subshell). The degeneracies 
of these subshells are 2/ + 1. Hence the total degeneracy of the L shell is HI 


The energies are E =— = 
n 


[4.8 with 4.11], and the orbital degeneracy g of an energy level of 


principal quantum number 7 is 


n-l 


g= > (21-1) =14+3454---+2n-1= oan - rn 
l=0 


(a) E=—heR,, implies that n =1, so [the 1s orbital]. 


(b) E=- = implies that n=2, so (2s orbital and three 2p orbitals). 
(c) E= inca implies that n=4, so (the 4s orbital, the three 4p orbitals, the five 4d 


orbitals, and the seven 4f orbitals). 


— NaW"/a9 
a = Ne 


[j Rer?dr =1= [ON?r’e?"dr = N? x 


2 
a 
a 
N? = Wer Se 
3? 2 
ay a; 


which agrees with Table 4.1. 


Ryo & (2-2) “4 with p=" [Table 4.1) 


ay 


mp2 22 om 
2.2 


—-—+— =) e’*=0 whenp=8 
dr adp 4% 
Hence, the wavefunction has an extremum at r= [4a,]. Because 2 ae <0, w<0 and the 
‘Wl 


extremum is a minimum (more formally: + >0 at p=8). 


The second extremum is at It is not a minimum and in fact is a physical maximum, though not 
one that can be obtained by differentiation. To see that it is maximum, substitute p =0 into Rp». 
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E4.10(a) The 2s radial function is proportional to (2—p)e°”. This factor goes to zero when p = 2. 
Since p =(2Z/na)r, r=nap/2Z. If we assume a = dp, then 


r = ag/2 = 2ay = 2X5.292x107'm =[1.058x107!m 


E4.11(a) We will solve this exercise by straightforward integration. 


3 
ee 


: 
Wioo = R, gly oe (2 ae [Tables 3.2 and 4.1] 
sas oa o/ 


The potential energy operator is 
2 
4nmé, \r r 
7 — ad —r] a ] —r/dg .,2 
(v\ = “* Ne; —|- aed eat (|e r’dr sin 0 dO dg 


set anon HS) a 


x an ! 
" have used ["sin@d0 = 2, ["d0=2n, and ["x"e“dx = =, 
a 


Hence, 


2 
(vy) =-"_ =e 


47E,a, 
2 
The kinetic energy operator is -=v [4.4 and Further Information 4.1]; hence 
L 


(Ex) =(T)= fy a dz 


Vy, = ee “4 Pudge +z A’y;, [Problem 3.23] 


y2 2 
= (| x (+). (= re7!/% 
Ta, r} \dr 


[A’y,,= 0, y,, contains no angular variables] 
3 
(stile 
Ta, ar) \ a, 
o3 h’ 1 z 1 ~2rJay_.2 : 2a 
(T) = (= ){} {2 }(2] e r- drx [sin od0[ dg 
2 2 2 2 
—— (j42 + =. a” Dare = 2h 4 ae = h ; 
Ha, ) °° ay a, La, 4) Ma, 


=F] 


Hence, (T) +(V) = -E,, +2Ei, = Ei, 
We determined the ionization energy of the He" ion in the solution to Exercise 4.4(a) with the result 
J(He*) = 8.7188 aJ. Using the relationships demonstrated above, we obtain for the potential and 
kinetic energies of the He* ion 

V (He" ) = 2)E,, (He* ) = —2](He* ) = —2x8.7188 aJ =|-17.4376 

T(He* ) = —E,, (He* ) = J(He* ) =|8.7188 aJ 
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COMMENT. £,, may also be written as 


4 


He 
E,=-—>> 
8 327° 62h? 


Question. Are the three different expressions for £,, given in this exercise all equivalent? 


E4.12(a) See Example 4.4. The mean radius is given by (r) = [° Ry dr. After substituting eqn. 4.10 for 
R,;, and integrating, the general expression for the mean radius of a hydrogenic orbital with 
quantum numbers / and n is obtained (see eqn. 10.19 of Atkins and DePaula, Physical Chemistry, 
8th edition). 


] Id+] 
(7,1) = {1+3{1-20 }h 


For the 2s orbital n = 2 and / = 0; hence |(7,) = “So . 


See Example 4.5, which illustrates the calculation of the most probable radius. It is obtained by 
0 ee ee 

solving dP(rydr =0 with P(r) =r7R(r)*. For the 2s orbital, P(r) « 7(2-2,) e* . Differ- 
a 


entiating this expression with respect to r and solving for those values of r that make the derivative 
equal to zero is most readily performed with mathematical software. Here we use MathCad®. 


The first and second of these roots correspond to minima in the probability. The third and fourth 
roots correspond to maxima, with the third being the largest, and hence it is the most probable value 


of r. This may be rewritten as|r" =(3+-V'5 s 


E4.13(a) The radial distribution function is defined as 


P=4ar'y so P, =4ar’(Y% Ryo) 


where p= 22r = coe But we want to find the most likely radius, so it would help to simplify the 
naQ, a 


function by expressing it in terms of either r or p but not both. To find the most likely radius, we 
could set the derivative of P3, equal to zero; therefore, we can collect all multiplicative constants 


E4.14(a) 


E4.15(a) 


E4.16(a) 
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together (including the factors of a,/Z needed to turn the initial r* into p’) because they will 
eventually be divided into zero. 
P, =C*p?(6-6p+ p*ye” 


Note that not all the extrema of P are maxima; some are minima. But all the extrema of (P,)’” 
correspond to maxima of P3,. So let us find the extrema of (P,, *. 


dP, )”? d 2 -p/2 
——— =) = —Cp(6-6p+ e 
is 4p p(6—6p+ p' je 


=Clp(6—6p + p*)x(—)+(6-l2p+3p]er” 


0=C(6-15p+6p’-tp’)e"? so 12-30p+12p’-p’ =0 


Numerical solution of this cubic equation yields 
p=0.49, 2.79, and 8.72 


corresponding to 


COMMENT. If numerical methods are to be used to find the roots of the equation that locates the 
extrema, then graphical/numerical methods might as well be used to locate the maxima directly. That is, 
the student may simply have a spreadsheet compute P,, and examine or manipulate the spreadsheet to 
locate the maxima. 


See Fig. 4.14 of the text. The number of angular nodes is the value of the quantum number /, which 
for p orbitals is 1. Hence, each of the three p orbitals has one angular node. To locate the angular 
nodes look for the value of @ that makes the wavefunction zero. 


p, orbital: see eqn. 4.17(a) and Fig. 4.14. The nodal plane is the and is an angular node. 
px orbital: see eqns. 4.18(a) and 4.18(b) and Fig. 4.14. The nodal plane is the [yJ plane and is 
an angular node. 

p, orbital: see eqns. 4.18(a) and 4.18(c) and Fig. 4.14. The nodal plane is the kd plane and is 
an angular node. 


The selection rules for a many-electron atom are given by the set [4.39]. For a single-electron 
transition these amount to An = any integer; AJ = +1. Hence 


(a) 3s 1s; Al =0,|forbidden 
(b) 3p > 2s; Al =—1,|allowed| 
(c) 5d > 2p; Al =-1, 


A source approaching an observer appears to be emitting light of frequency 


y 
Vong = —5 [4.266] 
Cc 


Since ves, dn =(1-2)4 


s=60 kmh” =16.7 ms”. Hence 


16.7ms” —— 
A. =| 1-—2- ES ___ |x (680 nm) = [0.999999944x680 
obs a | (680 nm) = (eee Xeno nun 
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For all practical purposes, there is no shift at all at this speed. 


531 ps 


E4.17(a) —— a ao Lad 
T/ps ov/em 


| ie Aino as 


ib) t= 


af 
=o padi 


E4.18(a) re 


E4.19(a) 


Y (1, 2,...,12) = 


(a) 


(b) 


1 


t =1,0x10"" s=0.10 ps, implying that 67 = 
t= (100) x (1.0x 107? s) =10 ps, implying that 59 ~ 


Isa@(1) 
Isa@(2) 
Is@(3) 
lsa(4) 
Isa(5) 
lsa(6) 


(121)? | 1sa@(7) 


Isa(8) 
Isa(9) 
Is@(10) 
Isa(11) 
Is@(i2) 


IsA(1) 
1sB(2) 
IsA(3) 
1sf(4) 
1sf(5) 
1sA(6) 
1sA(7) 
1sH(8) 
Isf(9) 
Is8(10) 
1sB(11) 
1s8(12) 


2sa(1) 
2sa(2) 
2sa(3) 
2sa(4) 
2sa(5) 
2sa(6) 
2sa(7) 
2sa(8) 
2sa(9) 
2sa(10) 
2sa(11) 
2sa(12) 


2sfA(1) 
2sf(2) 
2sA(3) 
2sB(4) 
2sf(5) 
2sA(6) 
2sf(7) 
2sA(8) 
2sf(9) 
2s8(10) 
2s8(11) 
2sB(12) 


2p,@(1) 
2p,@(2) 
2p,2(3) 
2p,a(4) 
2p,a(5) 
2p,2(6) 
2p,2(7) 
2p,a(8) 
2p,a(9) 
2p,a(10) 
2p,a@(11) 
2p,a(12) 


2p,A(1) 
2p,A(2) 
27,8) 
2p,A(4) 
2p,A(5) 
2p,A(6) 
2p, (7) 
2p,A(8) 
2p,A(9) 
2p,A(10) 
2p,A(11) 
2p,A(12) 


2po@(1) 
2Pp@(2) 
2pp@(3) 
2Py2(4) 
2p @(5) 
2p a(6) 
2p 52(7) 
2p @(8) 
2P (9) 
2p,a(10) 
2ppa(11) 
2p @(12) 


2P)h (1) 
2p A(2) 
2p) A(3) 
2p) A(4) 
2p 8 (5) 
2p, A(6) 
2P)f (7) 
2p, 8 (8) 
2p, A(9) 
2p, A(10) 
2p,A(1 1) 
2p ,A(12) 


2p_,@(1) 
2p_,@(2) 
2p_,2(3) 
2p_,a(4) 
2p_,2(5) 
2p_,a(6) 
2p_,2(7) 
2p_,2(8) 
2p_,2(9) 
2p_,@(10) 
2p_,a(1)) 
2p_,a@(12) 


2p_,A() 
2p_,A(2) 
2p_,4G3) 
2p_,A(4) 
2p_,A(5) 
2p_,A(6) 
2p_,B (7) 
2p_,A(8) 
2p_,8 (9) 
2p_,A(10) 
2p_,A(11) 
2p_,f (12) 


3sa(1) 
3sa@(2) 
3sa(3) 
3sa(4) 
3sa(5) 
3sa(6) 
3sa(7) 
3sa(8) 
3sa(9) 
3sa(10) 
3sa(11) 
3sa@(12) 


3sB(1) 
3s(2) 
3sA(3) 
3sB(A) 
3sA(5) 
388(6) 
38f(7) 
3sA(8) 
3s (9) 
3sA(10) 
3sB(11) 
3sB(12) 


E4.20(a) The ground state configuration of the carbon atom is 1s*2s°2p. The normal valence of carbon is 4 
and each of the electrons with principal quantum number 2 can participate in bonding. In the free 
carbon atom, the three 2p orbitals are degenerate; hence we have no knowledge about in which two 
of the three 2p orbitals the electrons actually reside. We do know that the two 2p electrons are 
unpaired and that the total spin is 1, but whether they are both m, = +1/2 or both m, = —1/2 is 
unknown. The table below summarizes one possible set of quantum numbers. 


Electron n if m RY mM, 

1 2 0 0 1/2 +1/2 

2 2 0 0 1/2 —Li2 

3 2 1 1 1/2 +1/2 

4 2 1 0 1/2 +1/2 
E4.21(a) Sc: [Ar]4s73d’ 

Ti: [Ar]4s?3d? 

V:  [Ar]4s73d 

Cr: [Ar]4s73d‘ or [Ar]4s'3d° (most probable) 

Mn: [Ar]4s73d° 


[Ar]4s?3d° 


E4.22(a) 


E4.23(a) 


E4.24(a) 


E4.25(a) 


E4.26(a) 


E4.27(a) 
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Co: [Ar]4s73d’ 
Ni: [Ar]4s73d° 
Cu: [Ar]4s73d? or [Ar]4s'3d’° (most probable) 
Zn: [Ar]4s73d!° 


(a) Pd: |[Kr}4d® 


(b) All subshells except 4d are filled and hence have no net spin. Applying Hund’s rule to 4d° 
shows that there are two unpaired spins. The paired spins do not contribute to the net spin; 
hence we consider only s, =4 and s, =4. The Clebsch—Gordan series [4.35] produces 


S =5S,+5,,...|5,—S,|, hence 


M, =-S,-S+1,...,S 


For S=1, |M, =-1,0, +1 
S=0, |M, =0 
We use the Clebsch—Gordan series [4.36] in the form 


j=lt+s,1+s-1,...,|1-s| [lowercase for a single electron] 


(a) [=2, s=4; soj =|5,3] 


(b) 1=3, s=1; soj=|t,+ 


The Clebsch—-Gordan series for and s=+ leadsto j=. 
The Clebsch-Gordan series for and s=+ leads to j=4. 
Use the Clebsch—Gordan series in the form 

J= ft doh t dr bel = al 
Then, with j, =1 and j, =2, 


The letter P indicates that L =1, the superscript 3 is the value of 25+1,so S =1 and the subscript 


2 is the value of J. Hence, |Z =1, S =1, J =21. 


Use the Clebsch—Gordan series in the form 


S’=5,+5s,,5,+5, -1,...|s, —5,] 
and 

S=S'+s,,S’+5s,—],...|S’—s, 
in succession. The multiplicity is 25 +1. 


(a) S=i+4,1-t= with multiplicities respectively. 


(b) S’=1,0; then S=|2,4] [from 1], [from 0], with multiplicities [4,2, 2]. 
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E4.28(a) 


E4.29(a) 


E4.30(a) 


E4.31(a) 


P4.1 


These electrons are not equivalent (different subshells), hence all the terms that arise from the 
vector model and the Clebsch—Gordan series are allowed (Example 4.6). 


L=1,+1,,..5|/, -—1] [4.34] =2only 
S=s,+5,,...,|s,—5]=1,0 

The allowed terms are then *D and 'D. The possible values of J are given by 
J=L+S,...|L—S| [4.36] =3, 2, 1 for °*D and 2 for 'D. 


The allowed complete term symbols are then 


+ ae “Bis 'D,. 'D, 
The D set of terms are the lower in energy) [Hund’s rule]. 


COMMENT. Hund’s rule in the form given in the text does not allow the energies of the triplet terms to 
be distinguished. Experimental evidence indicates that °D, is lowest. 


Use the Clebsch—Gordan series in the form 


J=L+S,L+S-1,...|L—S| 
The number of states (.M, values) is 2.7)+1 in each case. 


(a) L=0,S =1; hence [/ =1|(°S,) and there are B states. 

(b) L=2,8 =5 ; hence [¥ =5/2,3/2 respectively |({*D,,, Ps) with 6, and 2 states respectively. 
(c) L=1,S =0; hence [7 =1|(P,) with B state. 

Closed shells and subshells do not contribute to either Z or S and thus are ignored in what follows. 
(a) Na: [Ne]3s':S=+, L=0; J =4, so the only term is 

(b) K: [Arp3d': =i, L=2; J=2,3, so the terms are [7D and °D,.| 


See eqn. 4.39 for the selection rules. 


(a) 
(b) 
(c) 


Solutions to problems 
Solutions to numerical problems 


All lines in the hydrogen spectrum fit the Rydberg formula 


=R, Es - 4] 4 with 7 = A R,, =109677cm™ 


P4.3 


P4.5 


n(n, +1)’ 
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Find n, from the value of A, 
1 a i 2 a ee 


hooky om (n+l)? n(n, +1) 


which arises from the transition 7, +1-— n, 


2 zZ 
ena Rep = mont = (1236810 m)x(109677x10? m~) = 135.65 
n, 


Since n, =1,2,3, and4 have already been accounted for, try n,=5,6,.... With n,=6 we get 


= 136. Hence, the Humphreys series is |n, — 6] and the transitions are given b 


47 doserrem'x{e—<), nh, = 7,8,... 


2 
ny 


and occur at 12372 nm, 7503 nm, 5908 nm, 5129 nm, ..., 3908 nm (at n, =15), converging to 3282 nm 
as n, —> °°, in agreement with the quoted experimental result. 


A Lyman series corresponds to n, =1; hence, 


. l - <4 
¥=Rp(1--} a = 


= 
Therefore, if the formula is appropriate, we expect to find that rt -5 | is a constant CR. os ). 
We therefore draw up the following table. “ 


n Z 3 4 


d/em™ 740747 877924 925933 


al 
s(1--5) foo 987663 987665 987662 


Hence, the formula does describe the transitions, and |R ,, = 987663 cm™'|. The Balmer transitions 


lie at 
“ .. of | 
v= R a (z-5) n= 3,4... 


= (987663em)x{ 1-1) =[i3717Sem [185187 em}.. 
n 


The ionization energy of the ground-state ion is given by 


2 l 
v= Ra (1-5). n— oo 
and hence corresponds to 


¥=987663 cm™, or [122.5eV 


The 7p configuration has just one electron outside a closed subshell. That electron has /=1, 
s=1/2, and j;=1/2 or 3/2, so the atom has L=1, S=1/2, and J=1/2 or 3/2. The term 
symbols are , of which the former has the lower energy. The 6d configuration also 
has just one electron outside a closed subshell; that electron has /=2, s=1/2, and j=3/2 or 5/2, 
so the atom has L = 2, S=1/2, and J =3/2 or 5/2. The term symbols are |D,,,and *D,,,|, of 
which the former has the lower energy. According to the simple treatment of spin-orbit coupling, 
the energy is given by 
E,,, =tAW Lit) -1 +1) -s(s+D] 
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P4.7 


P4.9 


where A is the spin-orbit coupling constant. So 

E(?P,.) =4An’ (401/24) -10 4+) -40/24+)] =-Aw 
and = E(’D,,,,) = 4.AW’ [2/241 -2(24+1)-401/24+1)] =-2 An" 
This approach would predict the ground state to be Ais 


COMMENT. The computational study cited finds the *P,,, level to be lowest, but the authors caution that 
the error of similar calculations on Y and Lu is comparable to the computed difference between levels. 


Ry =Kiy, Rp =kKMy, R=Kyw [4.12] 
where R corresponds to an infinitely heavy nucleus, with {= m,. 


Since w=—*—S-[N =p ord] 


m, +m, 
shall 
Ba Eh Tom 
m, My 


Likewise, R, = , where m, is the mass of the proton and m, the mass of the deuteron. The 


ma 


two lines in question lie at 


F-=R,(I-5)}=38, = Ry -D=3R, 
and hence 

Be 5 tig “8 

Ry Ay Vp 
Then, since 

Ry 1+ 

ERY alls (ies) Ae 

Ry 
we can calculate m, from 
m m 


e 7 e 


| 
I a 
1 4 21059.00- | (822590980 ——. 
( ere (gee 


Since I = Rhc, 


~ : at 
2 eT Ma. SOZEL STS OM EF pone 
Ty Ry 4  82259.098 cm 


(a) The splitting of adjacent energy levels is related to the difference in wavenumber of the spectral 


lines as follows: 


eck SE ae OST hg Pa Rae ais eee 
’ he (6.626x10™ J s)(2.998x10" cms”) 
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(b) Transitions induced by absorbing visible light have wavenumbers in the tens of thousands of 
reciprocal centimeters, so normal Zeeman splitting is compared to the difference in energy 
of the states involved in the transition. Take a wavenumber from the middle of the visible spectrum 


as typical: 
9 -] 
Fa a1 9x10" ci” 
A 600 nm\ 10° cmm 


Or take the Balmer series as an example, as suggested in the problem; the Balmer wavenumbers are 
(eqn. 4.1) 


- ‘ 
P= Bal ae) 


The smallest Balmer wavenumber is 

¥ = (109677 cm”) x (1/4 — 1/9) = 15233 cm™ 
and the upper limit is 

? = (109677 cm) x (1/4-—0) = 27419 cm” 


P4.11 (a) "Sip > 7Pyp (Or 7) 
(b) See the solution to Exercise 4.2(a). 


For atoms A, eqn. 4.8 may be rewritten in terms of the Rydberg constant R as 


at Z?uyhcR _ Z*hcR 


Mn 
mn? n° 


where to within 0.01% the ratio 44/m, is unity. Eqn. 4.1 can then be rewritten as 


¥ =4x109737 cm™ (5-4)- 4.115x10° cm} 4 =|2.430x10~° cm 
"10 -} ' 
y = 29978x107 cms 1.234x10!® 57 


2.430x10~ cm 


(c) See the solution to Exercise 4.12(a). The formula for the mean radius is 


if, K+) 
(n =n? fiat rea }}2 


23 
11) =|—a, 
= 49 Ae ae wet 43 
Hence, since (79) = 4% , the mean radius has increased by rie. : 


P4.13 The ground state wavefunction for a hydrogen-like atom is 


y2 
, Z? we OF; r 
Yoo = XoXo -(2 me a [Tables 3.2 and 4.1] 
Tay 
‘ b ds 
This may be rewritten as Y,5. = R,o% = [=] e~” where b = Z/ao. 
> , nN 
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P4.15 


(a) For the probability of being in a sphere of radius R centered on the nucleus, allow for the r 
dependence of yw: 


P= bax y'dt =(b*/2) [ é d¢ [ sineao [ r*dr(e"”) 
= (b°/0)(27)(2) [ Pear =1-[1+2br + 2(br)” Je?” 


For Z= 1, b=(1/53 pm), and for R = 53, pm = 1/b. 
P=1-[1+2+2]e? =1-—Se? =|0.323 
(b) We find the 90% boundary surface by solving 
0.90 = 1—[1+2br + 2(br)’ Je 7” 
That is, solve 
[1+ 2br + 2(br)* Je?” = 0.10 
Using mathematical software, for example, MathCad®, this solves to bR = 2.66, so R = [141 pmol. 


Solutions to theoretical problems 


(a) Consider y, p, = V23,0° which extends along the z-axis. The most probable point along the 
z-axis is where the radial function has its maximum value (for y” is also a maximum at that 
point). From Table 4.1 we know that 


Ry pe?” 


dR 
o —=(1-1p)e°” =0 when p=2. 
2a 2a . 
Therefore, r° =——* , and the point of maximum probability lies at z = +—- =|+106 pm|. 
: P probability . 


(b) The most probable radius occurs when the radial distribution function is a maximum. At this 
point the derivative of the function w/r/t either r or p equals zero. 


=gei ; 
() == [toate | [Table 4. 1] = c - 4p rs é| e?/2 


The function is a maximum when the polynomial equals zero. The quadratic equation gives the 


roots p=4+2V2=6.89 and p=4-2V2=1.17. Since p= (2Zinay)r and n = 3, these 


Ri Pd] _ R,, (1.17) 
R,(p,)} [Ry (10.3) 
conclude that the function is a maximum at p = +1.17, which corresponds to 7 = +1.76 ap/Z. See the 


correspond to r=10.3Xa,/Z and r=1.76xXa,/Z . However, = 4.90. So we 


solutions to Exercises 4.12(b) and 4.13(b) for the most probable radii of 2p and 3p electrons. The 
results are 4a9/Z and 12ao/Z, respectively, both much larger than the points of maximum probability. 
COMMENT. Since the radial portion of any 2p or any 3p function is the same, the same result would 


have been obtained for all of them. The direction of the most probable point would, however, be 
different. 
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P4.17 (a) We must show that ||y,_ |’ dct=1. The integrations are most easily performed in spherical 
coordinates (Fig. 3.12). 


AP sin(0)drd@d@ 


¥4-N, 
nal | fev I 


where p = 2r/ a,,r = Pa, / 2, dr = (a, / 2)dp. 


3 Ne ‘) ar me ha 7 “28 (4-50 }o< 


2 


-| a) p’ 


fivsPar= | J fy 


r’ sin(@) dr d@d¢ [Table 4.1, eqn 4.18] 


sin(@)dpddd¢ 


— | 
YI 


25 4 © 


2 
Geos J J (+4 per sin) c0( p’ sin(A) dp déd¢ 


j cos’(g)d¢ jin (é)dé 00 (4-37) pie?’ dp 


a 473 34992 


aes 
=1 Thus, y, is normalized to 1. 


We must also show that |v... Wy, AT =0. 
Using Tables 3.2 and 4.1, we find that 


3/2 
EE eee ooo — a 
hE. 5 4(2 ay a, (4 3 pP Js C sin( ) cos(¢) 


1 


“sort ) pre’ sin’ (8) sin(2¢) 


where p = 2r/a,,r = pa,/2,dr =(a,/2)dp. 


oo ve 4 x 
fv, y, dz =constantx [o%e?do | cos(g)sin(29)d¢ [sin‘(@)40 
ine: 0 0 0 


0 


Since the integral equals zero, y,, and yy are orthogonal. 
ay 


lb) Radia) nodes ate determined by Finding the @ values (g=2r/a,j for wtict the radial 
wavefunction equals zero. These values are the roots of the polynomial portion of the wavefunction. 


For the 3s orbital, 6—6+ p” =0, when ee eS and Prose = 3-3 , 


The 3s orbital has these two spherically symmetrical nodes. There is no node at p=0 so we 
conclude that there is a finite probability of finding a 3s electron at the nucleus. 


For the 3,, orbital, (4—)(9)=0 when /p,,,,=0 and /,,,,=4|. There is a zero probability 


of finding a 3p, electron at the nucleus. 


For the 3d,, orbital is the only radial node. 
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(c) (r)s, = [Ro%olrdt = []R,o%ol 1’ sin(O)drdodg 


ne 24 « 
= [Riv'dr [ [Yosin(0)dedg =“ (6-2 + p?/9)"p'e "dp 
0 0 0 oO 


3888 
1 52488 
27a, 
(d) Radial distribution functions of atomic hydrogen 


0.12 


0 5 10 15 20 25 30 
a Figure 4.1 


The plot, Figure 4.1, shows that the 3s orbital has larger values of the radial distribution function for r < a,. 
This penetration of inner core electrons of multi-electron atoms means that a 3s electron experiences a 
larger effective nuclear charge and, consequently, has a lower energy than either a 3p or 3d,, electron. This 
reasoning also leads us to conclude that a 3p, electron has less energy than a 3d,, electron. 


EE. < E,,. < Esa, 
(e) Polar plots with @=90°, Figure 4.2 


The s orbital The p orbital 


90 
120 60 
| a en 
180 0 
00.20,.40.60.8 
210 330 


300 


Figure 4.2 
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Boundary surface plots, Figure 4.3 
s-orbital boundary surface 


p-orbital boundary surface 


d-orbital boundary surface 


f-orbital boundary surface 


TAR ze 


Figure 4.3 


P4.19 


The probability of the electron being within a sphere of radius r’ is 


{ [ [vir ar sino a0 ag 


We set this equal to 0.90 and solve for r’. The integral over 6 and @ gives a factor of 47; thus 


0.90= 4 [ re?! ar 
A 


s 


D r°e dr is integrated by parts to yield 


, 4 


r r 
21 ~2r/ ~2r/ 
are ac "| .a| me- 
2 2 a 2 
0 0 0 


2 ,~2rlag - ' 3 ; 3 
a,(r’)e Ol Play Ay -2r'lay | Ay 


4 2 4 4 
Multiplying by 4. and factoring e?’’®, 
A 
s\? , sh4 ‘ 
0.90 =| -2| | —2| 7 |-1le?"’* 41 or 2] —| +2] —141=0.10e?" 
Q% a% ay a, 


It is easiest to solve this numerically. It is seen that satisfies the above equation. 
Mathematical software has powerful features for handling this type of problem. Plots are very 
convenient to both make and use. Solve blocks can be used as functions. Both features are 


demonstrated below using Mathcad®. 
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Let z=r/a,. The probability, Prob(z), that a 1s electron is within a sphere of radius zis 
Prob(z) := 4- [ x? e “dx 


Variables needed for plot: N:=800 i:=0...N Zis5 = 


Prob(a) 


The plot indicates that the probability of finding the electron in a sphere of radius is 
sigmoidal. The trace feature of Mathcad is used to find that with z = 2.66 (r = 2.66 a,) there 
is a 90.0% probability of finding the electron in the sphere. 


The following Mathcad® document develops a function for calculating the radius for any desired 
probability. The probability is presented to the function as an argument 


Z:=2 Estimate of z needed for computation within following Given/Find solve block for the 
function z(Probability). 


Given 

Probability = 4- [x -e?*dx 
2(Probability) := Find(z) 
2(.9) = 2.661 


24 


{ ym 
0 


0 


P4.21 (r™\ = fe" 


R,,Y,o| sin(@)dOdgdr 


y,,| 


“7] 


= frm? IR,| dr f fot sin(@)dOd¢ = fr R 
0 00 0 


2 


dr 


nl 


With r =(nao/2Z)p and m = —1 the expectation value is 


2 
(r ‘e -(3) | p| R, P dp 
2 a 
(a) (r*). = [2] (2) | pe "dp [Table 4.1] 


ala because | pe ’dp=1 
0 


P4.23 
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2 ca Laer 
» (°),-($] m() fo(2-py ep Table 4.1 


= 4 (2) because fe(2 = p) e’dp=2 
8a, 0 


(4), [2 
mae 
2( 4 yz 3/2)? _ 
r) = ) ——| — 7 ed Table 4.1 
(c) ( ‘ ( Z > 4i2 a, Je p [ ] 
= eta because fe’ e °do =6 
24a, ; 
rE 
2p | 4a, 
The general formula for a hydrogenic orbital is ) = = 
nl na, 


Justification 4.4 noted that the transition dipole moment, “Z,, had to be non-zero for a transition to 
be allowed. The Justification examined conditions that allowed the z component of this quantity to 
be non-zero; now examine the x and y components. 


Mg =-elwixydet and y,,=—-e[y,yyde 


As in the Justification, express the relevant Cartesian variables in terms of the spherical harmonics, 
Y,_,+ Start by expressing them in spherical polar coordinates: 


x=rsin@cos¢@ and y=rsin@sing 


Note that ¥,, and Y,_, have factors of sin@. They also contain complex exponentials that can be 
related to the sine and cosine of @ through the identities 


cosg=1/2(e'* +e") and sing=1/2i(e’* —e*) 


These relations motivate us to try linear combinations Y,,—¥,_, and Y,,—¥,_, (from Table 3.2; note 
that c here corresponds to the normalization constant in the table): 


¥,,+Y¥,_, =—csin(e* +e”) = —-2csin Acos¢ = —2cx/r 
8) x=-4,+Y_)r/2e 

¥,,-Y_. =csin(e* —e) = 2icsin Osin g = 2icy/r 
SO y=(%) -¥%)r/2ic 


Now we can express the integrals in terms of radial wavefunctions R, , and spherical harmonics Y, ,, : 
oo a 2x 
e , 
He => [Ryu 7Ryy Pa J J Y ym, hy ths )¥, m, Sin OdOdg 
0 


The angular integral can be broken into two, one of which contains Y,, and the other Y,_,. A “triple 
integral” over spherical harmonics of the form 


22 


| J Ym YisYjom, Sin OAOdY 
0 0 
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vanishes unless /, =/;+1 and m, =m, +1. The integral that contains ¥_, introduces no further 
constraints; it vanishes unless /, =/;+1 and m, =m, +1. Similarly, the y component introduces no 
further constraints, for it involves the same spherical harmonics as the x component. The whole set 
of selection rules, then, is that transitions are allowed only if 


Al =+1 and Am, =0 or +1 


P4.25 (a) The Slater wavefunction [4.32} is 


ya) yw,(2)a(2) w,3)a(3) + w,(N)a(y) 
YDB wAQB2) w,3)B3) -- w ANB) 
(1,2, 3,...,N) = (wy? Sets W,(2)a(2) w,(3)a(3) --- y,(N)a(Nn) 


vB) W(2)B(2) w,G3)BR) -- w,(N)A(N) 


Interchanging any two columns or rows leaves the function unchanged except for a change in 
sign. For example, interchanging the first and second columns of the above determinant gives 


W(2)a(2) pw,ad) w,(3)a3) -- w,(N)aN) 
Y(2)B2) v,DAM) y,3)h3) -- w(N)BW) 
yil, 2, 2, s999 N)= = (N any? Y, api ts VY, ee VY, Seis ae ae (N)a(Nn) 


¥.2)80) v.80) v.3)) + W,(N) BW) 


= —y(2,1,3,...,N) 


This demonstrates that a Slater determinant is antisymmetric under particle exchange. 

(b) The possibility that two electrons occupy the same orbital with the same spin can be explored by 
making any two rows of the Slater determinant identical, thereby providing identical orbital and spin 
functions to two rows. Rows | and 2 are identical in the Slater wavefunction below. Interchanging these 
two rows causes the sign to change without in any way changing the determinant. 


ya) y,(2)aQ2) w,(3)a(3) -- w,N)an) 
ya) y,(2)a2) y,3)a@3) --- w,(N)a(n) 
y (1, 2,3,.....N) = wy? PRE ney Male ss W,(N)a(N) 


v.00) v.2)BQ) v.3)8) + W,(N)B(N) 


= —-y(2,1,3,.... NV) =—w(,2,3,...,) 


Only the null function satisfies a relationship in which it is the negative of itself so we conclude 
that, since the null function is inconsistent with existence, the Slater determinant satisfies the 
Pauli Exclusion Principle [Section 4.4 b]. No two electrons can occupy the same orbital with the 
same spin. 


Solutions to applications 


P4.27 The wavenumber of a spectroscopic transition is related to the difference in the relevant energy 
levels. For a one-electron atom or ion, the relationship is 


paagt i 2 Mae) 2 tye Agee tl | 
hev = ere Bn e 2242 7 
320’ Eh’ n: 320" Evh’n; 32n° Eh on 
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Solving for V , using the definition 4 = h/2z and the fact that Z = 2 for He, yields 


Note that the wavenumbers are proportional to the reduced mass, which is very close to the mass of 
the electron for both isotopes. In order to distinguish between them, we need to carry lots of 
significant figures in the calculation. 


Hy, (1.60218x10- C)* 
2(8.85419x10°7 J'C’m™")? x (6.62607 x10 Js)’ x(2.99792 x10" cm $”) 


Shoe 
nw 


¥/cm™ =4.81870x10” (4, ing 2-75] 


2 
ny 


Y= 


The reduced masses for the *He and *He nuclei are 


_ mm 


 m,+m,,, 
where m,,, = 4.00260u for *He and 3.01603 u for *He, or, inkg 
*He m,,, = (4.00260u) x (1.66054 x10 kg u) = 6.64648x 10 kg 
*He m.,,, = (3.01603u)x (1.66054 10 kg u') = 5.00824x10™ kg 
The reduced masses are 


_ (9.10939x 10 kg) x (6.64648 x10” kg) 


*He 
e (9.10939x10~" + 6.64648x10~ )kg 


=9,10814x10"'kg 


—31 —27 
ff, . CA ke eee 2) Seah axee 
(9.10939x10™" + 5.00824x10~ )kg 


Finally, the wavenumbers for n=3-—>n=2 are 


*He ¥ =(4.81870x10* )x(9.10814x10-")x(1/4 -1/9)em™ =|60957.4cm™ 


>He ¥ = (4.81870x10” )x(9.10773x10™' )x (1/4 -1/9)em™! = 
The wavenumbers for n=2-—n=1 are 

*He ¥ = (4.81870x10™ )x(9.10814x10"")x(1/1-1/4)em™ = 

>He ¥ = (4.81870x10°) x (9.10773x10™")x(1/1-1/ 4)em™ = 


P4.29 (a) Compute the ratios v,,./v for all three lines. We are given wavelength data, so we can use 


v r 


ee te 
Vv hes 
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The ratios are 


338.992 DM ~ 9 goggny S40 21008 _ gap pga nndiee ee ey annses 
438.882 nm 441.000 nm 442.020 nm 


The frequencies of the stellar lines are all less than those of the stationary lines, so we infer that the 
Star is from earth. The Doppler effect follows: 


receding = Vf Where f= [= ve)" , so 


s/c 


2 a; 2 alc £2 _i-f’ 
f° A+s/lc)=(1-sic), Cf" +))sic =1- f', a ages 


Our average value of f is 0.998873. (Note: The uncertainty is actually greater than the significant 
figures here imply, and a more careful analysis would treat uncertainty explicitly.) So the speed of 
recession with respect to the earth is 


“(ee era e=l 1.128x107 ¢ 3.381x10°_ms”"| 


1+ 0.997747 


(b) One could compute the star’s radial velocity with respect to the sun if one knew the earth’s 
speed with respect to the sun along the sun-star vector at the time of the spectral observation. 
This could be estimated from quantities available through astronomical observation: the 
earth’s orbital velocity times the cosine of the angle between that velocity vector and the 
earth—star vector at the time of the spectral observation. (The earth—star direction, which is 
observable by earth-based astronomers, is practically identical to the sun-star direction, 
which is technically the direction needed.) Alternatively, repeat the experiment half a year 
later. At that time, the earth’s motion with respect to the sun is approximately equal in 
magnitude and opposite in direction compared to the original experiment. Averaging f values 
over the two experiments would yield f values in which the earth’s motion is effectively 
averaged out. 


P4.31 Electronic configurations of neutral, 4th-period transition atoms in the ground state are summarized 
in the following table along with observed positive oxidation states. The most common positive 
oxidation states are indicated with white boxing. 


Toward the middle of the first transition series (Cr, Mn, and Fe), elements exhibit the widest 
ranges of oxidation states. This phenomenon is related to the availability of both electrons and 
orbitals favorable for bonding. Elements to the left (Sc and Ti) of the series have few electrons, 
and a relatively low effective nuclear charge leaves d orbitals at high energies that are 
relatively unsuitable for bonding. To the far right (Cu and Zn), effective nuclear charge may be 
higher but there are few, if any, orbitals available for bonding. Consequently, it is more 
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difficult to produce a range of compounds that promote a wide range of oxidation states for 
elements at either end of the series. At the middle and right of the series, the +2 oxidation state 
is very commonly observed because normal reactions can provide the requisite ionization 
energies for the removal of 4s electrons. The readily available +2 and +3 oxidation states of 
Mn, Fe, and the +1 and +2 oxidation states of Cu make these cations useful in electron transfer 
processes occurring in chains of specialized proteins within biological cells. The special size 
and charge of the Zn”* cation makes it useful for the function of some enzymes. The tendency 
of Fe’* and Cu* to bind oxygen proves very useful in hemoglobin and electron transport 
(respiratory) chain, respectively. ; 


D5.1 


D5.3 


D5.5 


The chemical bond 


Answers to discussion questions 


Our comparison of the two theories will focus on the manner of construction of the trial 
wavefunctions for the hydrogen molecule in the simplest versions of both theories. In the valence 
bond method, the trial function is a linear combination of two simple product wavefunctions, in 
which one electron resides totally in an atomic orbital on atom A and the other totally in an orbital 
on atom B. See eqns. 5.1 and 5.2, as well as Fig. 5.2 in the main text. There is no contribution to the 
wavefunction from products in which both electrons reside on either atom A or B. So the valence 
bond approach undervalues any ionic contribution to the trial function by totally neglecting it. It is a 
totally covalent function. The molecular orbital function for the hydrogen molecule is a product of 
two functions of the form of eqn. 5.7, one for each electron: 


y =[A(1) + B(1)][ A(2) + B(2)] = A(1) A(2) + B(1)B(2) + ACI) B(2) + BC) A(2) 


This function gives as much weight to the ionic forms as to the covalent forms. So the molecular 
orbital approach greatly overvalues the ionic contributions. At these crude levels of approximation, 
the valence bond method gives dissociation energies closer to the experimental values. However, 
the molecular orbital approach, albeit in more sophisticated versions, is the method of choice for 
obtaining quantitative results on both diatomic and polyatomic molecules. See Sections 5.6—5.9. 


The ion has 24 valence electrons as shown in the Lewis structure. The hybridizations are (from left 
to right) sp” for the first O atom and for the N and sp’ for the next two O atoms. The first bond is a 
double bond whose 6 component arises from the overlap of sp’ orbitals and whose 2 component 
comes from overlap of unhybridized p orbitals. The next bond is a 6 bond involving Nsp” and Osp° 
orbitals. The O—-O bond is a o bond involving sp” orbitals. 


a” at 
a ® 

* a 

*? “ 


a@ 


Both the Pauling and Mulliken methods for measuring the attracting power of atoms for electrons 
seem to make good chemical sense. If we look at eqn. 5.22 (the Pauling scale), we see that if 
D(A-B) were equal to '/,[D(A~A) + D(B-B)], the calculated electronegativity difference would be 
zero, as expected for completely non-polar bonds. Hence, any increased strength of the A-B bond 
over the average of the A-A and B—B bonds can reasonably be thought of as being due to the 
polarity of the A-B bond, which in turn is due to the difference in electronegativity of the atoms 
involved. Therefore, this difference in bond strengths can be used as a measure of electronegativity 
difference. To obtain numerical values for individual atoms, a reference state (atom) for 
electronegativity must be established. The value for fluorine is arbitrarily set at 4.0. 


The Mulliken scale may be more intuitive than the Pauling scale because we are used to thinking of 
ionization energies and electron affinities as measures of the electron attracting powers of atoms. 
The choice of factor '/,, however, is arbitrary, though reasonable, but no more arbitrary than the 
specific form of eqn. 5.22 that defines the Pauling scale. 


D5.7 


D5.9 
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The Hiickel method parameterizes rather than calculates the energy integrals that arise in molecular 
orbital theory. In the simplest version of the method, the overlap integral is also parameterized. The 
energy integrals, @ and ff are always considered to be adjustable parameters; their numerical values 
emerge only at the end of the calculation by comparison to experimental energies. The simple form 
of the method has three other rather drastic approximations, listed in Section 5.6 of the text, which 
eliminate many terms from the secular determinant and make it easier to solve. Ease of solution was 
important in the early days of quantum chemistry before the advent of computers. Without the use 
of these approximations, calculations on polyatomic molecules would have been difficult to 
accomplish. 


The simple Hiickel method is usually applied only to the calculation of z-electron energies in 
conjugated organic systems. It is based on the assumption of the separability of the o- and z- 
electron systems in the molecule. This is a very crude approximation and works best when the 
energy level pattern is determined largely by the symmetry of the molecule. (See Chapter 7.) 


See /mpact I5.1 for a more detailed discussion. The ground electronic configurations of the valence 
electrons are found in Figs. 5.29, 5.31, and 5.34 of the text. 


N> 10,10,’ 1m,'20, b=3 25+1=0 
O, 10,716,206, 1",10,  b=2 28+1=3 
NO 102030 1n'2z' b=2'!, 28+1=2 


The following figures show HOMOs of each configuration. Shaded versus unshaded atomic-orbital 
(AO) lobes represent opposite signs of the wave funcstions. A relatively large AO represents the 
major contribution to the MO. 


N22 2o0MO 


OQ, 12, MO, doubly degenerate 


NO 2z 


Dinitrogen with a bond order of three and paired electrons in relatively low-energy MOs is very 
unreactive. Special biological or industrial processes are needed to channel energy for promotion of 
2¢ electrons into high-energy, reactive states. The high-energy 17, LUMO is not expected to form 
stable complexes with electron donors. 


Molecular nitrogen is very stable in most biological organisms, and as a result the task of 
converting plentiful atmospheric N, to the fixed forms of nitrogen that can be incorporated into 
proteins is a difficult one. The fact that Nj possesses no unpaired electrons is itself an obstacle to 
facile reactivity, and the great strength (large dissociation energy) of the N, bond is another 
obstacle. Molecular orbital theory explains both these obstacles by assigning N2 a configuration that 
gives rise to a high bond order (triple bond) with all electrons paired. (See Fig. 5.31 of the text.) 


Dioxygen is kinetically stable because of a bond order equal to two and a high effective nuclear 
charge that causes the MOs to have relatively low energy. But two electrons are in the high-energy 
im, HOMO level, which is doubly degenerate. These two electrons are unpaired and can contribute 
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E5.1(a) 


E5.2(a) 


E5.3(a) 


E5.4(a) 


to bonding of dioxygen with other species such as the atomic radicals Fe(II) of hemoglobin and 
Cu(II) of the electron transport chain. When sufficient though not excessively large energy is 
available, biological processes can channel an electron into this HOMO to produce the reactive 
superoxide anion of bond order 1'/,. As a result, O2 is very reactive in biological systems in ways 
that promote function (such as respiration) and in ways that disrupt it (damaging cells). 


Although the bond order of nitric oxide is 2'/,, the nitrogen nucleus has a smaller effective nuclear 
change than an oxygen atom would have. Thus, compared to the HOMO of dioxygen, the one 
electron of the 27 HOMO is a high-energy, reactive radical. Additionally, the HOMO, being anti- 
bonding and predominantly centered on the nitrogen atom, is expected to bond through the nitrogen. 
Oxidation can result from the loss of the radical electron to form the nitrosyl ion, NO“, which has a 
bond order equal to 2. Even though it has a rather high bond order, NO is readily converted to the 
damagingly reactive peroxynitrite ion (ONOO ) by reaction with O, —without breaking the NO 
linkage. 


Solutions to exercises 


The valence bond description of P2 is similar to that of No, a triple bond. The three bonds are a a 
from the overlap of sp hybrid orbitals and two z bonds from the overlap of unhybridized 3p 
orbitals. 


In the tetrahedral P, molecule there are six single P-P bonds of roughly 200 kJ mol bond enthalpy 
each. So the total bonding enthalpy is roughly 1200 kJ mol’. In the transformation 
P4-> 2P> 


there is a loss of about 800 kJ mol” in o-bond enthalpy. This loss is not likely to be made up by the 
formation of 4 P—P m bonds. Period 3 atoms, such as P, are too large to get close enough to each 
other to form strong 7 bonds. 


All of the carbon atoms are sp” hybridized. The C-H o bonds are formed by the overlap of Csp” 
orbitals with H1s orbitals. The C-C o bonds are formed by the overlap of Csp” orbitals. The C-C 
bonds are formed by the overlap of C2p orbitals. This description predicts double bonds between 


carbon atoms | and 2 and 3 and 4 but (unlike a simple molecular-orbital description of the bonding) 
no double-bond character between carbon atoms 2 and 3. 


Of 
h=s+p,+p,+P,, . 2;=s8—p, -P, +P, 
We need to evaluate 


[ah, dt = [(s+p, +p, +p,)(s—p, —P, +P.) dt 


We assume that the atomic orbitals are normalized atomic orbitals that are mutually orthogonal. We 
expand the integrand, noting that all cross terms integrate to zero. The remaining terms integrate to 
one, yielding 


[ar, dr= [s*de- [pide [p2dr+ [p?dr=1-1-1+1=0 
Normalization requires 


[vtyar=l 


E5.5(a) 


E5.6(a) 


E5.7(a) 


E5.8(a) 


E5.9(a) 


E5.10(a) 
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where y = Nh = N[s+2""p). Solve for the normalization constant NV: 


1=N’ [s+2?p)*(o+2” pdr = N? fasr +2? 0 #54 2'?s*p4+2|pP)dr=3N’ 


In the last step, we used the fact that the s and p orbitals are normalized to see that the squared terms 
integrate to 1 and the fact that they are orthogonal to see that the cross terms integrate to 0. Thus 


and y= 31" (s+ 2p) 


Refer to Fig. 5.31 of the text. Place two of the valence electrons in each orbital starting with the 
lowest-energy orbital, until all valence electrons are used up. Apply Hund’s rule to the filling of 
degenerate orbitals. 

(a) Li, (2 electrons) 

(b) Be, (4electrons) _{10,10,", b=0 

(c) C2 (8 electrons) 10,716,71,", b= 


Note that CO and CN’ are isoelectronic with N2, so refer to Fig. 5.31 of the text for them; note, 
however, that the o and x orbitals no longer have u or g symmetry, so they are simply labeled 
consecutively. For NO, refer to Fig. 5.34 of the text. 


(a) CO (10 electrons) 
(b) NO(llelectrons) [102030 1727, b=2.5 
(c) CN" (10 electrons) [1o°20°12°30°, b =3 


B2 (6 electrons): lo, lovin,  b=1 

C, (8 electrons): lo*terin®  b=2 

The bond orders of Bz and C, are, respectively, 1 and 2, so kc] should have the greater bond 
dissociation enthalpy. The experimental values are approximately 4eV and 6eV, respectively. 


Decide whether the added electron increases or decreases the bond order. The simplest procedure is 
to decide whether the added electron would occupy a bonding or antibonding orbital. We can draw 
up the following table, which denotes the relevant orbital. An asterisk (*) in the table denotes an 
orbital whose character is primarily antibonding. 


N2 NO O, C, F, CN 
AB" 1n,* 2n* 1n,* 20, 20,* 30 
Change in bond order —1/2 —1/2 1/2 +1/2 -1/2 +1/2 


Therefore, |C, and CN would be stabilized (have lower energy) by anion formation. 


We can use a version of Fig. 5.29 of the text in which the energy levels of F are lower than those of 
Xe, as in Figure 5.1. 


For XeF we insert 15 valence electrons. The bond order is increased when XeF* is formed from 
XeF because an electron is removed from an antibonding orbital. Therefore, we predict that XeF" 
has a shorter bond length than XeF. 

Form the electron configurations and find the bond order: 


NO (i2electrons)  10°20°30° 1217 b=2 
O,* (11 electrons) 16,710,20,1m,'1m,'  b=2.5 
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E5.11(a) 


E5.12(a) 


E5.13(a) 


E5.14(a) 


Figure 5.1 


Based on the electron configurations, we would expect to have the stronger and therefore the 
shorter bond. Keep in mind, though, that we are comparing molecules with different—albeit not 
terribly different—nuclei. 


O,* (11 electrons) 10;10,°20,71m,'17,' 
O; (12 electrons) 10,’10,/20,1 0,17," 
O, (13 electrons) 10,’16,°20,1m,'14,° 
OQ,’ (14electrons) —_10,’10,20,"1 "17," 


In each case, the HOMO is an antibonding |1 7, orbital. 


Refer to eqn. 2.24, which defines the harmonic oscillator wavefunctions. The parity of the 
wavefunction is the parity of the Hermite polynomial portion; those polynomials are given in 
Table 2.1. Examine the inversion through the center of these functions, i.e., replace x with —x. For 
the first four levels, 


v=0, yo y, so[g 
v=, w—-y, soil 
v=2,w> y, solg 
v=3,y>-Y% so ful 

If vis even, Y is (gh If vis odd, y, is lu. 


|v? az = N’ |v, +Ay,) dt =N? [ui +A y5 +2ay,y_)de=1 
= N*(1+/? +2AS) | fvavede = S| 


1 1/2] 
Hence |N =| ——————~ | |. 
oh Goosa 


Let wW=MO0.145A + 0.844B) and Y=aA+bB. 


First, let us normalize y: 


|v, *yde=1=N? [(0.1454+0.844B)*(0.1454+0.844B)de 


0.0210 } Af dr+0.712 | BP dr+0.122 [a Adt+0.122 [a*Bar= <a 


E5.15(a) 


E5.1 6a) 
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The first two integrals are 1 due to normalization and the latter two are the overlap integral, S = 
0.250. So 


0.210+ 0.712 +2 x 0.122 x 0.250 = a = 0.795 


SO N=1.1 which makes y, = 0.1634 +0.947B}. 


Orthogonality of the two molecular orbitals requires 
lv, *y,dt=0=N [o.14s4 +0.844B) * (aA + bB)dt 
Dividing by N yields 
0.1452 | | AP dr+0.8445 fi BP dr+0.844a B* Adr+0.145b [4 * Bdr=0, 


0.145a + 0.844b + 0.844a x 0.250 + 0.1455 x 0.250 = 0 = 0.356a + 0.8805 


Normalization of yw, requires 


2 *y,dt=1= (ca + bB)*(aA+bB)dt, 
a iar dr+B fize de-+ab [B* Adr+ab [ A* Bdr=1 


So ad + b* + 2ab x 0.250 = 1 =a’ + b? + 0.500ab. 


We have two equations in the two unknown coefficients a and b. Solve the first equation for a in 
terms of b: 


a = -0.8806/0.356 = -2.47b s 
Substitute this result into the second (quadratic) equation: 


1 = (—2.47b)’ + b? + 0.500(-2.47b)b = 5.8827 
So , f=-1.09, and = fy, =-1.024+0.4128). 


Energy is conserved, so when the photon is absorbed, its energy is transferred to the electron. Part 
of it overcomes the binding energy (ionization energy) and the remainder is manifest as the now 
freed electron’s kinetic energy. 


E photon = 1+ Exinetic 


34 8 “1 
he _ , _ (6.626x10™ Js)x(2.998x108 ms") 15 9 oy 


A ~~ (00x10 m)x(1.602x10" JeV~) 
= 0.40 eV =6.4x10™ J 
The speed is obtained from the kinetic energy: 


3 a ek 


Te 9, Sie ke. 


sO Evinetic = proton ~ 1 = 


Draw up the following table using data from Table 5.4. 


Element i Be B C N O F Ne 
1M 128 #199 °° 183 267 S08 322 443 460 
(xm)? ive, “ie * 135 5 Bea ke. 179- io”. ais 
xp (from table) 098 157 204 “5-304 344 3.98 


Xp (from formula) 0.16 0.53 0.46 0.84 1.00 1.05 1.47 1.53 
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A plot of the Pauling electronegativities (actual and from the formula) versus the square root of the 
Mulliken electronegativities shows that the formula does a poor job (see Figure 5.2). The formula 
consistently underestimates the Pauling electronegativity, and it underestimates the rise in 
electronegativity across the period. 


Electronegativity: Period 2 


2.40 


Figure 5.2 


E5.17(a) The molecular orbitals of the fragments and the molecular orbitals they form are shown in Figure 5.3. 


Figure 5.3 
COMMENT. Note that the m-bonding orbital must be lower in energy than the o-antibonding orbital for x- 
bonding to exist in ethene. 


Question. Would the ethene molecule exist if the order of the energies of the m and o* orbitals were 
reversed? 


E5.18(a) In setting up the secular determinant we use the Hiickel approximations outlined in Section 5.6. 


Zak, AB 0 O-k . f B 
(a)| B a-E 8B |\=0 (b)| B a-E 8B |=0 
0 B a-E B B a- 


The atomic orbital basis is 1s,, 1g, Isc in each case; in linear H3; we ignore A, C overlap because A 
and C are not neighboring atoms; in triangular H; we include it because they are neighboring atoms. 


E5.19(a) We use the molecular orbital energy level diagram in Fig. 5.38 of the text. As usual, we fill the orbitals 
starting with the lowest-energy orbital, obeying the Pauli principle and Hund’s rule. We then write 


(a) C.eH, (7 electrons): 
E, = 2(@+ 2f) + 4(a+ B+ (a- B= 
(b) C,H,* (5 electrons): 


E, = 2(@+ 22) + 3(a+ Dh= 
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E5.20(a) The x-bond formation energy is the difference between the m-electron binding energy and the 
Coulomb energies a 
Eur = E,-Na [5.46] 
The delocalization energy is the difference between E, and the energy of isolated x bonds: 
Edetocat = Ex, — NC + £) 
(a) E,=7a@+7B (E5.19(a)] 
so Ey =7a@+7B-Ta= 
and Eeiocal = 70+ 7B- (a+ P=) 
COMMENT. With an odd number of z electrons, we do not have a whole number of a bonds in the 
formula for delocalization energy. In effect, we compare the m-electron binding energy to the energy of 
3.5 isolated m bonds—whatever that means. The result is that the benzene anion has none of the 


“extra” stabilization we associate with aromaticity. 


(b) E,=5a+7B [E5.19(a)] 


sO Eur =5Q@+7B-Sa= 
and Evetocal = S@+ 7B-S(a+ B= 


E5.21(a) The structures are numbered to match the row and column numbers shown in the determinants: 


Z 4 6 + 
(TAD | CO 3 
1 8 
1 11 9 14 43 10 9 
anthracene phenanthrene 


(a) The secular determinant of anthracene in the Hiickel approximation is 


2c ke lee 
ak B gunn ey per ge es Pe 

ol 8 wee ag oa, | 6 techs ac. a ie 

i) dh Poaeg-- 2G Fe 5 Ee. Fe Se 

AHN oe Hees. ple gg 6 arnidag olenomwOs. 0 

a ee ee iM hp. oo eee 

6 thea" a we ee Gato ci ae ee 

Tl i oo aint ied vegeta ge RR. ow 

cal Rie eis Doha nek Fo (6 “8 Boos 

9 | 6 ORG oO) oO hecgags gh 99 —e-—t-—0 

i co a a er ee ee ee ee eer 

c= ll a a ee a ee ee, ae ee 

nae? - Oe ee ee See ee ae ee 

is) pee 8 ao. oh ee ee 

1b 2 a i sh i St ee ee 
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(b) The secular determinant of phenanthrene in the Hiickel approximation is 


oO Oo SDH A SP WH ON 


ee 
No — © 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


zo.) 


E5.22(a) The secular determinants from E5.21(a) can be diagonalized with the assistance of general-purpose 


P5.1 


mathematical software. Alternatively, programs specifically designed for Hiickel calculations (such as 

the Simple Huckel Molecular Orbital Theory Calculator at the University of Calgary, 

http://www.chem.ucalgary.ca/SHMO/ or Hiickel software in Explorations of Physical Chemistry, 2nd 

Ed., by Julio de Paula, Valerie Walters, and Peter Atkins, http://ebooks.bfwpub.com/explorations.php) 

can be used. In both molecules, 14 x electrons fill seven orbitals. 

(a) In anthracene, the energies of the filled orbitals are @ + 2.414218, a+ 28, a+ 1.414218 
(doubly degenerate), a@ + § (doubly degenerate), and @ + 0.41421, so the total #electron 
binding energy is li4ar+ 19.31368/], 

(b) For phenanthrene, the energies of the filled orbitals are @ + 2.434768, a+ 1.950638, a+ 
1.516278 a+ 1.305808, a + 1.142388 a+ 0.769058, and a + 0.605238, so the total + 


electron binding energy is |14a@+ 19.44824 6). 


Solutions to problems 
Solutions to numerical problems 


The energy of repulsion is given by Coulomb’s law: 


e (1.602 x 10° Cc) 


—18 
Sen, rae ae =3.11x10° J 
~ 4ne,R 47x 8.854x10™° JOC’ m™ x74.1x10 


The repulsion energy of a mole of Hy is 


Enotar = NaE = 6.022 x 107 mot! x 3.11 x 1078 J =(1.87 x 10° J mol = 1.87 MJ mol 


The gravitational energy is 
= =11 rl gl “#7 a3 
—_ Gmm, _ ~6.673x10 m? kg — -672x10™" kg) =-2.52x10- J 
. R 74.110 


The gravitational energy is many, many orders of magnitude smaller than the energy of electrostatic 
repulsion. This is an illustration of the fact that gravitational effects tend to be negligible on the atomic scale. 


P5.3 
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Draw up the following table. 
Rla 0 1 2 3 4 3 6 Z 8 9 10 
S 1.000 0.858 0.586 0.349 0.189 0.097 0.047 0.022 0.010 0.005 0.002 


The points are plotted in Figure 5.4. At large separations, the curve is dominated by exponential 
decay. At small separations, however, the polynomial factor makes the decay less pronounced than 
exponential. 


1.0 


RE SRRRE EES 
ke SURE ERES 
Hf tia. 


Riay Figure 5.4 


We require the properly normalized functions 


1/2 
1 7 
=} ——__| (A+B) [5.7 and Example 5.1 
V, sts] « ) [5.7 and Example 5.1] 


We first calculate the overlap integral at R = 106 pm = 2ap. (The expression for the overlap integral, 
S, is given in problem 5.3.) 


S= 


I+i4= (2) |e ‘Je = 0.586 


1 1/2 1 V/2 
Then WN, =|———~! =| —————-| =0.561 
2(1+ S) 2(1+ 0.586) 


N. -(ats) -axs) = 1.099 
2(1-S) 2(1 — 0.586) 


1/2 
We then calculate with A -(3| en yw =. {4 
a, 


1/2 
Z| {e7a/% +e?’ i, with ra and rp both 
ra, 


measured from nucleus A, that is, 


1/2 
l 
=N. eV % + e-Ri/% 
v. {25} 


0 


with z measured from A along the axis toward B. We draw up the following table with R = 106 pm 
and ap = 52.9 pm. 


z /pm 


¥, 


-100 -80 -60 +40 -20 0 20 40 60 80 §=6100 =6120 6140 6160 180 200 


0.096 0.14 0.20 0.30 0.44 0.64 049 042 042 047 059 0.49 0.33 0.23 0.16 0.11 


0.14 0.21 0.31 0.45 0.65 0.95 0.54 0.20 -0.11 -0.43 -0.81 -0.73 ~-0.50 ~-0.23 ~-0.23 -0.16 


112 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


The points are plotted in Figure 5.5. 


Figure 5.5 


P5.7 Rr Re 


£ 


(a) With spatial dimensions in units (multiples) of ao, the atomic orbitals of atom A and atom B 
may be written in the form 


P.a = Any? (ory Det RATT 


aS a " (z =e Hel earl” /2 
Following eqn. 5.7 and Example 5.1, we form LCAO-MOs of the form 


ai Poa +Pp_5 
{2(1+ S)}? 


where S= | | [PsP dx dy dz [5.17]. 


—oo —oo ~oo 


Computations and plots are readily prepared with mathematical software such as Mathcad (see 
Figure 5.6). 


Pla —~P.p 


Was {2(1 — sy" 


[antibonding] and w= [bonding] 


Probability densities along internuclear axis (x= y=0) with R=3. 
(all distances in units of ap) 
0.02 — 


0.015 


lw? 0.01 


0.005 


Figure 5.6 
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(b) With spatial dimensions in units of ao, the atomic orbitals for the construction of m molecular 
orbitals are 


| —[x? + y? +(24+R/2) f? /2 
Pra > Ay2 xe 
(x? +y?4+(2—R/2)° }? /2 
Pp, B = xe 
, 40272 


See Figures 5.7 and 5.8. 


Amplitude of Sigma Antibonding MO in xz Probability Density of Sigma Antibonding MO 


Amplitude of Sigma Bonding MO inxz Probability Density of Sigma Bonding MO 


Amplitude of Sigma Bonding MO inxz 


Amplitude of Sigma Antibonding MO in xz 


Figure 5.7 
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R=3 


2p Pi Bonding Probability Density Surface 


2p Pi Bonding Amplitude Surface 


2p Pi Antibonding Amplitude Surface 2p Pi Antibonding Probability Density Surface 


2p Pi Antibonding 


Figure 5.8 


The m MOs are 


- Pra TPep 
* (204+8)}'? 


= Px —P.5 
{2(1— Sy} 


[bonding] and y,. [antibonding] 


co oo 96 


where S= | | | P,P. dx dy dz. 


—0o —co —co 


P5.9 


P5.11 
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The plots clearly show the constructive interference that makes a bonding molecular orbital. Nodal 
planes created by destructive interference are clearly seen in the antibonding molecular orbitals. 
When calculations and plots are produced for the R=10 case, constructive and destructive 
interference is seen to be much weaker because of the weak atomic orbital overlap. 


E,, = £, =—heR,, [Section 4.2(a)] 
Draw up the following table using the data in the question and using 


2 2 2 
e e a, e Ay 


= COCO SEC 


x 2 = —________....___ x 
4me,R 4mea, R 4ne€,x(4meh*/m,e’) R 


ne ai 4 
m,€ Uy _ ay me 


xBapx® |p ee a2 
loveh? R * R , 167° eh? chy 


2 

so that 3 ae = @ 

4nme,R E, R 
R/ao 0 1 Z | 4 oo 

e 1 oe 
x — co 1 0.500 0.333 0.250 0 
47€,R EB, 

(Vi +V2)/E, 2.000 1.465 0.843 0.529 0.342 0 
(E — Ey)/ E, oo 0.212 —0.031 —0.059 —0.038 0 


The points are plotted in Figure 5.9. 


Figure 5.9 


The minimum occurs at R = 2.5a), so R = 130 pm. At that bond length 
E-E,, =-0.07E, =-1.9leV 
Hence, the dissociation energy is predicted to be about and the equilibrium bond length 


about [130 pm, 


(a) Start from eqn. 5.11 (whose derivation is covered in problem 5.23). 


where we define the Coulomb integral J and the resonance integral K as in eqn. 5.12 and use the 
relationship of the normalization constant N to the overlap integral S as defined in Example 5.1. 
We must write the integrals S, J, and K explicitly to evaluate them. Use 

e A'% @%B/% 


Ay eat and Oe alte [5.8] 
0 0 
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Define a coordinate system centered on nucleus A so that r, is a coordinate and 
rg = (ra +R? — 2raR cos 0)” [5.9] 

The volume element is 
dt=r,’ sin 0dr, dOd¢ 

Thus, the overlap integral is 


e7”A!% e72/% 
S = [aBdr= t ((— ay? Gmgiy’s sin Bir, deo 


Integration over d@ yields a factor of 2%. Numerical integration over d@ and dr, can be done by 
approximating the differentials by small but finite d9and dr, and summing over a series of @ and rg ;: 


2 
== arf [e e064 2 sin Odr, dO = 260-2 rey eat ews He] sin 8, 
a, 


Similar treatment of the other integrals yields 


' ~21p jay Y 
J = 269%. b. 5 ae” “= sin 0, 


a 45 i (F545 /4y)\ 


2 

or my ID (pV 

~259 A Pye e™ (tas) sing 
~~ Sg 4 (ray / 4) 


To evaluate the integrals, express the distances in units of ap. S is dimensionless. J and K have 
dimensions of energy; they have units of jp / dp = EF, . (See problem 5.9 for £,.) In the following 
table and plots, the numerical values of the integrals were computed using @ from 0 to Z in 
increments that correspond to 10° and using r,,; from 0 to 5ap in increments of 0.25ap . 


Joum/E, = Koum/En FalEy KelB 
0.8584 0.7293 0.7358 
0.7939 0.6522 0.6446 
0.7252 0.5837 0.5578 
0.6553 0.5240 0.4779 
0.5865 0.4725 0.4060 
0.5204 0.4284 0.3425 


0.4583 0.3906 0.2873 
0.4009 0.3581 0.2397 
0.3485 0.3300 0.1991 
0.3013 0.3057 0.1648 
0.2592 0.2845 0.1359 
0.2219 0.2660 0.1117 
0.1893 0.2496 0.0916 


A plot of S versus R is shown in Figure 5.10(a) and a plot of J and K versus R is shown in 
Figure 5.10(b). Note that the numerical results at this level of approximation agree well but not 
identically with the analytical ones. The disagreement becomes more noticeable at larger R, which 
is not surprising given that all sums were truncated at r, = 5a . The disagreement is more 


i 


4 ot 
. oe 
7 
or = ao 
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pronounced in K than in S or J. The numerical results can be made arbitrarily close to the analytical 
by using smaller increments and extending the range of r4. 


(a) Overlap integral 


| | [> numerical 
—®— analytical 


—e numerical J 
—® analytical J 
—é— numerical K 
—?*- analytical K 


Figure 5.10 


(b) Use eqn. 5.11 to compute the total energy, whether from numerical or analytical values of the 
integrals. Results are shown in the table below and in Figure 5.11. 
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Total energy 


—e—nuinenical 
—H- analytical 


Figure 5.11 


The minimum in both total energy curves lies at R = 2.5ay = 1.3x10"° ml . The minimum total 
energy is Enin =0.555E, = —15.1 eV| (numerical) and +0.565£, = —15.4 eVj (analytical). The bond 


dissociation energy is 
De = En — Emin = (0.500 + 0.555) Ey =|0.055E; = 1.5 eV} (numerical) 
D, = (-0.500 + 0.565)E;, = (0.065E; = 1.8 eV| (analytical) 


COMMENT. Dissociation energies are typically (relatively) small differences between larger quantities 
(electron-binding energies). Even small errors in the latter lead to relatively large errors in the former. In 


this case, the numerical binding energy differed by about 2% from the analytical value; the difference in 
D, was closer to 20%. 


P5.13 In the simple Hiickel approximation, 


O 
O-< <> o=t 
O ft Oo 
O 
OX | 
O 
ae ee 0 B 
0 &,=- i 0 B at 
0 jp age Ek, fey 
B B B ao 


(E-@,) x{(E-a@,)x(E-@,)-3f"}=0 
Therefore, the factors yield 


E — Q = 0 (twice) 


s0 and (E- 0) x (E - a) - 3B? =0 = E? - E(aq + A) + Me - 38” 


P5.15 
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5 = Got Me + J(a, +Q.)¥ -4Qo%—-38") _ % +Q +J(@,-@) +126” 


S 
: s 2 2 
PA 
—@,) p+ Ve “| 
(Q -@,) 


Because Coulomb integrals approximate ionization energies in magnitude, Q@ is more negative than 
Qc. Therefore, E, corresponds to the lowest-energy orbital and E_ to the highest-energy orbital; the 
degenerate orbitals at E = a fall in between. 


= ta FO, +(a, 


The 7 energies in the absence of resonance are derived for just one of the three structures, i.e., for a 
structure containing a single localized nm bond. 


a-E ff 


=0 
B a,-E 


Expanding the determinant and solving for E gives 


(E - Q) X (E- a) - 8? =0=E" - E(a0+ Qc) + AA. — B” 


1 48° 
a oe ~H{ aye 2 ~ Ge) —- 
c 


There are two 7 electrons in the system, so the delocalization energy is 


— >" = ; = 

7k ae _ jy. 
(Qo —Q) \ (@ ~@) 

If 128? << (Q- dc)’ , we can use (1 +x)!” = 1 + x/2, so the delocalization energy is 


= (a, -a ing es 1. tana)” ~~. a 
O Cc ( 


2(a% —ao y’ 2(Q — a, y Qo — a.) 


2E, ~ 2B vccats id (Q — Qe) 


(a) The transitions occur for photons whose energies are equal to the difference in energy between 
the highest occupied and lowest unoccupied orbital energies: 


EF poton = E.umo ~ Exomo 


If N is the number of carbon atoms in these species, then the number of 7 electrons is also NV. These 
N electrons occupy the first N/2 orbitals, so orbital number N/2 is the HOMO and orbital number 
1 + N/2 is the LUMO. Writing the photon energy in terms of the wavenumber, substituting the 
given energy expressions with this identification of the HOMO and LUMO, gives 


IN 4] LN 
hev = a+ 2 -| a@+2Bcos2 a 
N+1 N+1 


3N+1 +N, 
=28 eqn an 2 9% , 
N+1 N+1 


Solving for £ yields 


hev 


£=——______ 

= a 

af cog EN TDF — coe NF 
N+1 N+1 
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Draw up the following table. 


Species N V/em" Estimated fleV 
CH, 2 61500 ~—3.813 
C4H¢ 4 46080 4.623 
CeH, 6 39750 —5.538 
CsgHio 8 32900 —5.873 


(b) The total energy of the 7 electron system is the sum of the energies of occupied orbitals 
weighted by the number of electrons that occupy them. In CgHjo, each of the first four orbitals are 
doubly occupied, so 


4 4 4 
kn kn 
E =2) E =2) a+28cos— |=8a+4 > cos-— = 8a@7+9.518 
Fr k=l , ( F 4 ie? 9 e 


The delocalization energy is the difference between this quantity and that of four isolated double 
bonds: 


Eostoc = E,, -8(@ + B) =804+9.5188-8(a@+ B) =|1.5188 
Using the estimate of # from part (a) yields Egetoc = [8.913 eV. 


(c) Draw up the following table, in which the orbital energy decreases as we go down. For the 
purpose of comparison, we express orbital energies as (E,— a@/f . Recall that fis negative (as is @ 
for that matter), so the orbital with the greatest value of (E,— a@/f has the lowest energy. 


Energy - Coefficients 
Orbital (E.-0/B 1 2 3 4 5 6 
6 -1.8019 0.2319 -04179 0.5211 ~0.5211 0.4179  -0.2319 
5 -1.2470 0.4179 ~0.5211 0.2319 0.2319 -0.5211 0.4179 
4 0.4450 0.5211 0.2319 -0.4179 0.4179 0.2319 -0.5211 
3 0.4450 0.5211 0.2319  -0.4179 -0.4179 0.2319 0.5211 
2 1.2470 0.4179 0.5211 0.2319 0.2319 -0.5211 -0.4179 
1 1.8019 0.2319 0.4179 0.5211 0.5211 0.4179 0.2319 


The orbitals are shown schematically in Figure 5.12, with each vertical pair of lobes 
representing a p orbital on one of the carbons in hexatriene. Shaded lobes represent one sign of 
the wavefunction (say, positive) and unshaded lobes the other sign. Where adjacent atoms have 
atomic orbitals of the same sign, the resulting molecular orbital is bonding with respect to 
those atoms; where adjacent atoms have a different sign, there is a node between the atoms and 
the resulting molecular orbital is antibonding with respect to them. The lowest-energy orbital is 
totally bonding (no nodes between atoms) and the highest-energy orbital is totally antibonding 
(nodes between each adjacent pair). Note that the orbitals have increasing antibonding 
character as their energy increases. The size of each atomic p orbital is proportional to the 
magnitude of the coefficient of that orbital in the molecular orbital. So, for example, in orbitals 
1 and 6, the largest lobes are in the center of the molecule, so electrons that occupy those 
orbitals are more likely to be found near the center of the molecule than on the ends. In the 
ground state of the molecule, there are two electrons in each of orbitals 1, 2, and 3, with the 
result that the probability of finding a # electron in hexatriene is uniform over the entire 
molecule. 


Figure 5.12 


P5.17 We use the Hiickel approximation, neglecting overlap integrals. 


an: 
The secular determinant of ethene is - 
B a-E 


Mathematical software (such as the Simple Huckel Molecular Orbital Theory Calculator at 
Canada’s University of Calgary, http://www.chem.ucalgary.ca/SHMO/) diagonalizes the hamiltonian 


matrix to 


_{ ere= 2 
B= Fea 


and the matrix that achieves the diagonalization is 


0.707 0.707 
0.707 -0.707 


a-E £B 0 0 


) =, 0 
The secular determinant of butadiene is ‘ 6 i fy E B 


0 0 B a-E 
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The hamiltonian matrix is diagonalized to 


a+1.6188 0 0 0 
ee 0 a+0.618f 0 0 
0 0 a—0.6188 0 

0 0 0 a—-1.618B 


and the matrix that achieves the diagonalization is 


0.372 0.602 0.602 0.372 
_|0.602 0.372 -0.372 -0.602 
10.602 -0.372 -0.372 0.602 

0.372 -0.602 0.602 -0.372 


a-E B 0 0 0 0 
pgs oOo" ae 
0 “ 
The secular determinant of hexatriene is pleahusitincs as 0 0 
0 0 B a-E B 0 
0 0 0 B a-E 8B 
0 0 0 0 B a- 
The hamiltonian matrix is diagonalized to 
0 a+1.247B8 0 0 0 0 
E= 0 0 a+0.4458 0 0 0 
‘ 0 0 0 a—0.4458 0 0 
: 0 0 0 a-1.247B 0 
e 0 0 0 0 a@-123028 


and the matrix that achieves the diagonalization is 
0.232 0.418 0.521 0521 0.418 0.232 
0.418 0.521 0.232 -0.232 -0.521 -0.418 
0.521 0.232 0.418 -0.418 0.232 0.521 
0.521 -0.232 -0.418 0.418 0.232 -0.521 
0.418 -0.521 0.232 0.232 -0.521 0.418 
0.232 -0.418 0.521 -0.521 0.418 -0.232 


The secular determinant of octatetraene is 


a-E £B 0 0 0 0 0 0 
8 -a-E po ® 0 0 0 0 
0 B a-E 8B 0 0 0 0 
0 Ui ilies sae ocktter ot 0 0 
0 0 0 B a-E 8B 0 0 
0 0 0 0 B a-E 8B 0 
0 0 0 0 0 B a-E 8B 
0 0 0 0 0 0 Bp a-E 
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The hamiltonian matrix is diagonalized to 
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a+1.8798 0 0 0 0 0 0 0 
0 a+1.5328 0 0 0 0 0 0 
0 0 a+B 0 0 0 0 0 
=x 0 0 0 a+0347f 0 0 0 0 
0 0 0 0 a-0.347B 0 0 0 
0 0 0 0 0 a-B 0 0 
0 0 0 0 0 0 a—1.532B8 0 
0 0 0 0 0 0 0 a-1.8798 
and the matrix that achieves the diagonalization is 
0.161 0.303 0.408 0.464 0.464 0.408 0.303 0.161 
0.303 0.464 0.408 0.161 -0.161 -0.408 -0.464 -0.303 
0.408 0.408 0 ~0.408 -0.408 0 0.408 0.408 
C= 0.464 0.161 -0.408 -0.303 0.303 0.408 -0.161 -0.464 
0.464 -0.161 -0.408 0.303 0.303 -0.408 -0.161 0.464 
0.408 —0.408 0 0.408 -0.408 0 0.408 -0.408 
0.303 -0.464 0.408 -0.161 -0.161 0.408 -0.464 0.303 
0.161 -0.303 0.408 —-0.464 0.464 —-0.408 0.303 -0.161 


The columns of the C matrices are coefficients of the atomic orbitals in each molecular orbital. The 
first column represents the lowest-energy molecular orbital. In each molecule, all the coefficients 
are positive, meaning that the lowest-energy MO has no nodes. Note also that the coefficients rise 
from one end of the molecule to the middle and then decrease to the other end; thus the lowest- 
energy MO extends over all the carbon atoms of the chain. Note that the number of sign changes 
within a given column increases as one moves from the lowest-energy MO (leftmost column) to the 
highest-energy (rightmost column). Each time the sign of a coefficient changes, there is a node in 
the wavefunction. So, for example, the second column in octatetraene has four positive and four 
negative coefficients but only one sign change and one node. The eighth column also has four 
positive and four negative coefficients, but the sign changes between every atom; there are seven 
nodes. The number of nodes increases with the energy of the MO. 


In butadiene, the HOMO is bonding with respect to the two bonds on the ends (the ones 
conventionally depicted as double bonds) and antibonding with respect to the central bond (the one 
conventionally depicted as a single bond). The situation is reversed in the LUMO. Thus, a 
HOMO — LUMO transition weakens the terminal C=C bonds and strengthens the central C-C 
bond. (See Figure 5.13a.) 


LUMO {| =~ 


HOMO oe 2 

ple Figure 5.13(a) 
In benzene, the situation is more complicated because there are two degenerate LUMOs. (See 
Figure 5.13b.) We will analyze these orbitals in terms of the top and bottom halves as shown in 
the figure. The HOMO on the left is bonding between the two halves but antibonding within 
each half; the HOMO on the right is completely bonding within each half but antibonding 


between the halves. The LUMO on the left is also bonding between the halves but completely 
antibonding within each half (more antibonding than the HOMO on the left); the LUMO on the 
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right is antibonding between the halves and antibonding within each half as well. A transition 
from the right-hand HOMO to the right-hand LUMO or left-hand HOMO to left-hand LUMO 
would not affect the bonding between the halves, and it would destabilize the bonding within 
each half. A transition from the left-hand HOMO to the right-hand LUMO would weaken the 
bonding between the halves, leaving the bonding within each half unchanged. A transition 
from the right-hand HOMO to the left-hand LUMO would strengthen the bonding between the 
halves and destabilize the bonding between each atom within each half. 


LUMO 


= Figure 5.13(b) 


Solutions to theoretical problems 


What does it mean to say that the antibonding orbital is more antibonding than the bonding orbital 
is bonding? It means that the energy level of the antibonding orbital is farther above the energy 
level of a free atom (i.e., a non-bonding atom) than the energy level of the bonding orbital is below 
the same free-atom level. The free-atom energy level is simply the energy of the ground state of the 
hydrogen atom, Ey. In symbols, then, we are asked to show that 


Fanti — Ey > Ey — Epona 
which amounts to showing that 
Fant + Epona > 2E 4 


or, equivalently, that the average of the bonding and antibonding orbital energies is greater than the 
energy in the free atom: 


Eu + Evona)/2 > Ey 
e V-Y. e Ve+V. 
Eon; + Eon = Ey + oe as ee nt" 
NE Ne hae ee ie 
—op 42 {VY -V2)xA4S)+(1-S)xU+¥,)} 
" 4n€,R (l-S)x(1+5) 
2 
Jon 4 2 9 ee 
4ne,R 1-8 
so Fait Foot py 8 SN 
2 Me, Reo. 1H? 


The nuclear repulsion term is always positive and always tends to raise the mean energy of the 
orbitals above Ey, although its effect decreases with increasing internuclear distance. Clearly 
the overlap integral decreases with increasing R, and inspection of the analytical expressions 


P5.23 
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for V,; and V, (J and K, respectively, in eqn. 5.12) shows that they also go to zero as R 
increases. Thus the last term vanishes as R increases, but it is difficult to assess analytically 
how it compares to the nuclear repulsion term. So we use numerical values given in problem 
5.9, and we can add other points using the analytical expressions given in eqn. 5.12. Draw up 
the following table. 


Rlap 0.25 0.50 1 2 3 4 5 6 
2 : ! 
1 | , 
“x 4900 «©2000 «361 ~— 0.500 -:0.333'«— «0.250 «0.200 «0.167 
47e,R E. 


Sy =i" ©) 

“a re ix 0.188 -0.291 -0.370 -0.357 -0.297 -0.241 -0.198 -0.166 
- h 
{(Esona + Eani/2 3.812 1.709 0.630 0.143 0.037 0.009 0.002 0.001 


— Ey VEy 


The last term indeed is complicated, appearing to go to zero at both small and large R. At small R, it 
appears to be negligible compared to the nuclear repulsion term. At large R, its absolute value 
appears to follow closely that of the nuclear repulsion term but to remain smaller. Thus, the 
antibonding orbital appears to be more antibonding than the bonding orbital is bonding at 


of the internuclear distance). (See Figure 5.14.) 


Net energy difference 


a 
= 
i 
3 
ty 
} 
E 
= 
Figure 5.14 
The hamiltonian is 
2 2 2 
fey (1,11). Yy_,(1,1_1) 56 
2m ame,\r, 7, & 2m rm ta R 


where we have introduced the abbreviation jo for the collection of constants e”/ 4&. Its expectation 
value is 


(H)= [y* Ayar, 


where yw, =N,(A + B) [5.7] and = {Example 5.1] 


+ 004 5)? 


ade xh ee ee 
Thus, (Hf) = vey -1( 244-5 }hysee 
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Pull out the nuclear repulsion term: 


hy . 
(1) = b= |v." (- vi fo de ly.are [v.tyede 


Ty 
Z « * Z 
=N, fiaza(-2v Lobe \ apart 
2m y 2% R 


Expand the remaining integral into four integrals, letting Hy represent the hamiltonian operator of 
a hydrogen atom. Note that 


, n? f , n° J 
H,4=-—VWA--°A=E,A and H,B=-—VB--°B=E,B 
2m A 2m ¥, 


$0. {A VENe jal a, 4 arene fal 7, 1 par 
A 


B 


en, fa{ A barn fol a, 2 \pars be 
Tn 


hh 
and (A) =n, fal ey 2 \adeeny fal -2 a 
'y aN 
nv. fa = 


be aden fol, ~2\ nara h 
r, r R 
Pull out the terms involving Ey: 


B A 


(H#\=E,N,’ | (4? +2AB+ B’)dt 
2 2 : 
~j,N,? [Ft dr mj,N,2 [Far mjN. [Far- je [fFar+2 
t. Fe Tes aA R 


What multiplies Ey is the normalization integral, which equals 1. Now examine the 
remaining four integrals. The first and fourth integrals are equal to each other, as are the 
second and third. (This can be demonstrated by interchanging the labels A and B, which are 
arbitrary.) Thus 


2 : 
(i) =£,-2N2| jp [are j, [Far |+2 
t, yf R 


This works out to eqns. 5.11 and 5.14: 


(H) = Ey + and 


(a) Expanding the determinant yields 


a,—E B 


or get =0=(a, -E\(a,-E)-P =E’-(a,+a,)E+a,a,- 
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This is a quadratic equation in E where a = 1, b=—(Qq + Gg), and c= Q,Q3 — Bf *. The solution is 


pe btvb hac _ Oy +O, (0,2 + 20%, Oy + Oy” — 401, 0% + 48°)” 
t —_— 
2a y) 5 


om a, +a, 4 UG, —a,) +4B°}? 


ON 


Lat hy Ey — My Pato 48 }-|« B 


+ 
a, — a, 


= ae ee a }-lo0- B 


2 2 2 \2a,-a,y a, — Ay 


Thus, the energies of these molecular orbitals differ only slightly from the energies of the 
component atomic orbitals. 


The secular determinant for an N-carbon linear polyene (call the determinant Py) has the form 


L.2 3°40 ae 


x 100 0 0 0 
l* 10 8 0 0 
Oo Lael ® 0 0 
oO tweed 0 0} = P, 
G0 @ 0°86 : l 


© 
co] 
Oo 
i) 
kat 


Q-E 


where x = . The determinant can be expanded by cofactors; use the elements of the first row: 


Py = Mey — Myce + Mysze13 - + + 1) Mew 


In this notation, M,, is the element in the first row, nth column of the determinant and c,, is the 
cofactor of that element. The cofactor c,, is a determinant whose elements are the elements of the 
original determinant with row 1 and column n removed. Note that the elements of the first row after 
M,, and Mj) are zero, so Py = Mic); — Mjocj2, Mi, = x, and cj, is the secular determinant of an 
(N-1)-carbon polyene; that is, the c,;,; cofactor in Py is Py; . 


Mi = 1, so we are almost there: 


Py=xPy\-— cy 
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We need to examine ¢)2: 


x |t} 6 ¢ @ — @ 4 
1 «+ 1 0 0 0 0 
Oo + « 2a 0 0 
¢,=|0 @ 1 x 1 0 O 
0 6@ 0 0 0 Siil 
0 ¢ 0 0 0 1 o* 


Now C2 is not itself a secular determinant of a polyene; its first row has ones as its first two 
elements and no x elements. Its first column, though, has only one element, a one. Expanding this 
determinant by the elements and cofactors of its first column yields a one-term sum whose cofactor 
is illustrated here: 


sitoe + $ .. &.@ 
Hx 166. BB 
at ¢ 2 85... 0.9 
G2=1xXi/f @ 1 x 1... 0 O;=1Xh,, =F, 
De eerie ‘ : 
£6 @ 0 0 
Dao Din Bo .otth « 


That is, the cofactor involved in evaluating c;. is the secular determinant of an (N—2)-carbon 


polyene, i.e., Py_2 . So , 
Solutions to applications 
(a) B a-E B =0 


Q-E Bi B B a— E) | 
oa oath aba ot 


(@- E)x {(a@-E) - P}- {fa E)- f°} + KP -(a—- E)B}=0 
(@— E)x {((@— E)’ — B’}-2f' {a—- E- B}=0 

(a- E)x(a- E+ B)x(a-E-B)-2f'(a- E-f)=0 
(a-—E-B)x{(a- E)x(a— E+ B)-2f"}=0 

(a-E- B)x{(a- E)x(a- E+2f)- f(a- E)-2f"}=0 

(a- E-B)x{(a- E)x(a-E+2f)- a-E+2f)}=0 


(a-E-f)x(a-E+28)x(a-E-f)=0 
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Therefore, the desired roots are E =|a—8, a—B and a+2B . The energy level diagram is shown 


in Figure 5.15. 


Energy er ee 


— . a+ 2B 
Figure 5.15 


The binding energies are shown in the following table. 


Species Number of e~ Binding energy 

H,* 2 2(a+ 2P)=2a@+4f 

H, 3 2(a@+ 2f)+(a—-fP=3a+38 
H; 4 2(a@+2f)+ 2(a- fp) =4a+ 2B 


(b) H;'(g) > 2H(g)+H'(g) AH, = 849 kJ mol * 
H'(g) + Ho(g) > Hs'(g) AA, =? 
H,(g) > 2H(g) AH; = (2(217.97) — 0] kJ mol 
AH, = AH; — AH, = {2(217.97) — 849} kJ mor’ 
AH, =|413 kJ mol! 


This is only slightly less than the binding energy of H (435.94 kJ mo!’'). 


(c) 2a@+ 4B8=-AH, =-849 kJ mol’ 


al in: ~AH,-2a@ 


_ where AH, =849kJ mol’ 


Species Binding energy 


H* 2a@+48 =—-AH, =|-849kJ mol” 
H; 3ar+3p =3( a S28) _ (7A). 3(@/2)-212kJ mol” 
H; har + 2p = 4ar— SARE 3g Sh = 3a —425kJ mol 


As @is a negative quantity, all three species are expected to be stable. 


P5.31 (a) The orbitals are sketched in Figure 5.16. yw is a bonding orbital, showing no nodes 
between adjacent atoms, and y is antibonding with respect to all three atoms. y is non- 
bonding, with neither constructive nor destructive interaction of the atomic orbitals of 
adjacent atoms. 
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Figure 5.16 


(b) This arrangement works only if the entire peptide link is coplanar. Let us call the plane defined 
by the O, C, and N atoms the xy plane; therefore, the p orbitals used to make the three MOs 
sketched above are p, orbitals. If the p, orbital of N is used in the 7 system, then the o bonds it 
makes must be in the xy plane. Hence the H atom and the atom labeled C,, must also be in the 
xy plane. Likewise, if the p, orbital of the C atom in the peptide link is used in the 1 system, 
then its o bonds must also lie in the xy plane, putting the atom labeled C,, in that plane as well. 


(c) The relative energies of the orbitals and their occupancy are shown in Figure 5.16. Four 
electrons are to be distributed. If we look at the conventional representation of the peptide link 
(8 in the text), the two electrons represented by the C=O 7 bond are obviously part of the 7 
system, leaving the two lone pairs on O, the C—O o bond, and the two other o bonds of C as 
part of the o system. Turning now to the Lewis octet of electrons around the N atom, we must 
assign two electrons to each of the o bonds involving N; clearly they cannot be part of the 7 
system. That leaves the lone pair on N, which must occupy the other orbital that N contributes 
to the molecule, namely, the p, orbital that is part of the 7 system. 


(d) The orbitals are sketched in Figure 5.17. y% is a bonding orbital with respect to C and O, and y% is 
antibonding with respect to C and O. y% is non-bonding, involving only the N atom. There are four 
electrons to be placed in this system, as before, two each in a bonding and a non-bonding orbital. 


004+ 


| ” = 
Figure 5.17 
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(e) This system cannot be planar. As before, the atom labeled Cy, must be in the xy plane. 
Additionally, the atoms bound to N must be in a plane perpendicular to the orbital that N 
contributes to this system, which is itself in the xy plane; the bonding partners of N are therefore 
forced out of the xy plane. 

(f) The bonding MO y% must have a lower energy than the bonding MO yw, for y is bonding 
(stabilizing) with respect to all three atoms, while y% is bonding with respect to only two of 
them. Likewise, the antibonding MO y must have a higher energy than the antibonding MO 
W%, for Y is antibonding (destabilizing) with respect to all three atoms pair-wise, while y% is 
antibonding only with respect to two of them. The non-bonding MOs y% and yw must have 
similar energies, not much different than the parameter @, for there is no significant constructive 
or destructive interference between adjacent atoms in either one. 


(g) Because bonding orbital y has a lower energy than yw, the planar arrangement has a lower 
energy than the non-planar one. The total energy of the planar arrangement is 


Compare this to the energy of the non-planar arrangement: 
FE non-planar = 264+ 2E5>2F, +2E,= Evens 


The fact that £; > E¢ is immaterial, for neither of those orbitals is occupied. 
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6 Computational chemistry 


Answers to discussion questions 


The Fock operator, ff = 41 + Veoutomb + Vexchange [6.6], is the sum of three terms. The core hamiltonian 
for electron 1, #; [6.2], is a one-electron hamiltonian that accounts for the electron kinetic energy and 
the potential energy of attraction between the electron and all nuclei. The Coulomb repulsion term, 
Veoulomb, accounts for the average potential energy due to repulsions between electron 1 and all other 
electrons. The exchange potential term provides an average correction to the Coulomb potential for the 
phenomenon of electron spin correlation in which electrons of the same spin tend to avoid each 
other. Spin correlation reduces the energy description provided by the Coulomb repulsion, and 
consequently the exchange potential correction has a negative value. 


The Hartree-Fock equations are 


fv.) =e,y,() [6.6] 
fy.) =hy, 0+ > {27,0-K, Ow, [6.8] 


h, ae -i¥ [6.2] 
IOV. =o fV.O— VQ ¥q2)4e, — [6.7a 
KV, = Jo [Vn O—VeQ)¥.2)47%, {6.70} 


The equations are solved iteratively. The first computational step is to select, or guess, the 
initial form of all the one-electron wavefunctions y,(1). They are substituted into the right side 
of eqns. 6.7a and 6.7b and the integrals are evaluated numerically. The results are used in eqn. 
6.8/6.6 to enable the numerical determination of the one-electron wavefunctions and their 
energies. The newly found wavefunctions are then used to recalculate the integrals of eqns. 
6.7a and 6.7b, and the process is repeated until successive iterations find the wavefunctions and 
corresponding energies to be unchanged to within a chosen criterion. Because iteration 
continues until self-consistency is achieved, the method is said to provide a self-consistent 
field (SCF). 


By writing one-electron wavefunctions as a linear combination of basis functions (the LCAO 
method), the extreme difficulty of solving the Hartree-Fock equations by the HF-SCF procedure is 
reduced to the somewhat simpler problem of solving the Roothaan equations for LCAO 
coefficients. Even so, molecular orbital calculations on even moderately large molecules can 
demand more computer memory and more expensive computational time than is available to the 
chemist because the very large number of four-center, two-electron integrals (AB|CD) that must be 
evaluated increases as N,°. Consequently, practical molecular orbital calculations require the 
judicious selection of a finite basis set. 


D6.7 


D6.9 


E6.1 (a) 


E6.2(a) 
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Commonly used basis sets are listed in Table 6.1. They include 


(a) The STO-3G minimal basis set in which each Slater-type atomic orbital (STO) is expanded in 
terms of three Gaussian functions. The linear coefficients have been determined by least- 
squares best fit to the STOs. The minimal STO basis set uses one STO to represent each of the 
orbitals in an elementary valence theory treatment of the molecule. This is the fewest number of 
functions needed to hold all electrons on an atom and maintain spherical symmetry. 

(b) The 6-31G basis set in which each core atomic orbital is expanded in terms of six Gaussians. 
Valence AOs are split into two basis set functions, called “inner” and “outer” functions. The 
inner basis consists of three Gaussians while the outer basis consists of a single Gaussian. 
Expansion coefficients have been determined by Hartree-Fock energy minimization on atomic 
ground states. 

(c) The 6-31G" basis set in which d-type polarization functions have been added to the 6-31G basis 
set. The addition of the d-type AO, written as a single Gaussian, removes the restriction of AO 
spherical symmetry, thereby accounting for the distortion (or polarization) of AO by adjacent 
atoms when bonds form in molecules. 


In ab initio methods an attempt is made to evaluate all integrals that appear in the secular 
determinant. Approximations are still employed, but they are mainly associated with the 
construction of the wavefunctions involved in the integrals. In semi-empirical methods, many 
of the integrals are expressed in terms of spectroscopic data or physical properties. Semi- 
empirical methods exist at several levels. At some levels, to simplify the calculations, many of 
the integrals are set equal to zero. Density functional theory (DFT) is different from the 
Hartree—Fock self-consistent field (HF-SCF) methods and the ab initio methods in that DFT 
focuses on the electron density while HF/SCF methods focus on the wavefunction. However, 
they both attempt to evaluate integrals from first principles. DFT and ab initio methods are 
both iterative self consistent methods in that the calculations are repeated until the energy and 
wavefunctions (HF-SCF) or energy and electron density (DFT) are unchanged to within some 
acceptable tolerance. 


Density functional theory (DFT) is not a semi-empirical method. In semi-empirical methods, many 
of the integrals are expressed in terms of spectroscopic data or physical properties or selectively set 
equal to zero to simplify calculations and simultaneously give reasonable agreement with select 
experimental data. DFT attempts to evaluate the integrals numerically, using as input only the values 
of fundamental constants and atomic numbers of the atoms present in the molecule. In fact, if the 
exchange-correlation energy functional [6.22] were known, DFT would be an exact method. 


The exchange-correlation energy functional is modeled in DFT methods. One widely used 
approximation is the uniform electron gas model for which the exchange-correlation energy is 
found to be the sum of an exchange contribution and a correlation contribution. Ignoring the 
complicated correlation contribution for simplicity, the uniform gas approximation for the 
exchange-correlation energy (see Self-test 6.3 and A brief illustration, Section 6.9) is 


Exc [p ] =A | pdr with A= —(9/8) (3/ay' ho 


An iteration procedure similar to the HF-SCF methods uses the density functional to calculate an 
improved exchange-correlation energy functional which is then used to find an improved density 
functional, and so on. 


Solutions to exercises 


Ton "us "is 
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E6.3(a) N, = 2 for HeH* 
5 2 2 1 1 
y= -4y +V 3}- a 1}. jefe ni 
M2 
4 ip Depew 
E6.4(a) N.=2 for HeH” ¥ = if “(2) y?(2) 
E6.5(a) N, = 2 for HeH* 


AY (1) = Ay, (1) + 24, (Iv. (1I)-K. (Iv. (1)=€.¥.(1) [6.8] and [6.6] 


where 


J,(1)y, (1) = Jo fv. (1) (1)— We "(2)y, (2)dz, =K,(1)w, (1) [6.7] and [6.7b] 
Consequently, 
fv. (1) = hy, (1) +J, ()w, (1) = 6. (1) 
E6.6(a) The complete set of equations for the N, = 2 of HeH’ is 
(i) Vi =CHeaXne +Cuotn Md Wy GXue+Cu%n [6.9] 
Gi) Aue (1) = nXne (1) +240 (1) Ze (I) Ka (1) Ze (1) 6.8] 


fds (1) =hta (I) +24, (Xa 1) -K, (1) Hu (1) [6.8] 


where 


h =- 2 Vi —Jo {t+ [6.2] 
m i, 


J, (1) Xue (1) = Jo Jr (--¥. ‘(2)w,(2)dz, [67a] 
K,() ue (1)= Je f¥.--W. (2) Zia (2)8, 16.70 
J,(1) tu (1)= he Jan (Ww. (2). (2)4e, [6.72] 
K,()4(1)= Ja fe (We (2) au(2)4t (6.70 


(iii) Fe=Sce [6.10] and [6.11] 


where 
Pot am OA Lue (dz, [Zune OA %aMdz, 
[zaOh%ueDdr, [xu hruOde, 


in Cres 
Z= 
Cua Cup 


(Fy = F,,) 
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fauOtucDde, fxeDauOdz,} \S ! 


Note: |x, Xu(Dd, = [2% %ue(d7, = S 
ws “ 0 
YY & 
E6.7(a) For the NV, = 2 of HeH’, 
Fax = [Xue OA Ae 97, = [ne O{n%ne (+24, (1) LneO-K, (1) Xue (faz, [6.1 1a] and [6.8] 
= [xe De WAT, +2 [ue {Io (1) Le OPA, — [ue D{K, (1) Xue (1) } 47, 


Ti [Ze (Dh, Lue (I)dz, +2 [Xue (1) {4 he (\— Y, (2) YW, (2), fa 


s-( [ZnO Xue(D42, rite tn " 


~ m4 J v0) (2) te (2) ay 


= [Ze Xue DAT, +2 io f [ne Din ()— v. (2), (2)dqdr, 
~ in J ane Ov. (DW. (2) Zum (2) 4040, 
= Ent 2do | [Xie(1) Xie (Leet (2)+cu&u(2)} ded, 
~ fo | Jue {Create (1) + a0) {Cree (2) + Cuan (2)} Lne(2)d7,47, 
= Ex, +2 io | [ue (1) Xue (AaB (2) + 2pesCa%ue (2) 4u(2) + Cue’ Xu’ (2)} de,dz, 
— fn | eitcet ie Zire (1) + Cee Xu Oh {CiieaXite (2) Lite (2) + CMe (2) Xu (2)} daz, 
Multiplication of the factors and substituting the symbolism 
(ABICD) = inf 2a (1) 201) Xe (2) 20 (2)d a, [6.14] gives 


Fay = Eye +{2Cien” (HeHe| HeHe) + 4c,,,Cy, (HeHe|HeH) + 2cy,” (HeHe| HH)} 
—{ Cea" (HeHe| HeHe) + c,.,C, (HeHe| HeH) + ¢y,,,,, (HeH| HeHe) + c,,” (HeH| HeH)} 


Fas = [Xue Of AnM47, = [oO {Aun +2J, (1) 4uO-K, (I) %u(1)}aq, [6.112] and [6.8] 
= [neh Au dt, +2 [rue DLT (1) uD} de - [Ze O{K, (1) Yu (47, 


= [Xue Oh au Dde, +2 [ue (0) \s |x (\— Ve (2)¥, (ae, fa 
~ fn J fv) (2) (ar, bar 
= [ach au DAG +24 | [rue Du (— We (2), (2)4ed2, 


— jy | fue, (IV, (2) au (2) ddr, 


Nh 
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= fre Aue, +2 fae (1) 2 (U—{matie (2)+Guata(2)} ade, 


Ky 
— iy | [atte {Cre %e (I) + G5 Oh {CH (2) + Guan (2)} Xu (2)dz,d7, 
= [xe Dh Aa (Dde, +2 | [ie (0) au {ei (2) + 2s Xe (2) Xu (2) +e Au (2)} ded, 
— Js | Hee Xie OAc +e DAO} {imi (2) (2) + Guat (2) dad, 
Multiplication of the factors and substituting the symbolism 


(AB|CD) = j, {x (1) % (I). (2) %p(2) dzdz, [6.14] gives 


Fy = [Xue Au (dt, +{2cy.,” (HeH|HeHe) + 4c,,,¢),, (HeH|HeH) + 2c,,,” (HeH|HH)} 


—{Cieq” (HeHe|HeH) + ¢y,,C,, (HeHe|HH) + ¢,,,C,, (HeH|HeH) + cy,” (Hel HH)} 


Notes: 


Gi) £,. = | Lue(DAXy. (dt, [6.15] is the energy of an electron in orbital yy., taking into account 
its interaction with both the He and H nuclei. 
(ii) In the above manipulations we have used the relationship (see E6.8a and E6.8b) 
(ABJAA) = (AA|AB) 


(iii) We have explicitly shown the integral signs for both the integration over all t. values and the 
integration over all rt, values. For example, we have written the four-center, two-electron 
integral as 


: , as 
(ABICD) = i f [4 (1) 45 (1) — Xe (2) ap (2) dn, 
12 
This has the same meaning as the equation that shows a single integral sign only: 
1 
(AB|CD) = j, |x. (1) 2%» (I) Xe (2) % (2) dz,dz, [6.14] 
12 


We explicitly show the double integration sign to help with the visual recognition of the 
requisite mathematics. 


E6.8(a) (AAIAB) = jy [x4 (1) 2 ()— x, (2) %_ (2) dz,dz, [6.14] 


= sf fan (1) Xa (12a (2) %o (2) dear, 


This integral is symmetric with the interchange of electron 1 and electron 2. Consequently, 
(AA|AB) = (AB|AA). Furthermore, the functions A and B, like all functions, commute, so the 
integral may also be written in the forms (AA|BA) and (BA|AA). 


E6.9(a) CHCl 


(a) Minimal basis set: one basis function for the 1s orbital of each of the three hydrogen atoms; one 
basis function for each of the 1s, 2s, and three 2p orbitals for the carbon atom; one basis 


E6.10(a) 


E6.11(a) 


E6.12(a) 
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function for each of the 1s, 2s, three 2p, 3s, and three 3p orbitals for the chlorine atom. Thus, 
the minimal basis set consists of i'7 basis Functiond 

(b) Split-valence basis set: two basis functions for the 1s orbital of each of the three hydrogen 
atoms; one basis function for the 1s orbital of carbon and two basis functions for each of the 2s 
and three 2p orbitals of the carbon atom; one basis function for the 1s, 2s, and three 2p orbitals 
of the chlorine atom and two basis functions for each of the 3s and three 3p orbitals of the 
chlorine atom. Thus, the split-valence basis set consists of B8 basis functions, 

(c) Double-zeta basis set: each basis function in the minimal basis is replaced by two functions. 


Thus, the double-zeta basis set consists of 34 basis function } 


i. J kt ,~ar 


p-type Gaussian: y, = Nx y’z'e * where i+ j+k=1 [6.17] Example: 7, = Nx =. 


The s-type Gaussian, y, = Ne?” [6.17], can be written as the product of these three one- 
dimensional Gaussian functions: 


-ar* -ay" —az* 
Ne We 7 ie 


Proof: 


a(x? +y7 +27 ) 


Ne*™ «(Ne |x( Nie =N.N N.e* ~ay'-az" — Ne = Ne” where N= N.N.N, 
Sal al al Cal aa 


Analysis of the s-type Gaussian for HeH" is facilitated by placing the He nucleus at the origin of the 
Cartesian coordinate system and placing the H nucleus at the coordinate (x, y, z) = (d, 0, 0). In 
general, an s-type Gaussian centered on the point (x, y, z) = (%, Yc 2.) has the form 


ne“) Hornd Head] [6.17]. So with our choice for the coordinate system, the s-type Gaussians 


on He and H are 


— Oye (x? +y? +27} ~ ay {(x-a)" +y +2°| 


Lie = Nye ™” = Nz,.€ and 4, =Nyze 
Their product is 


Laks = Ny Pes cee Pie ote ic 


=N_N ote i 49427} (x-a4y? 2] 
= i 


and it will have the s-type Gaussian form and be in an intermediate position provided that the 
exponent equals —@ (x-e) +y?+z’t—£B where a, e, and f are constants. If we can find these 
constants, which are independent of coordinates, we will have demonstrated that the product of two 
s-type Gaussians is a Gaussian. 


A, {xr+y+2}+a, {(x-ay’ +y +27 = a|(x—e) +y'+ z*\+B 

Abs, {x? +y’ +2 h+a%, {x —2dx+d?+y’ +27} =a{x’ —Jext+e?+y? +27}+8 

(Q,, +, — a) (x? +? +z? )-2(Qyd —Ge)x+ ad’ — ae’ - B=0 
This last expression can equal zero for any chosen value of the coordinate point (x, y, z) provided 
that the coefficients of the polynomial expression each equal zero. Thus, from the quadratic term we 


find that @ = @,, + @,. The first-order term yields 


ad ad 
a Ay, + hy 
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and the constant term yields 


pao 0o wos 


Bie Dhre * ay Xe ss Ay 
Thus, 
~a4}(x~e)' +y7 +27} -B bs —ah(x-e)' +y7 +97 
Kien = NueNue =(NueNue ?)xe 
d Oy Aa” 
where @=@,, + Q,;; Pree. ae , and f= He*H 


€ 


This demonstrates that the product is a Gaussian centered at (x, y, z) = (e, 0, 0), which is positioned 
_% 4 <¢a. 
Dye + My 


at a point intermediate between the two nuclei because e = 


E6.13(a) CH;Cl 


(a) The 6-31G’ basis set consists of the 6-31G basis set plus polarization functions (see Table 6.1). 
In the 6-31G basis set, each core atomic basis function is expanded as a linear combination of 
six Gaussian functions. Valence basis functions are split into two basis set functions, called 
“inner” and “outer” functions. The inner basis consists of three Gaussians while the outer basis 
consists of a single Gaussian. To form the 6-31G" basis set, six d-type polarization functions are 
added for each atom other than hydrogen. 


6-31G Basis Set for CH;Cl 
Core Orbitals Valence Orbitals 
Atom Basis Functions Basis Functions 
H Is 
2 
Cc Is 2s, three 2p 
1 4(2) =8 
Cl 1s, 2s, three 2p 3s, three 3p 
5 4(2)=8 


Total number of basis functions (include 3 Hs) = 3(2) + 9 + 13 = 28 


Adding 6 polarization functions for both the carbon atom and the chlorine atom gives a 6-31G" 


basis set that consists of 40 basis functions. 


(b) The 6-311G ’ basis set is a 6-311G basis set plus both a set of five d-type polarization functions 
for each atom other than hydrogen and a set of three p-type polarization functions for each 
hydrogen atom. In the 6-311G basis set each core atomic basis function is expanded as a linear 
combination of six Gaussian functions. Valence basis functions are split into three basis set 
functions consisting of three, one, and one Gaussians. 


6-311G Basis Set for CH;Cl 


Core Orbitals Valence Orbitals 
Atom Basis Functions Basis Functions 
H Is 
3(1) =3 
C Is 2s, three 2p 
1 4(3) = 12 
Cl 1s, 2s, three 2p 3s, three 3p 
5 4(3) = 12 


Total number of basis functions (include 3 Hs) = 3(3) + 13 + 17 = 39 
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Adding 5 polarization functions for both the carbon atom and the chlorine atom and an addition 


3 : olarization functions for each hydrogen atom gives a 6-311G"" basis set that consists of 


asis functions|. 


(c) The 6-311++G basis set is a 6-311G basis set plus both an s-type and three p-type diffuse 
functions for each atom other than hydrogen and one s-type diffuse functions for each hydrogen 
atom. In the 6-311G basis set each core atomic basis function is expanded as a linear 
combination of six Gaussian functions. Valence orbitals are split into three basis set functions 
consisting of three, one, and one Gaussians. 


Core Orbitals Valence and Diffuse Orbitals 
Atom Basis Functions Basis Functions 
H 1s, one diffuse s 
3(1)+1=4 
Cc Is 2s, three 2p, diffuse s and three p 
1 4(3)+4=16 
Cl 1s, 2s, three 2p 3s, three 3p, diffuse s and three p 
5 4(3)+4= 16 


Total number of basis functions (include 3 Hs) = 3(4) + 17 + 21 = 50, 


E6.14(a) Very general equations for setting up the Roothaan equations are used in the first and second A 
Brief Illustration of Section 6.2. By replacing the index A with He and the index B with H, we 
find that for a linear combination of two basis functions, such as 7, and 7, , the coefficients 


of the molecular orbitals in YW, =Cy Xue +CyXHy 20d VW, =CuXue +CpX%y are given by the 
equations 


v2 


Fraste + Fan — 5 (Foie rose) —( Frasate + Fons — 5 Frse = iio) — 441 ~ 57} Faction — Far Fre} ) 


; 2{1—S7} 
and 


Ce =e amd S= [atl 


in conjunction with the normalization condition c,..7 +¢,,° + 2¢y.,Cy,5 = 1. 
Applying the Hiickel approximation S = 0 and using the symbols ay, = Fuepe, Gy = Fun, and Fey = 
Fyne = B simplifies the equations to 


1/2 


Ay, + Oy —({y + Oy } = Af eee B }) By, + By —({ ~ Hy y +4p° \ 


Oe ieee 
° 2 Z 
and 
Pie ers. se 
Hea Ob —£, He 


in conjunction with the normalization condition c,,,’ +C,, =1.Thus, 


Alternatively, we may use the Hiickel approximation much earlier in the derivation and thereby 
avoid the general equations of the Brief illustrations. Using this method, we first write the secular 
determinant and apply the Hiickel approximation before expanding the determinant. 
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Frete-€ Puc — SE 
| i) ae 
(a, —€)(@,-€)-B =0 

e — (Qe + Oy E+ Gye ~p aay 


mite +O #({eie +a} Af Getty -B}) Op, Hy #([%e OF +48") 
Eta, oo 2 — 2. SS ee, eee a) OS ae 


_|a.-€ 8 
p _@-€ 


=0 


Oy + Oy + (fO%y, Oh} +48?) 


Ot +, — (fae 2a} +46") 
a ee ee ; 


2 


and &€, = 


The matrix form of the Roothaan equation can be used to find the wavefunction coefficients. 
Fucie Puen \{ Cea CHes “ Suetie Suen \{CHea Cue \{&. 9 
Fine ft )\ Cua Cs Sime Son /)\ Cu Cw) &, 
Oe PV Stee Cre “ 1 OV E,Chea €sCHes -. Ester ©sCHes 
B Gy) om O LW) Een, Cus EsCua = Cus 
brags + fey, Glug + Poy . bey EC Hes 


Pens, + yy, fic. + By Cup E,Cu, €Cyy 


For example, by equating the matrix,; elements of the above equation and substituting the 


normalization condition c,,.7 +c, =1, we find the coefficient cy,. 


Wy-CHea B CHa = E,Citea 
(Bpe ~ Ea) Cea = PCa 
(Gq. —€,)(-¢y, = — Beg, 
(@,-6,) (ley, = eg, 


(a) The semi-empirical CNDO (complete neglect of differential overlap) method sets all two- 
electron integrals of the type (AB|CD) equal to zero unless y,4 = yg and yc = yp. Only integrals 
of the type (AA|CC) survive. 

(b) The semi-empirical INDO (intermediate neglect of differential overlap) method sets all two- 
electron integrals of the type (AB|CD) equal to zero unless y,4 = yp and yc = 7p except for the 
type (AB|AB) when the basis functions va and yp are both centerd on the same nucleus. 


E6.15(a) 


E6.16(a) Twenty basis set functions generate twenty atomic orbitals. The silicon atom has 14 electrons, 
which are paired in the 7 lowest AOs to form the ground state. This leaves virtual orbitals 


unoccupied. 


E6.17(a) N.=2 for H, 


: pray? Pet: & v2 (1) [6.5a] where y, =(1/2) {7, + 2%} and yw, =(1/2) {x —Z}- 


(2) ws (2) 
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This may be expanded to show that this singly excited determinant is composed of the singlet spin- 
state wavefunction o_(1,2)=(1/2)" {a(1) B(2)- B(1)@(2)}. 
P, = (1/2)'? fy, (1)ax(1)y, (2) (2)—v, (1) B(1) ys (2)er(2)} 
= (1/2) y, (1), (2){a(1) B(2)- B(1)a(2)} 
=W, (1)y,(2)o_ (1,2) 
E6.18(a) N.= 2 for HeH* 
Wa =CeaXe + nta ANd Wy = Cys Xue + udu 


where the coefficients are determined with the Roothaan equations. The configuration state 


functions (CSF) are 
= (012) Pr) Meo] = (1/2) v. ve (2 {aC AC2)- B()a(2)}=w. (dw. (2)o- (42) 
P,=(1/2)! uate aA (1/2)'?y, (t)yo(2{er() B(2)- B(1)a(2)} =w, (1)¥5(2)o7-(1,2) 


Absorbing the normalization constants (1/2)'” into the coefficients of the configuration interaction 
(CI) linear combination of CSFs gives the CI ground-state wavefunction: 


The coefficients of the CI ground state wavefunction are determined with the variation principle. 
E6.19(a) N.=2 for HeH” 
The molecular orbitals are 
Wa =CHeaXne +CuaXn amd YW, =Cystiet+ CX [6-9] 
while the ground and doubly excited configuration state functions are 
P, =v, (I)y,(2)0(1.2) and ¥, =y, (I)y, (2)o_(1,2) 
The first-order perturbation correction [6.20] to the hamiltonian is 
Ad) =2-27,0)+K,@) 
‘ | fe tw ,de] 
E,” -E;® 


intent to evaluate the integral in the numerator of the E,” expression. Since the spin functions 


The second-order perturbation correction to the energy [6.21] is E\” = . It is our 


factor from all integrations, they will not be written in the algebraic manipulations. 
HY, = {4 —2J (I)+K, colt. (Dy. (2)} 
12 


BAU Ae, 


Nh 


= 1) ay, (2) Oe Jv. YW, (2)¥,(2)dz, [6. 7a}|+¥, (2 Jo. VW, (2)y,(2)dz, (671 


—2J, (Dw, (1)y,(2)+K, Dw, (1) y, (2) 


[YAO de = (ly, (ly, (2) AP dede, 


= [peer CV. OVO) 1-40, -2 [yowtTer, i Jv.v. Ly. 2), (ana 
+ Jus lowwctayae | i fxs wv. we 2)dede 
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E6.20(a) 


E6.21 (a) 


E6.22(a) 


E6.23(a) 


The last two terms vanish because y, and y, are orthogonal. Thus, 


fr Hvar = [peo OW) ae ae, = i [fy (ys 0) ve(2)s 2)arar, 


Np 
= jy Jf Ccnetue + Zu Cui ® po OF ZO) ain Dt Cpe) Cuda + ou zel2) dade, 
= jy IF enatnatn (1)? + smite Ln + Cs rend ne n(D + CeCe (0?) 
X (Caren ne(2)? + ChesCsXie (2)u(2)+ CuCresre (2Lu(2) + CrCustu(2)?) ATA 7, 
Multiplying the terms of the integrand and using the definition 
(ABICD) = j, | Jz. aa0—Zc aot, [6.14] 


yields the result 


[P,HOY dt = Cys, Cyey” (HeHe|HeHe) +2 (Cy, CuesCu» + CrteaCaCnes” )(HeH|HeHe) 


+( Cher Car + 2CrteaCaCrtesCan + CHa Cer )(HeH|HeH) + 2c. CisCreeCus (HH|HeHe) 


+ 2( ) (HH|HHe) + c,,’c,,” (HH|HH) 


2 2 
Cua CHeo “ns + Cea CHa us 


where terms have been combined using the relationships (AB|CD) = (CD|AB) and (AB|CD) = 
(AB|DC) = (BA|CD). See E6.8(a) and E6.8(b). 


The function f(x) is a mathematical procedure that assigns a number for a specified value of the 
independent variable x. The functional G[/] assigns a number for a specified function fx) over a 
specified range of the variable x. A functional is a function of a function. 
Functions: (a) fx) = d(x°)/dx = 3x" 
(c) Kx) = [dx = x‘/4 + constant 
Functionals: \b) Gf = dx? dx],—1 = 3 because the number 3 is associated with the function 
faxy=rx’. 
G| fl= [ x dx = 20 because the number 20 is associated with a function 
foeax. 


N. = 4 for LiH 
N,=4 
p(r)= > wi(r)f (6.231 =|24 
i=] 
N. = 2 for HeH* 


p(r)= LW, (rf (6.23]=2|y, (x) 


vi (rf +Ws(r) } 


(A + Jo poder, -3(3/2)"” jyp(r, a (7)=46y,(%) [6.24] 


er, iy re 
where 4, =— VY -he§ t+ [6.2] 
2m, Tue in 


We expect that the basis set having the greatest number of well-chosen basis functions gives a result 
that is closer to the Hartree-Fock limit. 


The minimal basis set consists of 5 functions for each carbon and oxygen atom and 1 function for 
each hydrogen atom. Thus, the minimal basis set of C,H;OH consists of 21 basis functions. 


P6.1 
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(a) The double-zeta basis set replaces each function in the minimal basis set with 2 functions. It 
consists of 42 basis functions for ethanol. 

(b) The split-valence basis set consists of 1 function for each core atomic orbital and each valence 
atomic orbital is replaced by 2 basis functions. Consequently, there are 9 basis functions for 
each carbon and oxygen atom and 2 functions for each hydrogen. This basis set consists of 39 
basis functions for ethanol. 

(c) The triple-zeta basis set replaced each function in the minimal basis set with 3 functions, which 
means that it consists of 63 basis functions for ethanol. 


Of these three basis sets, the is expected to give a result that is closer to the 


Hartree-Fock limit. 


Solutions to problems 
Solutions to numerical problems 
For H;, the 6-31G* basis set is equivalent to the 6-31G basis set because the star indicates that the 


basis set adds d-type polarization functions for each atom other than hydrogen. 1 au = 27.2114 eV. 
The experimental ground electronic energy of dihydrogen is calculated as D, + 2. 


Features Calculated with HF-SCF Method” 
Bond Length (R) in pm and Ground-State Energy (Eq) in eV 


H, (a) 6-31G* (b) 6-311+G** exp 
R 73.0 Ta 74.1 
Eo —30.6626 —30.8167 —32.06 
F, (a) 3-31G* (b) 6-311+G** exp 
R 134.5 132.9 141.8 
Eo —5406.30 —5407.92 

"Spartan ’06™ 


Both computational basis sets give satisfactory bond length agreement with the experimental value 
for H>. However, the 6-31G* basis set is not as accurate as the larger basis set. The smaller set also 
yields a higher ground-state energy. Figure 6.1 shows the variation of the dihyrogen ground-state 
energy with the internuclear distance. 


It is surprising that the 6-311+G** basis set gives a significantly shorter bond length for F>. This 
might be an indication that the method should be used with caution when fluorine is present in a 
molecule. 


H, Ground-State HF-SCF/6-311+G** 


E g/eV 
R 
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P6.3 (a) Ethanol 


H H 
Ethanol AMI PM3" exp 
R(C\C2)/pm 151.2 151.8 153.0 
R(C,0) 142.0 141.0 142.5 
R(C\H) 112.4 110.8 110 
R(C>H) 111.6 109.7 109 
R(OH) 96.4 94.7 97.1 
ZC CO 107.34 107.81 107.8 
A.H®/kI mol! ~262.180 -237.881 -235.10(g) 
“Spartan ’06™ 


(b) 1,4-dichlorobenzene 


Both methods give fair agreement with experiment. However, the PM3 calculation appears to provide 
a more reliable standard enthalpy of formation. 


H H 
. ae 
ae: Ay) ae 
iene 
Gt, 
H H 


1,4-dichlorobenzene AMI PM3 exp 


R(C,C,)/pm 139.9 1394 138.8 
R(C,C3) 139.3 1389 138.8 
R(CCl) 169.9 168.5 173.9 
ZC CC, 120.58 121.09 

ZC CC, 119.71 119.45 

A,H® /kJ mol” 33.363 42.306 24.6(g) 
"Spartan ’06™ 


Once again, both methods give fair agreement with experiment. However, this time the AMI 
calculation appears to provide a more reliable standard enthalpy of formation. Parts (a) and (b) 
together suggest that both methods are in broad agreement with experiment and that neither of them 
gives consistently better agreement with experiment. 


P6.5 


P6.7 
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(a) The standard enthalpy of formation (A,H ©7kJmol') of ethene and the first few linear 
polyenes is listed below. 


Species Computed" Experimental’ % error 
C,H, 69.580 52.46694 32.6 
CH, 129.834 108.8 + 0.79 19.3 
111.9 + 0.96 16.0 
CoH 188.523 168. +3 Toe 


CeHio 246.848 295.9? 16.6 


*Semi-empirical, PM3 level, PC Spartan Pro™ 
‘http://webbook.nist.gov/chemistry/ 
*Pedley, Naylor, and Kirby, Thermodynamic Data of Organic Compounds. 


(b) The % error, shown in the table, is defined by 


A,H”® (calc)—A,H ® (expt) 


x100% 
A, H® (expt): ° 


% error = 


(c) For all the molecules, the computed enthalpies of formation deviate from the experimental 
values by much more than the uncertainty in the experimental value. This observation 
serves to illustrate that molecular modeling software is not a substitute for experimentation 
when it comes to quantitative measures. It is also worth noting, however, that the 
experimental uncertainty can vary a great deal. The NIST database reports A,H © for C,H, 
to seven significant figures (with no explicit uncertainty). Even if the figure is not accurate 
to 1 part in 5000000, it is clearly a very precisely known quantity—as one should expect in 
such a familiar and well-studied substance. The database lists two different determinations 
for A,H®(C,H,),and the experimental values differ by more than the uncertainty claimed 
for each; a critical evaluation of the experimental data is called for. The uncertainty 
claimed for A,H “(oa is greater still (but still only about 2%). Finally, it should go 
without saying that not all of the figures reported by the molecular modeling software are 
physically significant. 


(a) The table displays both the experimental and calculated’ (HF-SCF/6-311G*) °C chemical 
shifts and computed” atomic charges on the carbon atom para to a number of substituents in 
substituted benzenes. Three sets of charges are shown, one derived by fitting the 
electrostatic potential, another by Mulliken population analysis, and the other by the 
method of “natural” charges. 


Substituent CH; H CF; CN NO, 
Sno 128.4 128.5 128.9 129.1 129.4 
b.. 134.4 133.5 132.1 138.8 141.8 
Electrostatic charge /e 0.240 -0.135 -0.138  -0.102 -0.116 
Mulliken charge’ /e 0.231 -0217 -0205 -0.199 -0,182 
Natural charge’ / e -0.199 -0.183 -0.158 0.148 -0.135 


“Spartan °06TM; HF-SCF/6-311G" 


The idea of atomic charges within molecules is very useful on a conceptual level but this concept is 
not a measureable property. Nuclei definitely define the positions of atoms, but the wave character 
of electrons causes them to be distributed throughout the molecule in molecular orbitals. Some of 
the electrons (e.g., core electrons) may be largely localized around a particular nucleus while others 
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are more widely distributed in bonding and antibonding MOs. The case for which a bonding MO is 
localized around two adjacent nuclei illustrates the impossibility of defining an absolute scale of 
measurable atomic charges as there is no way to define which fraction of the MO should be 
assigned to one or the other nucleus. Consequently, there are many ways of defining atomic charges 
in a molecule. The most popular three (electrostatic charge, Mulliken charge, and natural charge) 
have been computed for this molecular series. 


The three methods for calculating atomic charge agree that in going across the substituent series 
—CH;, —H, -CF;, -CN, ~NO, the magnitude of the negative charge on the para-carbon decreases. 
The electrostatic charge shows the greatest change across the series; the natural charge shows the 
least change. The decrease in the magnitude of negative charge across the series is compatible with 
the elementary concepts of electronegativity effects at a bond and the effects of substituent releasing 
or withdrawing electrons to or from an aromatic benzene ring. The atomic charges show that an 
alkyl substituent (e.g., -CH3) is electron-releasing with respect to -H while —CF;, -CN, and —NO, 
are progressively stronger electron-withdrawing substituents. See Figure 6.2. 


The carbon atom has the greater electronegativity. 


<—CH, Alkyl groups release electons to the aromatic ring, thereby 
increasing the magnitude of the negative atomic charge on a 
carbon atom in the ring. 


—>NO, The nitro group withdraws electons from the aromatic ring, thereby 
decreasing the magnitude of the negative atomic charge on a 


carbon atom in the ring. Fi 6.2 
gure 6. 


g 
This effect will be further explored in Chapter 12. reer it is evident that the uncertainty 
in the computed chemical shifts exceeds the actual variation in the chemical shifts across the 
series. The calculated shifts do indicate that the cyano and nitro groups are strong electron- 
withdrawing groups. 


Solutions to theoretical problems 


We construct a table to determine the Russell-Saunders term symbol for each Slater determinant. 
The terms must be consistent with the Pauli Exclusion Principle. Z is the total orbital angular 
momentum quantum number. S is the total spin angular momentum quantum number. 2S + 1 is the 
spin multiplicity. 


Part Slater Determinant L S 2S8+1 Term Symbol(s) 
(a) wis” wis? Wr." 0 1/2 2 *S 

(b) yas” Wis Wr" 0 1/2 2 *S 

(c) wis” Vis Wrp"| 1 1/2 2 2 

(d) Wis” Wop “Woe | 2,0 1/2 2 2D, 7S 

(e) Wires she ae 2 2G, "D, 2s 


(f) Wis” Wos “Was | 0 3/2 4 4G 


P6.11 


P6.13 
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The Slater determinants of parts have the correct total angular momentum and 
spin multiplicity to contribute to the ground state *S of Li. 


Non-degenerate, time-independent perturbation theory is mathematically developed in Further 
Information 2.1. We outline the results for the ground-state wavefunction, yo, corrected to first order. 


After expanding the hamiltonian, the ground-state wavefunction, and the ground-state energy in 
successive powers of the perturbation parameter /, the expansions are substituted into the stationary-state 
Schrédinger equation and powers of A are collected. Because A is an independent parameter, the 
successive powers in the resultant polynomial must equal zero. The first-order term gives 


( H® = FE) )y? = ( E’) - H® yi? (i) 


where H“), E°, and y\ are the unperturbed hamiltonian, ground-state energy, and ground-state 


wavefunction. H", E",and yw” are the first order perturbations to the hamiltonian, the ground- 
state energy, and the ground-sate wavefunction. The eigenfunctions of the unperturbed hamiltonian, 
y), form a complete orthonormal basis set of functions such that H! y® = EO y 

Let y") = Liaw (°) Substitution of the expanded first-order wavefunction correction into equation (i) 

gives 


2 a, ( E° z Eo a ( E® - H®)y 


Left multiply by y with k # 0 and integrate over all space. 


z, es uf Bom - EF) [Voy dr = EM fvdoys” Bein y°) Hy (0 az 


Vt, 20) 


D4, (E, - Ey )6, k(#0)n ma Oy dr 
O00) (ES ful - E() = ~Wriem Hy Ode 
yf) (1) 
Fi (x0) = pi A Anal oo 
Ey — Ecco) 


Thus, the siihiaiesind wavefunction corrected to first order in the perturbation is 


yO Hy Mar 
yo =v sty =y+D eee be 


E& ) E° 


— 


where the first-order correction to the hamiltonian is given by eqn. 6.20. 


(a) N. = 2 for HeH* 


Very general equations are used in the text Brief illustration for setting up the Roothaan equations 
(also see E6.6a and E6.14a). By replacing the index A with He and the index B with H we find that 
for a linear combination of two basis functions, such as 7, and y,,, the coefficients of the 
molecular orbitals in 


Y= Cote +O An ad WV, = Cue + Cn Zu 


are given by the equations 


V2 
Fraie + Fass ~ S( Frat ~ Fane) —( {Fosse + Fors ~ 5 Fea ~ Fase )} ~ 4{1~-5?}{ FasisFine — Fri} 
E = 
: 2fi-s*} 
and 
Cy = is = 28a and S= [Xe%adT 


ed 
Fuue “ah, 
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in conjunction with the normalization condition c,..° +Cy, +2CesCu,S = 1- 


Also, 


2 1/2 
Fuctte + Fins = 5 Fh — Fra) + ( {Fae + Fins — 8 Faai — Fi, —4{1— 8? Fen - FasFineh} 


) = — 
: 2f1—s?} 
and 
i... 
Cred = — Fat 96 6 and $= [Xueudt 
Fitetie — &, 


in conjunction with the normalization condition c,.,° + Cy,” + 2CyesCapS = 1. 

(b) N. = 2 for LiH* 

Very general equations are used in the text brief illustration for setting up the Roothaan equations 
(also see E6.6b and E6.14b). By replacing the index A with Li and the index B with H we find that 


for a linear combination of two basis functions, such as y,; and y,,, the coefficients of the 
molecular orbitals 


Y= Chit CuAn and YW, = Cy Ki t+ CX 


are given by the equations 


2 1/2 
Fai + A —S (Fin -Fui)-({Fias + Fi, —S (Fun — Fai )} —4{1- 5? HF Fin -FinFui}) 
eee 888088 ee 
: 2{1-s?} 
and 
Fy 08 
Chia aay ye and S= [xitudt 


a 


in conjunction with the normalization condition c,,,’ +¢,,° + 2¢,,,¢,,5 = 1. 


Also, 


V2 
Frit + Fin —8( Fim ~ Fu) +({Rias + Fins —S (Fin -Fy;)} ~4{1-S?}{ Fis. Fu ~FunFoas}) 


E. = 
; 2f1-s?} 
and 
Fo4-S 
a3 aa ants and S= [xuaude 
LiLi b 


in conjunction with the normalization condition c,,, + Cy," + 2¢,,¢5 =1. 


(a) Applying the Hiickel approximation S = 0 and using the symbols ay. = Fuene, @y = Fun, and 
Fueu = Fune = f simplifies the secular determinant [6.12] for HeH” and rapidly produces an 
approximation for e, and é;. 


egret: £ 
B @,-€ 


Freie — © Fre — SE 
ge) oe 


(A. —€)(% —€)— 8° =0 


E° — (Gy, + By E+ A.B, — B’ =0 


ihe fe £({Oy. +0} —4 {04.0% -B}) Ogg + Oy +({a.-a%,} +46" 
oe a a ng a — —— 


{Qj. Gy} +48" 
7 


Og, + Ory +( 


Z 
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(b) Applying the Hiickel approximation S = 0 and using the symbols a@,; = Fiiti, ag = yy, and Fig = 

Fy; = 8 simplifies the secular determinant [6.12] for LiH”*. 

a -€ f£ 
B Q@-é 


Rast Ke Be 
Fy =k" Fy, 8 
(a@,,-€)(@, -€)-f’ =0 

é-(a, +a, )E+a,,@,-f =0 


1/2 


pout tnt ((eis teu} ~Mecn-2'}) Guta + ({a4, a} +46") 


Z 2 
2 2 1/2 2 2 1/2 
A, + Ay, -|1%;,-A&t +48 A, +, +({@,-Ap? +4h 
Thus, E 5+ Oy ~({Os- Gu} +48") © and é.= a . { » i 


b 


; 2 Z 


P6.17 We begin by choosing a coordinate system centered on the N atom of ammonia, which is shown in 
Figure 6.3 and is compatible with the one used in E6.12(a). dis the bond length. @ is the bond angle, 
and the xz plane bisects the H;NH?2 bond angle. 


(X3,¥3.Z3) = (%2,)2,Z2) 


(x2,)2,22) = (dcos0,dsin(6/2),d{cos® —x,° + y,”}'”) 


Hs, 
MN 
“Ny, 
%, 


“ous ttTFL, 


i 
(21,¥1,%1) = (d,0,0) 
. Figure 6.3 


The s-type Gaussians on the nitrogen atom and the hydrogen atoms of ammonia are 


2 
= — ay = ~ Oy |r = — Oy | ~Fy Ze By FF 
An = Nxe ‘ > Ku, = Nye | V Ku, = Nu,e | a An, = Nu,e I-nol 
where Tas Tu,» and Fy, are position vectors of the atoms as shown in the figure. 


In E6.12(a) it is shown that 


Ankn, = (NN ey, e )xearont 


2 
where @, =Q,+@,, 7; -( ad 0.0) , and £7, = 
a, + Ay OH, +, 


Thus, the two-center y,y; s-type Gaussian can be replaced with a one-center Gaussian at the position 
Thu, = (e,,0,0) between N and H, atoms. This result also allows us to conclude that the product 
Xu,Xu, can be replaced with a one-center Gaussian that is halfway between H, and H; because the 
hydrogen atoms have identical a values. 


Hate, = (Ny e™ jeer 

where a = 2a, 8 = So =2y,", and r, =(x,,0,z, ). 

These products can be substituted in the four-center, two-electron integral (NH|HH). 
(NHJHH,)= jo fa (125 (1)-A, (2) (2)44= Jo Je (0) ay (Iz a, (2), (2)00 


Pf malii-al 4 pdeimet =f = 
=N fe al-al _" e-r"l dede, where N = j,N,N,"e 8 ™ 
F2 
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This shows that the four-center, two-electron integral reduces to an integral over two different 
centers at r, and r,. The demonstration may also proceed using any arbitrarily placed coordinate 
system using the results of E6.12(b) where it is shown that 


LX = NeW"! where N=N Ngee enol =a, + a, and r, =(Q,7r, + Ayr, )/a 
P6.19 N..= 2 for H2 and from E6.17(a) and E6.17(b), 


v, = (1/2)'” {aq +o} and y, =(1/2)!" {24 —o}. (1.2) =(1/2)"” {ar(1) B(2)- (I) ax(2)] 


= Ye (IW (2). (142), % =H (Iv (2) (1,2) % =¥o (I)¥s (2)er(12) 
H,, = IAG +h, = ,dt 
= lv, (l)y, (2 I +h, + 0) (1)y,(2)dz (The spin states are normalized.) 


= fv, (1)y, (2) ay, (ly, (2)de+ fy, (1)y, (2) ay, (I) (2)de+ fv, (1) y, (2)2y, (1 l)y,(2)dz (i) 


>| 
i) 


Evaluating the first two integrals to the right, we find 
Jv. (yw, (2) ay, (ly, (2)dz= fu, (ay, (Ide, fv, (2, (2)dz, = fvs(Day. (dz, Gi) 
Similarly, [y, (1)y, (2) Ay, (1), (2)dz = fy, (2)4,y, (2)d2, , which is identical to integral (ii). 


Evaluation of the third integral to the right of equation (i) proceeds as follows. 


4 Jv (1) (2) 229, (Dv (2) ae = 4 fn (1) 2p, (2)° a 
= f{z, (1) — Xa (1 OOF fx, ( (2)— Xn ( an 


= {ze (WP - 2%. (1) Zo (1) + & (1) Ae An (2) - 275 (2) 4p (2)+ 20 (2) fae 

=(AA|AA)-2(AA|AB)+(AA|BB)—2(AB|AA)+4(AB|AB)—2(AB|BB) 
+(BB|AA)-2(BB|AB)+(BB|BB) 

= 2(AA|AA)—8(AA|AB)+2(AA|BB)+4(AB| AB) (iii) 


where we have used (BB|BB) =(AA|AA), (AB|AA)=(AA|AB) = (AB|BB) =(BB|AB), and 
(BB| AA) = (AA|BB). 

With (i), (ii), and (iii) we find that 

Hy, =2[y, (1)hy, (1)dz, +4{(AAl 


AA) 


-4(Aa| AB) +(AA|BB)+2(AB|AB)} 


Likewise, 
Hy =2E, +4{(AA|AA)+4(AA|AB)+(AA|BB)+2(AB| AB)! 


where E,, = fy, Dhy,(1)dz,. 
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Hy = Jrol +h +A Nana, 


12 


= (v. (1)y, i +h, rh (1)y,(2)dz (The spin states are normalized.) 
12 


= |v, (1), (2)ay, (1)y, (2)de+ fy. (1)y. (2) ay, (I), (2)de+ fv, (Iw, (2 i Joy, (1)y,(2)4e Civ) 
fv. (1) (2) ay, (1), (2) de = fy, (1) ay, (1)dz, fy, (2)y,(2)dz, =0 (v) 
because y, and y, are orthogonal. 
Likewise, fy, (1)y, (2) my, (1)y,(2)dz=0. (vi) 


4 Jv (Uy (2) 2295 (Uys (2)4e=4 fv, (Uys ()22v, (2s (2)ae 
= flea 1) +246 2s (1) 20 )} {5 (2)+ 25 (2) {a (2) zo (2)} 4 


= flan 0 0"} a (2-20 2} 

=[AA)AA)-[44) BB) BB) AA) + JBBIBB) 

i ae i (vii) 
where we have used {BB)BB) =[AA]AA) and {BB)AA) =/(AA)BB) 


With (iv)—(vii) we find that 


A,( (by symmetry) 


P6.21 This solution is based on the solution to problem 9.17 in P. W. Atkins and R. S. Friedman, Solutions 
Manual for Molecular Quantum Mechanics, 3rd ed., Oxford University Press, 1997. 


We are to show that 
[PHP 2dr =0 


where ¥, is the HF ground-state wavefunction and Y? is a singly excited determinant in which 
the virtual spinorbital y, replaces the occupied spinorbital y, of the ground-state. 


The hamiltonian is 


Hf = Yay (6.18] where h, =-_v? - ya 


ay ¥ mM. i 


The spinorbitals are orthonormal eigenfunctions of the Fock operator f; [6.6], so 


Jv. (rv, (ae, =6, fy. (ly, (1)az, =0 ( 
We begin by showing that 
Jv. (DAY, (I)da= fy. (Ay, (dz, +f (VV, |VnY%n)- (Won Mnt’> )} (ii) 


where (y, 


)= Jv. ows (| 2 Jy. (2)azar, 
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fv. (fv, (Idz,=fv.iay,)+ > {7,()-K, (Dw, ()bdz, [6.8] 


(singly occupied orbitals) 


=fv. (ay, (1 npES Geet (2)w.(2)4% hs 


-D fv. petits Nise dt, 
=(v, (1) hy, (1) dz, Merce ) 


We also need to see that 


N, 

> [Pot 2dt =N, [Phe ?de (iii) 
The reason is that h,, is a one-electron operator and electrons in the determinant wavefunction are 
indistinguishable, so [Yh ?d7 =|¥)h, Pdr = [PY hY2dt=--= [Phy Pde. 
Thus, 


»3 [PhP ede =(PAPrde+ [PhP rde+ [PY rde+---+ [Phy PPde=N, [Phe 2de 


To find a simplifying relationship for [Pav ?dz, we must find the number of possible orbital 
permutations given by the Slater determinants. With yw, occupied by electron 1 in ¥Y, and y, 
occupied by electron 1 in ¥? , there are (N, — 1)! ways of permuting electrons 2, 3, ..., N. among 
the other NV. — 1 spinorbitals in each of the determinants #%, and ¥?. Each of the (NV, — 1)! 
permutations in ¥%, makes a nonzero contribution to the determinant expansion if it matches 
identically one of the (V. — 1)! permutations in ¥?. Thus, there are a total of (4, — 1)! terms that 
contribute to the summation and since the spinorbial are normalized, each of the (V, — 1)! terms 
gives an equal contribution of |v. (I)hy, (i)dz 


fromwrae-| 2 ee ae cae 
w(N.) wi(N.) - We (N)) Ww (N.) WIM) - WM) 


=O fv. (iy, ()ar= fy. (yaw, (at (w) 


One additional relationship must be demonstrated before these equations can be used to prove the 
Brillouin theorem. It is 


2 \¥. ater Di (oY Ym )—(Va¥nI Yad) (v) 


ij 


To demonstrate the relationship, first expand the sum. 


Ly fm, mld =t if te? +1) '+n, tr bye ?dz 


ij 


Since 7%, =%> %3 =%,, and so on, 


N, : 
$f ow ede = jg Molnar tts te eth perder 
inj i 

ij 
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The electrons in the determinants are indistinguishable, so each term in the summation gives an 
identical result. There are 4 N, (NV, —1) equal terms so the previous equation simplifies to 


N, 
Ly \v2 dow rar =4N,(N,-1) jo [Por W2dt 


The operator r;7' within the above integral is a two electron operator leaving N. — 2 electrons that 
can be permutated in (NV. — 2)! ways in the determinant wavefunctions with each term in the 
resultant sum being equal. 


v(l) wl) -- w(t) v(t) wl) - (1) 
iS jv, Juyrae = 2M AN), v.(2) v, (2) 7 ey vp(2)  ¥s(2) x dae 
pate v(N.) vi(M) = WAM) We(Ne) ¥e(Ne) oo WL (N, 


Jv. (1) Wn (2¥ia YW, (1) Wn (2)42- fy. (1) Yn (2 Yin Vp (2)Wn (Ide 


. we |+ [Ye (1)¥(2Yia Ya (1)Y (2)42— fq (1), (2¥2 "Wn (2), (1) 


The above minus signs appear because permutations in ¥? differ by a sign if two electrons are 
interchanged. Because electrons 1 and 2 are indistinguishable, the first and third terms in the sum 
are equal as are the second and fourth terms. Furthermore, the restriction that m # a, p can be 
removed because, if included in the sum, the subtractions will cause their elimination. 


N. 5 
Ly [w, 2wrar 


it] 


me Ps a >| Df JYe (Yn (2% Y, (1% (2)4e- fv (Yn (2¥i2 Wp (2)¥, (1) az} 
= XL Jv. (0) He (2) (vn (2)4— Jy, (¥en (2)ia"Y, (2) Me (Ia 


“H{(v. Y, | VVin )- (VY, lv.Wp )} which completes the demonstration of (v). 


Equations (i)—(v) are used to show that f Y AY ?dzt=0. 


N. : . 
fv, HW? dr = [%. YA rye Vidt =>) Josnwear ss) fv,( 4 |wrae 
cf %y ij , 


=N, [YAY rde+ CAAA )-(ViVu|Yn¥>)f dy Gi) and (v) 


= fv, (ay, (1 Jar+-{(v.v; |Ya¥n)- (VVnlVn¥p)} by Gv) 


~ lv. (i)fy, (1)dz, =0 by (ii) and (i) 


This proves the Brillouin theorem: YAY ?d7=0. 
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P6.23 Exe [p| = [Cp ar 


When the density changes form p[r] to pir] + ptr] at each point, the functional changes form 
Exc[p] to Exclp+ 6p): 


baclo+dol= fo(p+)” & 
The integrand can be expanded in a Taylor series: 

(0+ &p)" =p? +3 0°50+4(3)(3) 0 bp? + 
Discarding terms of order 6° and higher we obtain 

Exo [p+ 5p] = [C(p°? +40" 6p) r = Ex. [p]+ [$Cp””*épr 


Therefore, the differential 6Exc of the functional (the difference Ex-[p+ dp] — Exc[p] that depends 
linearly on dp) is ; 


6E,-[p]= [§Cp*” pdr 
Comparison with 5E,..[p]= [Pac (r )Spdr [6.25] yields 


Vc (r) = SCp(r) 


Solutions to applications 


P6.25 (a) The hydrocarbons in questions form a homologous series. They are straight-chain alkanes of the 
formula C,H,,,,, or R-H where R =C,H,,,,. Draw up the following table. 


n ] 2 3 + 5 
1 0.5 1.0 NS” * Ta eo ES 
The relationship here is evident by inspection: 2=n/2, so we predict for the seven-carbon 
hydrocarbon in question 
a= 7/2 =([3.5|, 


(b) The plot, shown in Figure 6.4, is consistent with a linear relationship, for R? = 0.997 is close to 
unity. The best linear fit is 


log K =-1.95-1.497 


so |slope =—].49| and intercept =-1.95]. 


-1.0 


20 —— 
-04 -02 00 02 04 06 O8 1.0 Figure 6.4 
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(c) If we know z for the substituent R = H, then we can use the linear SAR just derived. Our best 
estimate of z can be obtained by considering the zero-carbon “alkane” H2, whose radical H ought to 
have a hydrophobicity constant z = 0/2 = 0. This value yields 


log K = —1.95—1.49(0) = —1.95 so K -197'°* - 112x107 


Note: The assumption that R = H is part of the homologous series of straight-chain alkanes is a 
reasonable but questionable one. 


D7.1 


D7.3 


D7.5 


D7.7 


D7.9 


E7.1(a) 


| Molecular symmetry 


Answers to discussion questions 


The point group to which a molecule belongs is determined by the symmetry elements it possesses. 
Therefore the first step is to examine a model (which can be a mental picture) of the molecule for 
all its symmetry elements. All possible symmetry elements are described in Section 7.1. We list all 
that apply to the molecule of interest and then follow the assignment procedure summarized by the 
flow diagram in Fig. 7.7 of the text. 


Within the context of quantum theory and molecular symmetry a group is a collection of 
transformations (R, R’, and so on) that satisfy these criteria: 


(1) One of the transformations is the identity, E. 

(2) For every transformation R, the inverse transformation R™ ' is included in the collection so that 
the combination RR” is equivalent to the identity: RR" = E. 

(3) The combination RR’ is equivalent to a single member of the collection of transformations. 

(4) The combination R(R’R”) = (RR’)R”. 


A molecule may be chiral and therefore optically active only if it does not posses an axis of 
improper rotation, S,. An improper rotation is a rotation followed by a reflection and this 
combination of operations always converts a right-handed object into a left-handed object and vice versa; 
hence an S, axis guarantees that a molecule cannot exist in chiral forms. When discussing optical 
activity, it is helpful to remember that 


(a) the presence of both a C,, and a oj, is equivalent to an S,. 

(b) 1=S>. 

(c) ao = S,. Thus, a molecule cannot be optically active if it possesses a center of symmetry or a 
mirror plane. 


See Sections 7.4(a) and 7.4(b). 


The letters and subscripts of a symmetry species provide information about the symmetry behavior of 
the species. An A or a B is used to denote a one-dimensional representation; A is used if the character 
under the principal rotation is +1 (symmetric behavior), and B is used if the character is —1 
(antisymmetric behavior). Subscripts are used to distinguish the irreducible representations if there is 
more than one of the same type: A, is reserved for the representation with the character 1 under all 
operations; E denotes a two-dimensional irreducible representation; T indicates a three-dimensional 
irreducible representation. These labels are called Mulliken symbols. For groups with an inversion 
center, a subscript g (gerade) indicates symmetric behavior under the inversion operation; a subscript u 
(ungerade) indicates antisymmetric behavior. A horizontal mirror is assigned ’ or” superscripts if the 
behavior is symmetric or antisymmetric, respectively, under the o, operation. 


Solutions to exercises 


Chloromethane belongs to the point group C3y. The elements other than the are a 


C, axis| and|three vertical mirror planes o,|. The symmetry axis passes through the C-—Cl nuclei. 
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The mirror planes are defined by the three C1CH planes. The C; principal axis and one of the o, 
mirror planes are shown in Figure 7.1. 


Figure 7.1 


E7.2(a) Naphthalene belongs to the point group D», and it has the symmetry elements shown in Figure 7.2. 
There are 3C, axes, a center of inversion, and 30, mirror planes. 


, 


Figure 7.2 


E7.3(a) List the symmetry elements of the objects (the principal ones, not necessarily all the implied ones); 
then use the remarks in Section 7.2, and Figure 7.3 below. Also refer to Figs. 7.7 and 7.8 of the text. 


Figure 7.3 
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(a) Sphere: an infinite number of symmetry axes; therefore 
(b) Isosceles triangles: E, C2, o,, and o% ; therefore 
(c) Equilateral triangle: E, C,, C,, o, 

Ea) 


D 3 
a ee ee 
(d) Cylinder: FE, C,, C,, o,; therefore 
E7.4(a) (a) NO,:E, C,, 0,, 0’; 
(b) N,O: E, C., C,, 0; 
ol CUCL: 6. .C,, Aas 
(d) CH,=CH,: E, C,, 2Cj, 0,; 
E7.5(a) (a) cis-CHCI=CHCI; £, C,, o,, &%; | 
(b) trans-CHCI=CHCI; E, C,, o,, i; 


E7.6(a) Only molecules belonging to the groups C,, C,,, and C, may be polar [Section 7.3a]; hence, of the 


molecules listed, only |(a) pyridine| and are polar. 


E7.7(a) The parent of the dichloronaphthalene isomers is shown to the right. C, Ce 
Care must be taken when determining possible isomers because om = oe 
naphthalene is a flat molecule that belongs to the point group D2, i | 
(see E7.2a). It has an inversion center, mirror planes, and rotational C CG 
axes that cause superficially distinct visual images to actually be the 2 Nn ZA Za 6 
same molecule viewed from different angles. For example, the C4 C5 


structures in Figure 7.4 are all 1,3-dichloronaphthalene. By drawing figures that avoid the redundancy 
caused by the symmetry elements, you will find a total of ten dichloronaphthalene isomers. 


Cl 


Cl 


The names and point groups of the ten isomers are summarized in the following table. 


Cl 


Figure 7.4 


Isomers and Point Groups of m,n-Dichloronaphthalene 
im [wlulululwlolw[s [ela 


E7.8(a) 


E7.9(a) 


E7.10(a) 
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Since the p, orbitals are perpendicular to the molecular plane, we recognize that the set of p, orbitals 
on each atom of BF; experiences the 0;, change. 


(Pp>Pri>Pr2>Pr3)D(O,) = (—Pg.—Ppi>—Pr2> Pr )- 


Consequently, we find by inspection that 


The matrix representations of the operations o, and C; are deduced in E7.8(a) and E7.8(b). According 
to the precepts of group theory, the successive application of these operations yields another 
member of the D3, group to which BF; belongs, and, in fact, by definition the operation o,C; should 
yield the S$; symmetry operation. The matrix representation of S; can be found by matrix 
multiplication of the component operations. 


-1 0 0 OyV1 0 0 

-1 0 OF 0 0 1 
D(o,,)D(C,) - 0 1 ollo 0 oO 
0 0 0 -1)0 1 0 


The result may be checked by matrix operation on the p, orbital vector where the effort should yield 


(Dy -PriPr Pp) DCS;) =(—pg,—Pis Pri» Pr) 


-—1 0 0 O 
0 -1 0 np oh 
(P.Pakn drs) ‘fe he oe = (—Py,—Pe3>~Pr1>—P)» Which is the expected result. 
0 -1 0 O 


Consider the equilateral triangle P|P,P3, which belongs to the D3, point group (text Fig. 7.8). The 
three C, axes and the three o, mirror planes of this triangle are shown in Figure 7.5. 


‘\ 


Ss 
owe ee ae 


Figure 7.5 
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E7.11(a) 


E7.12(a) 


The C2 and C; axes belong to the same class if there is a member S of the group such that C) = 
SCS [7.5] where S is the inverse of S. We will work with S = oO. , an operator for which S” _— o. . 
By comparison of the action of S” 'C,S on the vector (P,,P>,P3) with the action of C; on the same 
vector, we can determine whether or not the equality of eqn. 7.5 holds. If it does, C, and C; axes 
belong to the same class. 


°C, S(P, 2,2) =a Ge, (PR) 
= 0/C, (P,.P,.P, ) 
= 0, (P,,P,,P) 
=(P,,P,,P) (i) 
C; (P,P, Ps) = (P,P, F:) (ii) 
Eqns. (i) and (ii) indicate that Cj = S"'C,S where S = 0%, and we conclude that C,and C; belong 
to the same class. 
By either using the same argument or seeing the necessities of symmetry, we find that C, and Cy 


also belong to the same class. Consequently, C,, C; and C; all belong to the same class. 


The p, orbital spans B, of the C,, point group while z and p, span A,. Following the first A Brief 
Illustration of Section 7.5(a), we write a table of the characters of each function and multiply the rows. 


The characters of the product p,zp, are those of B, alone, so the integrand does not span Aj. It 


follows that the jintegral must be zerd. 


For a C3, molecule, x and y span E while z spans A,. Thus, the x and y components of the dipole 
moment [7.10] have transition integrands that span A, x E x A, for the A,—A, transition. By 
inspection of the C3, character table, we find the decomposition of the direct product to be A, x E x 
A; = E. The integrand spans E alone. Since it does not span Aj, the x and y components of the 
transition integral must be zero. The transition integrand for the z component spans A, x A, x A; = 
A» for the A,— A, transition. Consequently, the z component of the transition integral must also 
equal zero, and we conclude that the transition 1s forbidder] 


Should these considerations prove confusing, write a table with columns headed by the three 
components of the electric dipole moment operator, y. 


Component of yu = Y z 
Ay 1 1 bl a 
Tw) 2-1 0 2 -1 0 lt iw 
A2 1 1 -1 1 1 -1 11 - 
A, TQ) A, 2 -1 O 2 -1 0 1 1 -l 
_£ E Ag 


Since A, is not present in any product, the transition dipole moment must be zero. 


E7.13(a) 


E7.14(a) 


E7.15(a) 


E7.16(a) 


E7.17(a) 


E7.18(a) 


E7.19(a) 
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We first determine how x and y individually transform under the operations of the C,, group. Using 
these results we determine how the product xy transforms. The transform of xy is the product of the 
transforms of x and y. 


Under each operation the functions transform as follows. 


E Cr C4 Oy 04 

= xX a) y x -y 

y g ~y “KK ~y -% 
BY ecg TM xy ~ xy ~xy Xy 

=< 1 1 -! et 1 


From the C,, character table, we see that this set of characters belongs to By. 


In each molecule we must look for an improper rotation axis, perhaps in a disguised form 
(S, =o, S, =i) (Section 7.3b). If present, the molecule cannot be chiral. D2, contains lil, and C3, 
contains|o, | ; therefore, molecules belonging to these point groups cannot be chiral and cannot be 
optically active. 


Because the largest character is 3 in the column headed E£ in the O, character table, we know that 
the maximum orbital degeneracy is |3 BI. (See Section 7.4c). 


Benzene belongs to the Dg, point group. Because the largest character is 2 in the column headed F 
in the De, character table, we know that the maximum orbital degeneracy is a. (See Section 7.4c). 


Recall that p, <x, p,< y, p, <2, d, xy, d, «xz, d,«<yz,d,< eo. da_2 co x’ —y* (Section 
4.2g). Additionally, when the functions f, and f, of an overlap integral are bases for irreducible 
representations of a group, the integral must vanish if they are different symmetry species; if they are 
the same symmetry species, then the integral may be nonzero (Section 7.5a). Since the combination 
px(A) — p,(B) of the two O atoms (with x perpendicular to the plane) spans A», the orbital on N must 
span A, for a non-zero overlap. Now refer to the C, character table. The s orbital spans A, and the p 
orbitals of the central N atom span A,(p,), B,(p,), and B,(p,) . Therefore, span A», and 
hence p,(A)—p,(B) is a non-bonding combination. If d orbitals are available, as they are in S of the 
SO, molecule, we could form a molecular orbital with id, | which is a basis for A>. 


The electric dipole moment operator transforms as x(B,), y(B,),and z(A,) (C,, character table). 


Transitions are allowed if / y, lw, dT is non-zero (Example 7.6) and hence are forbidden unless 
T,xI(4)xT, contains A, . Since T; = A,, T, x(a) =A,. Since B, xB, =A,, B, xB, =A,, and 
A, XA, =A,, x-polarized light may cause a transition to a B, term, y-polarized light to a B2 term, 
and z-polarized light to an A; term. 


fers Te Ta Peele T= 
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E7.20(a) 


E7.21(a) 


P7.1 


n(0)=5 D2 (R)z(R) [7.7] where y(R) =(5,1,1,3,1) 


n(A,) = 4{1(1x5)+1(1x1) + 2(Lx1) + 2(1x3)+ 2(1x1)} = 2 
n(A,) = %{1(1x5)+1(1x1)+2(1x1)+2(-1x3)+2(-1x1} =0 
n(B,) = %{1(1x5)+1(1x1) + 2(-1x1)+2(1x3)+2(-1x1)}=1 
n(B,) = K{1(1x5)+1(1x1)+2(-1x1)+2(-1x3)+2(1x1)} =0 
n(E) = %{1(2x5)+1(-2x1)+2(0x1)+2(0x3)+2(0x1)} =1 


Thus, this set of basis functions spans ba, +B, +8. 


(a) The point group of benzene is Dg. In De, “ spans Ej,(x, y) and A»,(z), and the ground term is 
Aig. Then, using Azy X Aig = Aza, Eiu * Aig = Ena, Aou * Azu = Aig, and Ey X Eq = Aig + Arg + 


E>,, we conclude that the upper term is jeither E,,or A,, |. 


(b) Naphthalene belongs to D2». In D>, itself, the components span B3,(x), Boy(y), and B,,(z), and 
the ground term is A,. Hence, since A,xIT=I in this group, the upper terms 


are|B,, (x-polarized)|, |B,, (y-polarized)| , and/ B,, (z-polarized) 


We consider the integral 
I= [ A f,d0 = [ sin@cos@ dé 


and hence draw up the following table for the effect of operations in the group C, (see Figure 7.6). 


E On 
fi=snd sin -sin 6 
fr =cos @ cos 8 cos @ 


Figure 7.6 


In terms of characters, 


E On Symmetry Species 
hi 1 ~] A" 
h 1 1 A’ 
th 1 -1 Ae 


Since the product does not span the totally symmetric species A’, the integral is necessarily zero. 


Solutions to problems 
Solutions to numerical problems 


(a) Staggered CH,CH,:E, C,, C,, i, 364, 5,3[D,q| [see Fig. 7.6b of the text] 
(b) Chair C,H,,:E, Cy, C,, i, 304, 563|/D5,| 
Boat C,H,,:£, C,, ¢,, o,3|C,,| 


P7.3 


P7.5 


MOLECULAR SYMMETRY 163 


(c) B,H,:E, C,, 2C, i, o,, 207;[D,,| 
(d) [Co(en),}*:£, 2C,, 3C,;[D,] 


(e) Crown S,: E, C,, C,, 4C;,40,, 2S,; Dy! 


Only boat CsHj2 may be polar since all the others are D point groups. Only [Co(en), r belongs to 
a group without an improper rotation axis (S, = o) and hence is chiral. 


The operations are illustrated in Figure 7.7. Note that R* = E for all the operations of the groups, 
that ER = RE = R always, and that RR =RR for this group. Since C,o, =i,0,i=C,, and 
iC, = 0,, we can draw up the following group multiplication table. 


E Cr Oh I 
E E C, On i 
Cp C; E i On 
On On i E C; 


Figure 7.7 


The |trans-CHCI=CHCI] molecule belongs to the group Cp. 


COMMENT. Note that the multiplication table for C,, can be put into a one-to-one correspondence with 
the multiplication table of D, obtained in Exercise 7.13(b). We say that they both belong to the same 
abstract group and are isomorphous. 


Question. Can you find another abstract group of order 4 and obtain its multiplication table? There 
is only one other. 


Refer to Fig.7.3 of the text. Place orbitals h; and hz on the H atoms and s, p,, p,, and p, on the O 
atom. The z-axis is the C, axis; x lies perpendicular to o% and y lies perpendicular to o,. Then draw 
up the following table of the effect of the operations on the basis. 


E Se o 
hy hy hy hy hy 
ho hy hy hy hy 
s S s S S 
Px Px Px Px —P: 
Py Py —P Py Py 
Pz Pz Pz Pz Pz 


Express the columns headed by each operation R in the form 


(new) = D(R)\original) 


where D(R) is the 6 x 6 representative of the operation R. We use the methods set out in Section 7 A(a). 
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(i) E: (hy, ha, 8, Po Py, Pz) — (hy, h2, 8, Px Py» Pz) is reproduced by the 6 x 6 unit matrix. 


(ii) C2: (ho, hy, 8, Px» Dy Pz) — (h1, h2, S, Px» Py, Pz) is reproduced by 


010 000 
100 000 
001 000 
000-1 00 
Gt). 018 
000 0 01 


D(C,)= 


(iii) OY: (hp, hy, S, Px, i Oe Pz) — (h,, ho, 8, Px Py» pz) is reproduced by 


0100 00 
1000 00 
0010 00 
0001 00 
0000-10 
0000 01 


D(o,) = 


(iv) of :(h,, h,, 8,-P,, Py» P,) — (h, hy, S, P,» Py» P,) is reproduced by 


100000 
010000 
{001000 
1000-100 
000010 
000001 


D(o.) 


Vv 


(a) To confirm the correct representation of C,o, = 0, we write 


010 0 00;}/0100 00 
100 0 00);1000 00 
001 0 00)}0010 00 
000-1 00},0001 00 
000 0-10 |}0000-10 
000 0 01);0000 O1 


D(C, )D(o,) = 


100000 
010000 
001000 
000-100 (2) 
000010 


000001 
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(b) Similarly, to confirm the correct representation of 0,0, =C,, we write 


0100 00}/;100 000 
1000 00]/010 000 
0010 00)];001 000 
0001 00;,000-100 
0000-10];000 010 
0000 011;000 001 


D(o,)D(o,) 


010 0 00 
100 0 00 
001 0 00 
== = D(C,) 
000-1 00 
000 0-10 
000 0 01 


(a) The characters of the representatives are the sums of their diagonal elements: 


(b) The characters are not those of any one irreducible representation, so the representation is 
reducible. 


(c) The sum of the characters of the specified sum is 


E C2 0, o. 
3A, 3 3 3 3 
B, 1 —] l -1 
2B, 2 —2 —2 2 
3A;+B,+2B, 6 0 2 


which is the same as the original. Therefore the representation is 3A, + B, + 2B>. 


P7.7 The basis set consists of four 1s hydrogen orbitals, which is written as f = (A, B, C, D) when 
positioned as shown in Figure 7.8. When reflected in the mirror plane ogap of the figure, the basis 
vector becomes (B,A,C,D). The order of the 7, group is 24, so there are 24 matrices to find. In 
addition to E there are 8C3 operations; clockwise and counterclockwise C; axes along the C—Hy, 
bond, shown in the figure, are labeled Cj, and C;,. Likewise, the clockwise and counterclockwise 
C; axes along the C—Hg bond, shown in the figure, are labeled Cj, and C;,. There are 3C; 
operations; the one that bisects the H,—C—Hg angle is labeled C243. There are 6S,. The clockwise 
and counterclockwise S, axes that bisect the H,—C—Hg angle are labeled Sj, and S,,,,. Finally, 
there are 60, mirror planes; the one, shown in the figure, that bisects the H,a—C—Hg angle is 


labeled gap. 
1 0 0 0 
01 0 0 , 
Ef = A,B,C,D = = E 3 =4 
if =( =F, & 7 yg tee 
yay 1 
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{1 00 0 

, 0001 ; 

Cf =(ACDB)=f] 0) 1 9 9 |=/P(Ca)sz=! 
O 0bw 
1000 

k 0010 : 

C;,f =(A,D,B,C) =f sotto = D(C); x=1 
0100 
0010 

‘ 0100 . 

Cf =(D,B,A,C) = f 0001 = D(C); 7=1 
i bo 
0001 

5 0100 : 

Cz f =(C,.B,DA)=/ jena = D(C); x=! 
0010 
ioe O41 

' 1000 

Cif = (BD.CA)=f} wer = D(Ci.); x=1 
0100 
0100 

0001 ch 

Gof =(DACB)=F] 5 1 9 = fD(C3.); 7 =1 
1000 


+ 
Sash o- 
4AB 


Figure 7.8 
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oo Oo = 
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A ea 
¢ 001 0 J 
SiacS =(D,A,B,C) = f = fD (Since); X= 0 
I Oe | 
1 00 0 
0 1 0 0 
Oa S =(BACD) =f ee = (Gu) 2=2 
_ =e Oe a a ss 
000 1 
001 0 
Such =(CBABHS| OL” l= yplas eee? 
ae “i ibopeay a eee 
000 1 
000 1 
0100 
San S =(D,B,C,A) = f = fD (Cup); X= 2 
001 0 
100 0 
1 00 0 
Owe f =(A,C.B,D) = f tes "= (a )sx=2 
ai “He pean ee 
000 1 
1 0 0 0 
Smt =(AD,CB)=f\- °° l= plop); x=2 
~ Fo 0 1 of LP 7m) ¥= 
0100 
100 0 
0 {. ova 
Sun S =(A,B,D,C) =f = {D( Cup )3 H=2 
000 1 
0 1°8 
Exercise: Find the representations for the 1s orbital basis at the corners of a regular trigonal 
bipyramid. 
P7.9 Representation | 


D(C,)D(C,) = 1x1=1= D(C,) 


and from the C,, character table, this is either A; or Az. Hence, either D(o,) = D(o,) = [+1 or —1], 
respectively. 


Representation 2 

D(C,)D(C,) =1x(-)) =-1= D(G) 

and from the C,, character table this is either B, or B». Hence, either D(o,)=—D(o,)= 
or D(o,,) =-D(o,) = [-1], respectively. 


P7.11 A quick rule for determining the character without first having to set up the matrix representation is to 
count 1 each time a basis function is left unchanged by the operation because only these functions 


P7.13 


P7.15 
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give a non-zero entry on the diagonal of the matrix representative. In some cases there is a sign 
change, (...—/...)<(...f...); then —1 occurs on the diagonal, so count —1. The character of the 
identity is always equal to the dimension of the basis since each function contributes 1 to the trace. 


E: All four orbitals are left unchanged; hence y = 4 
C3: One orbital is left unchanged; hence y = 1 

C2: No orbitals are left unchanged; hence y = 0 

a4: Two orbitals are left unchanged; hence y = 2 


S4: No orbitals are left unchanged; hence y = 0 


The character set 4, 1, 0, 2, 0 spans [A, +7, } Inspection of the character table of the group 7; 
shows that an s orbital spans A, and that the three p orbitals on the C atom span T>. Hence, the 
orbitals of the C atom may form molecular orbitals with the four H1s orbitals. In Ty, the d 
orbitals of the central atom span E + T, (character table, final column), so only the T> set 
may contribute to molecular orbital formation with the H orbitals. 


The most distinctive symmetry operation is the axis through the central atom and aromatic 
nitrogens on both ligands. That axis is also a axis. The group is [S, 


(a) Cy. The functions x*, y*, and 2* are invariant under all operations of the group, so 2(5z* — 3?”) 
transforms as 2(A)), y5y — 3r’) as y(B2), x(5x’ — 37”) as x(B,), and likewise for 2(x* - y), ye? _ 
2), and x(z — y’). The function xyz transforms as B, x B2 x A; = A). Therefore, in group 


Cis J > A, t A, 28, + 28, |. 


(b) C3,. In C3,, z transforms as A;, and hence so does z’. From the C3, character table, (x* — ¥. xy) is 
a basis for E, so (xyz, z(x’ -y )) is a basis for A; x E = E. The linear combinations 
p(Sy? —3r?)+5y(x? —2z*) %& y and x(5x” —3r?)+5x(z’ — y’) « x are a basis for E. Likewise, 
the two linear combinations orthogonal to these are another basis for E. Hence, in the group 


Cf TA F3E| 


(c) Ty. Make the inspired guess that the f orbitals are a basis of dimension 3 + 3 + 1, suggesting the 

_ decomposition T + T + A. Is the A representation A; or A? We see from the character table 
that the effect of S, discriminates between A, and A>. Under S,, x > y, y -x,Z7— -z, 80 
xyz —> xyz. The character is y = 1, so xyz spans A). Likewise, (x*, y’, z°) > ()”, -*, -z’) and 
wv =0+0-1=-1. Hence, this trio spans T>. Finally, 


{x(z? — y’), p(z? - x’), 2(x’ — y’)} > {(2? — x’), -x(z’ - y’), -2(y’ - x”)} 


resulting in y = 1, indicating T;. Therefore, in 7,, f — A, +7, +T,} 


(d) O,.Anticipate an A + T + T decomposition as in the other cubic group. Since x, y, and z all 
have odd parity, all the irreducible representatives will be u. Under S,, xyz — xyz (as in (c)), 
and so the representation is y = 1 (see the character table). Under Sy, 
Gi 7, z’) —> (y’, auf ~z°), as before, and y = —1, indicating T),. In the same way, the 
remaining three functions span T2,. Hence, in O,, f > [An +N + Zul 


(The shapes of the orbitals are shown in D. F. Shriver and P. W. Atkins, Jnorganic Chemistry, 3rd 
Ed., Oxford University Press and W. H. Freeman and Company, 1999.) 


The f orbitals will cluster into sets according to their irreducible representations. 


Thus, (a) f — A, +T, +T, in Tj symmetry, and there is one non-degenerate orbital and two sets of 
triply degenerate orbitals. (b) f — A,, + T,, +T,,, and the pattern of splitting (but not the order of 
energies) is the same. 
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P7.17 


P7.19 


We begin by drawing up the following table for the C,, group. 


[ [xe [xin [Nin [nam [oom [om [oon [om [a [Om | a 
[nam [in | nip | nap. [ om. | om, | ome | o2m.| or, | 0mm | 10 


e_ [y(n | wn 0m |-0a [0m [2 [om [om 


was [ Np [Nap | wap | 0, [-0%5| o2,| om. |-o2p| om | 2 


Ta Taek Tete ewe fs ee oie eel ee bed 


The character set (10, 0, 2, 4) decomposes into |4A,+2B,+3B,+A,|. We then form symmetry- 
adapted linear combinations as described in Section 7.5(e). 


y(A,) =N2s (column 1)  y(B,)=O2p, +O'2p, (column 5) 
W(A,)=N2p, (column 4) y(B,)=N2p, (column 3) 
y(A,) =O2p, +O’2p, (column 7) y(B,) = O2p, + O'2p, (column 6) 
y(A,)=—O2p,+O'2p, (column 9) y(B,) =O2p, -O’2p, (column 7) 
y(B,) = N2p, (column 2)  W(A,)=O2p,-O'2p, (column 5) 


(The other columns yield the same combinations.) 


Consider phenanthrene with carbon atoms as labeled in the structure below. 


(a) The 2p orbitals involved in the z system are the basis we are interested in. To find the 
irreducible representations spanned by this basis, consider how each basis is transformed under the 
symmetry operations of the C2, group. To find the character of an operation in this basis, sum the 
coefficients of the basis terms that are unchanged by the operation. 


To find the irreducible representations that these orbitals span, multiply the characters in the 
representation of the orbitals by the characters of the irreducible representations, sum those 
products, and divide the sum by the order h of the group (as in Section 7.5a). The table below 
illustrates the procedure, beginning at left with the C2, character table. 


Product 


The orbitals span |7A, + 7B, }. 


o> ff 
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To find symmetry-adapted linear combinations (SALCs), follow the procedure described in Section 
7.5(c). Refer to the table above that displays the transformations of the original basis orbitals. To 
find SALCs of a given symmetry species, take a column of the table, multiply each entry by the 
character of the species’ irreducible representation, sum the terms in the column, and divide by the 
order of the group. For example, the characters of species A; are 1, 1, 1, 1, so the columns to be 
summed are identical to the columns in the table above. Each column sums to zero, so we conclude 
that there are no SALCs of A; symmetry. (No surprise here: the orbitals span only A, and B,.) An 
A, SALC is obtained by multiplying the characters 1, 1, -1, —1 by the first column: 


I , , oS 
q@a-a—a'ta)=s(a a’) 


The A, combination from the second column is the same. There are seven distinct A, combinations 


in all: ;(a-a’), 5(b-b’),....5(g-g")} 


al pea 
The B, combination from the first column is q(at a’+a’+a)= 5(a +a’). 
The B, combination from the second column is the same. There are seven distinct B; combinations 


in all: 5(a + a’),5(b +b’), on (B +’)|. There are no B, combinations, as the columns sum to zero. 


(b) The structure is labeled to match the row and column numbers shown in the determinant. The 
Hiickel secular determinant of phenanthrene is 


a b c d e f g g i e” d’ Cc b’ a’ 
a-E £B 0 0 0 0 0 0 0 0 0 0 0 B 
B a-E 8B 1) 0 0 B 0 0 0 0 0 0 0 
0 B a-E 8B 0 0 0 0 0 0 0 0 0 0 
0 0 B a-E fp 0 0 0 0 0 0 0 0 0 
0 0 0 B a-E 8B 0 0 0 0 0 0 0 0 
0 0 0 0 B a-E 8B 0 0 0 0 0 0 0 
0 B 0 0 0 B a-E 8B 0 0 0 0 0 0 
0 0 0 0 0 0 B a-E 8B 0 0 0 B 0 
0 0 0 0 0 0 0 B a-E 8B 0 0 0 0 
0 0 0 0 0 0 0 0 B a-E 8B 0 0 0 
0 0 0 0 0 0 0 0 0 B a-E 8B 0 0 
0 0 0 0 0 0 0 0 0 0 B a-E 8B 0 
0 0 0 0 0 0 0 B 0 0 0 B a-E Bp 
B 0 0 0 0 0 0 0 0 0 0 0 B a-E 


This determinant has the same eigenvalues as in exercise 5.22a(b). 


(c) The ground state of the molecule has A; symmetry because its wavefunction is the product 
of doubly occupied orbitals, and the product of any two orbitals of the same symmetry has A, 
character. If a transition is to be allowed, the transition dipole must be non-zero, which in turn 
can happen only if the representation of the product ¥% yu includes the totally symmetric 
species A,. Consider first transitions to another A, wavefunction, in which case we need the 
product A,“A,. Now A,A, =A,, and the only character that returns A; when multiplied by A, 
is A, itself. The z component of the dipole operator belongs to species A, so z-polarized A; — 
A, transitions are allowed. (Note: Transitions from the A, ground state to an A, excited state are 
transitions from an orbital occupied in the ground state to an excited-state orbital of the same symmetry.) 
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The other possibility is a transition from an orbital of one symmetry (A; or B;) to the other; in that case, 
the excited-state wavefunction will have symmetry of A,B; = B from the two singly occupied orbitals in 
the excited state. The symmetry of the transition dipole, then, is A,“#B, = 4B,, and the only species that 
yields A; when multiplied by B, is Bz itself. The y component of the dipole operator belongs to species 
B», so these transitions are also allowed (y-polarized). 


The p, orbitals of the fluorine atoms in XeF, are shown in Figure 7.9. (The orbital has a 
positive wavefunction sign in shaded lobes and a negative wavefunction sign in unshaded 
lobes.) These orbitals may form z molecular orbitals with the xenon atom provided that a non- 
zero Overlap integral exists. 


2 
C05. 


oe v 


To find the symmetry species spanned by the fluorine p, orbitals, we use a quick rule for 
determining the character of the basis set under each symmetry operation of the group: count 1 each 
time a basis function is left unchanged by the operation because only these functions give a non- 
zero entry on the diagonal of the matrix representative. In some cases there is a sign change, 
(...-f ..) —(...f...); then —1 occurs on the diagonal, so count —1. The character of the identity is 
always equal to the dimension of the basis since each function contributes 1 to the trace. Although 
XeF, belongs to the D4, group, we will use the D, subgroup for convenience. Here is a summary of 
the characters exhibited by the fluorine orbital under each symmetry operation. 


Pe EG |G | 2G | 2G 
| Fluorinepeorbitals | 4 | o | o | 2 | 0 


Inspection of the D, character table shows that the fluorine p, orbitals span A, + B, + E. Further 
inspection of the D, character table reveals that p, belongs to Ay, d,,, belongs to B2, and both the (p,,p,) set 
and the (d,,d,,) set belong to E. Consequently, only these orbitals of the central atom may possibly have 
non-zero overlap with the fluorine p, orbitals. We must now use the procedure of Section 7.5(c) to find 
the four symmetry-adapted linear combinations (SALC) of the fluorine p, orbitals. Using clockwise 
labeling of the Fp, orbitals, we write a table that summarizes the effect of each operation on each orbital. 
(The symbol A is used to represent the orbital p,(A) at fluorine atom A, and so on.) 


Figure 7.9 
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To generate the B, combination, we take the characters for B2 (1,1,—1, —1, -1, —1,1,1) and multiply 
column 3 and sum the terms. Then we divide by the order of the group (8): 


pi(Bz) = 'e{C + A- B~-D+C + A-D-B} = ‘/a{p,(A) — p(B) + p(C) — p(D)} 
To generate the A combination, we take the characters for A, and multiply column 1: 


P2(Ao) = "/4{p.(A) + p.{A) + p(C) + pAD)} 


To generate the two E combinations, we take the characters for E and multiply column 1 for one of 
them and multiply column 2 for the other: 


p3(E) = "/4{p.(A) — p{C)} 
pa(E) = ‘/4{p{B) — p(D)} 
Other column multiplications yield these same combinations or zero. 


Figure 7.10(a) shows that the p,(A2) orbital of the central atom does have nonzero overlap with pp. 
Figure 7.10(b) shows that d,,(E) has a non-zero overlap with p;. However, Figure 7.10(c) shows 
that, because of the balance between constructive and destructive interference, there is zero overlap | 
between d,,(B2) and p;. Thus,| there is no orbital of the central atom that forms a non-zero overlap 
with the p; combination, so p, is nonbonding. , a 


Figure 7.10 


Solutions to applications 


(a) Following the flow chart in Fig. 12.7 of the text, note that the molecule is not linear (at least not 
in the mathematical sense); there is only one C,, axis (a C,), and there is a o,,. The point group, 


then, is . 


b d f h j k’ r g’ e’ c a’ 
A OS™ OX OO iG ~~ Ob ~*~ Oo ~~ Oo ~ bb ~ 
a c e g i k j’ h’ r d’ b’ 


(b) The 2p, orbitals are transformed under the symmetry operations of the C2, group as follows. 
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To find the irreproducible representations that these orbitals span, we multiply the characters of 
orbitals by the characters of the irreproducible representations, sum those products, and divide 
the sum by the order / of the group (as in Section 12.5a). The table below illustrates the 
procedure, beginning at left with the C>, character table. 


The orbitals span |11A, +11B, |. 


To find symmetry-adapted linear combinations (SALCs), follow the procedure described in 
Section 12.5(c). Refer to the table above that displays the transformations of the original basis 
orbitals. To find SALCs of a given symmetry species, take a column of the table, multiply each 
entry by the character of the species’ irreducible representation, sum the terms in the column, and 
divide by the order of the group. For example, the characters of species A, are 1, 1, 1, 1, so the 
columns to be summed are identical to the columns in the table above. Each column sums to zero, 
so we conclude that there are no SALCs of A, symmetry. (No surprise: the orbitals span only A, 
and B,). An A, SALC is obtained by multiplying the characters 1, 1, -1, —1 by the first column: 


7 (a+a’+a’ +a) =5(ata’) 


The A,, combination from the second column is the same. There are 11 distinct A, combinations 
in all: 5 (ata’) 5 (b+b’), 5 (k+k) 


The B, combination from the first column is: z(a —a’—a’+a)= 5(a —a’). 


The B, combination from the second column is the same. There are 11 distinct B, combinations in 


all: 5(a —a’), 5(b —b’), 5 (k —k’)|. There are no B, combinations, as the columns sum to zero. 


(c) The structure is labeled to match the row and column numbers shown in the determinant. The 


aT £ 


Hiickel secular determinant is 
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The energies of the filled orbitals are a + 1.981378, a + 1.92583f, a + 1.834428, a + 1.708848, 
a +1.551428, a +1.36511f, a +1.15336f, a +0.920138, a + 0.669768, a +0.40691£, and a + 
0.136488. The z energy is 27.30729f. 

The ground state of the molecule has A, symmetry because its wavefunction is the product of 
doubly occupied orbitals, and the product of any two orbitals of the same symmetry has A, 
character. If a transition is to be allowed, the transition dipole must be non-zero, which in turn 
can happen only if the representation of the product ¥% 4% includes the totally symmetric 
species A,. Consider first transitions to another A, wavefunction, in which case we need the 
product A,uwA,. Now A,A, = A,, and the only character that returns A, when multiplied by A, is 
A, itself. No component of the dipole operator belongs to species A,, sono A, < A, transitions 
are allowed. (Note: Such transitions are transitions from an orbital occupied in the ground state 
to an excited-state orbital of the same symmetry.) The other possibility is a transition from an 
orbital of one symmetry (A, or B,) to the other; in that case, the excited-state wavefunction will 
have symmetry of A,B, = B, from the two singly occupied orbitals in the excited state. The 
symmetry of the transition dipole, then, is A,u“B, = 4B,, and the only species that yields A, 
when multiplied by B, is B, itself. The x and y components of the dipole operator belong to 
species B,, so these transitions are allowed. 


D8.1 
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Molecular assemblies 


Answers to discussion questions 


Molecules with a permanent separation of electric charge have a permanent dipole moment. In 
molecules containing atoms of differing electronegativity, the bonding electrons may be displaced 
in such a way as to produce a net separation of charge in the molecule. Separation of charge may 
also arise from a difference in atomic radii of the bonded atoms. The separation of charges in the 
bonds is usually, though not always, in the direction of the more electronegative atom but depends 
on the precise bonding situation in the molecule as described in Section 8.2. A heteronuclear 
diatomic molecule necessarily has a dipole moment if there is a difference in electronegativity 
between the atoms, but the situation in polyatomic molecules is more complex. A polyatomic 
molecule has a permanent dipole moment only if it fulfills certain symmetry requirements as 
discussed in Section 7.3(a) of the text. 


An external electric field can distort the electron density in both polar and nonpolar molecules, 
which results in an induced dipole moment that is proportional to the field. The constant of 
proportionality is called the polarizability. 


See Fig. 8.4 of the text for typical charge arrays corresponding to electric multipoles. 

The interaction potential between a point charge q2 (monopole, m = 1) and any of the multipoles (m =2 
or 3 or ...) is given by eqn. 8.5 as V « A where r is the separation distance between gz and the 
multipole. This is a steeper potential las decrease with r than that observed for the interaction 
between two point charges: V << [8.la]. The steeper decline originates in the case for which 


r >> I, where / is the separation of charge within the multipole because, as 7 becomes relatively large, 
the array of charges in the multipole appears to blend together into neutrality causing lower order 
interaction terms to cancel. For example, the dipole terms within the monopole-quadrupole (m = 3) 
interaction potential cancel leaving only a 1/r’ term. We use the linear quadrupole charge arrangement 
shown in Figure 8.1 to show this cancellation of lower order terms. Since we are interested in the case 
x = I/r << 1, the following Taylor series expansions are useful substitutions: 


(l¢x)¢ =l-x4tx?-x° ++ and (l-x)' =l+xtx°4x°4+-- 


Figure 8.1 
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Begin by adding the terms for the Coulomb potential interaction [8.1a] between the charge array of 
the quadrupole and the monopole g2, substitute x = //r, and perform Taylor series expansions on the 
functions of x. 


Ane. V = N92, 29:9) 4 AD 
r+l r r—l 


4. \— 1-244 | 

r |(l+x l= x | 

=f2 4 +x <2 4x4 te AD AM atx gx txt} 
r 


29 yg pat gen. 
= > 2f1+x +x° 4+ } 


The higher order terms within the polynomial are negligibly small compared to 1 in the case for 
which x = //r << 1, thereby leaving the simple expression 


y = 289 hd or Voie 


Aneé,r 2m 5F° r 


A hydrogen bond (---) is an attractive interaction between two species that arises from a link of the 
form A—H...B, where A and B are highly electronegative elements (usually nitrogen, oxygen, or 
fluorine) and B possesses a lone pair of electrons. It is a contact-like attraction that requires AH to 
touch B. Experimental evidences supports a linear or near-linear structural arrangement and a bond 
strength of about 20 kJ mol. The hydrogen bond strength is considerably weaker than a covalent 
bond but it is larger than and dominates other intermolecular attractions such as dipole-dipole 
attractions. Its formation can be understood in terms of either the (a) electrostatic interaction model 
or (b) molecular orbital calculations (Chapter 6). 


(a) A and B, being highly electronegative, are viewed as having partial negative charges (6 ) in the 
electrostatic interaction model of the hydrogen bond. Hydrogen, being less electronegative than 
A, is viewed as having a partial positive (5°). The linear structure maximizes the electrostatic 
attraction between H and B: 


This model is conceptually very useful. However, it is impossible to exactly calculate the 
interaction strength with this model because the partial atomic charges cannot be precisely 
defined. There is no way to define which fraction of the electrons of the AB covalent bond 
should be assigned to one or the other nucleus. (See numerical problem 6.7.) 

Ab initio quantum calculations are needed in order to explore questions about the linear 
structure, the role of the lone pair, the shape of the potential energy surface, and the extent to 
which the hydrogen bond has covalent sigma bond character. Yes, the hydrogen bond appears 
to have some sigma bond character. This was initially suggested by Linus Pauling in the 1930s, 
and more recent experiments with Compton scattering of X-rays and NMR techniques indicate 
that the covalent character may provide as much as 20% of the hydrogen bond strength. A 
three-center molecular orbital model provides a degree of insight. A linear combination of an 
appropriate sigma orbital on A, the 1s hydrogen orbital, and an appropriate orbital for the lone 
pair on B yields a total of three molecular orbitals. One of the MOs is bonding, one is almost 
nonbonding, and the third is antibonding. Both bonding MO and the almost nonbonding orbital 
are occupied by two electrons (the sigma-bonding electrons of A—H and the lone pair of B). The 
antibonding MO is empty. Thus, depending on the precise location of the almost nonbonding 
orbital, the nonbonding orbital may lower the total energy and account for the hydrogen bond. 


(b 


— 


The formation of micelles is favored by the interaction between hydrocarbon tails and is opposed by 
charge repulsion of the polar groups that are placed close together at the micelle surface. As salt 
concentration is increased, the repulsion of head groups is reduced because their charges are partly 
shielded by the ions of the salt. This favors micelle formation causing the micelles to be larger and 
the critical micelle concentration to be smaller. 


| 


178 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


D8.9 


D8.11 


D8.13 


The van der Waals equation of state (eqn. 8.24) provides an accounting of both the repulsive and 
attractive interactions between molecules by employing the van der Waals constants a and b to 
account for the attractive and repulsive interaction, respectively. These interactions are negligibly 
small in the limit of zero pressure because the average intermolecular distance is very large 
compared to the size of a molecule in this limit. Consequently, the perfect gas law accurately 
describes p, V,,, T behavior in the limit of zero pressure. 


RT a 


Fazer (8240) 


P= 


The van der Waals constants a and b do not exactly reflect the fact that interaction potential 
energy is a function of distance from a molecule. The potential is a periodic function in solids, in 
liquids, and in gases at small molar volumes because molecular closeness causes the potential to 
depend on many nearest-neighbor molecules (covalent compound), ions (ionic compound), and 
atoms (element). The potential is not a constant. However, the van der Waals constants do 
represent an average value of the repulsive and attractive interactions, which is an improvement 
over the perfect gas equation at higher pressures and lower temperatures. The van der Waals 
constant 5 treats the repulsive interaction as if molecules were hard spheres for which the 
repulsion is zero until there is contact between two colliding spheres with an ensuing infinite 
repulsion potential. 


Fig. 8.30 of the text illustrates the physically implausible van der Waals loops that are produced 
by the van der Waals equation in regions of gas-liquid equilibrium. This error is resolved by 
using a Maxwell construction to replace the loops with horizontal straight lines so that the loops 
have equal areas above and below the lines. One end of the isotherm line provides a molar 
volume estimate for the gas phase; the other end gives an estimate for the molar volume of the 
liquid phase. 


The radial distribution function, g(r), is defined so that g(r)rdr is the probability that a 
molecule will be found in the range dr at a distance r from the molecule. Figure 8.2(a) illustrates 
a sketch of a radial distribution function for a solid. g(7) spikes at intervals that depend on the 
crystal structure and the identifiable spikes continue to the edge of the crystal because of the 
long-range order of the perfect atomic array. Figure 8.2(b) illustrates a radial distribution function 
for a liquid. The distribution shows several broad peaks, which indicate some short-range local 
order around each molecule, but there is considerable variance in the positions of even nearest- 
neighbor molecules. This happens because molecules are no longer at fixed lattice sites. They 
have more freedom to move and slip past one another. All r values beyond the closest contact 
distance become possible, causing g(7) to exhibit broadened short-range peaks and to never 
decline to zero. Molecular mobility also destroys long-range order so that no spike in seen after 
several molecular diameters. 


(b) 
a(r) 


r r Figure 8.2 


Kevlar is a polyaromatic amide. Phenyl groups provide aromaticity and a planar, rigid 
structure. The amide group is expected to be like the peptide bond that connects amino acid 
residues within protein molecules. This group is also planar because resonance produces 
partial double-bond character between the carbon and nitrogen atoms. There is a substantial 
energy barrier preventing free rotation about the CN bond. The two bulky phenyl! groups on 
the ends of an amide group are trans because steric hindrance makes the cis conformation 
unfavorable. 


E8.1(a) 


MOLECULAR ASSEMBLIES 179 


~) 
a Posi aD A O 


N:=C <> N=C a 
7 Resonance 7 
H H 
trans sees trans gece 
+ Energy 


*, oe 
NC 
3 a | gq 


The flatness of the Kevlar polymeric molecule makes it possible to process the material so that 
many molecules with parallel alignment form highly ordered, untangled crystal bundles. The 
alignment makes possible both considerable van der Waals attractions between adjacent molecules 
and strong hydrogen bonding between the polar amide groups on adjacent molecules. These 
bonding forces create the high thermal stability and mechanical strength observed in Kevlar. 
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Kevlar is able to absorb great quantities of energy, such as the kinetic energy of a speeding bullet, 
through hydrogen bond breakage and the transition to the cis conformation. 


Solutions to exercises 


A molecule with a center of symmetry may not be polar, but molecules belonging to the groups C,, 
and C,, may be polar (Section 7.3). The C atom of CIF; is approximately sp’ hybridized, which 
causes the molecule to belong to the C3, point group. The highly electronegative F atoms cause the 
C-F bonds to be very polar and the average dipole of the three very polar C-F bonds is unbalanced 
by the less polar C-I bond. Therefore, is polar. 


Ozone is a bent molecule that belongs to the C,, point group. Lewis resonance structures for the 
molecule show a central atom with a double bond to an end oxygen atom and a single bond to 
oxygen at the other end. The central oxygen has a formal charge of +1 while the double-bonded end 
oxygen has a formal charge of zero. The single-bonded end oxygen has a —1 formal charge. The 
average position of the —1 formal charge of the two resonance structures predicts a small negative 
charge that lies halfway between the extremities and a fraction of a bond length away from the 
central oxygen, which is expected to have a small positive charge. Consequently, is polar. 


Hydrogen peroxide belongs to the C) point group with each carbon atom approximately sp° 
hybridized. The H-O-O bond angles are 96.87°. The H-O—O plane of one hydrogen atom is at a 
93.85° angle with the O-O-H plane of the other hydrogen atom. Consequently, the dipole moments 
of the two polar O—-H bonds do not cancel and the 


molecule is polar. 
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B=(u + +244, 00860)" [8.2a] 
=[(1.5)? + (0.80)? + (2) (1.5) (0.80) x (cos109.5°)}2D = 


The dipole moment is the vector sum (see Figure 8.3). 


Figure 8.3 


H= 3 qr, = 3e(0) — er, — 2er, 


h=ix,, nR=b,+j, 
x, =+0.32nm 
x, =r, cos 20° = (+0.23nm) x (0.940) = 0.216nm 
, =r, sin 20° = (40.23 nm) x (0.342) = 0.0787 nm 
The components of the vector sum are the sums of the components. That is (with all distances in nm), 
Ul, = —ex, —2ex, =—(e) x {(0.32) + (2) x (0.216)} = -(e)x (0.752nm) 
pt =-2e , =—(e)x (2) (0.0787) = -(e) x (0.1574nm) 


w= +’)? =(e)x (0.768nm) = (1.602 10 C)x (0.768 10" m) 


=1.23x10 Cm =[37D] 


The angle that 4 makes with the x-axis is given by 


Lu. | 0752 
cos 8 = —+-=——_; 9=11.7° 
BH 0.768 


The O-H bond length of a water molecule is 95.85 pm and the Li* cation is 100 pm from the dipole 
center. Because these lengths are comparable, a calculation based on the assumption that the water 
dipole acts like a point dipole with a dipole length much shorter than the dipole-ion distance is 
unlikely to provide an accurate value of the dipole-ion interaction energy. However, such a 
calculation does provide an “order-of-magnitude” estimate. The minimum value of the dipole-ion 
interaction occurs with the dipole pointing toward the cation. 


i on Pot: [8.4] a 
47€,r 


__Hn0€ 
Aner’ 
(1113x107 FC? m")x(100x10 m) 
~-8.88x107" J 


The interaction potential becomes a maximum upon flipping the dipole. This effectively changes 
the sign of the dipole in the previous calculation: 


max ~ 888X10" J 
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The work w required to flip the dipole is the difference Vinax—- Vinin- 
w~V_ —V.,, =1.78x10 J 


w, = wN, ~|1.07x10° kJ mol” 


The two linear quadrupoles are shown with a collinear configuration in Figure 8.4. 


Figure 8.4 


The total potential energy of the interaction between the quadrupoles is 


2 


47eV 26, wa 4a qi 


r rt+l r+2] r-l r r+/] r-21 r-l or 
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q, +x I-x 142x 1=-2x 


l 
where x=-— 
r 


With the point quadrupole condition that x << 1, the last four terms in the above expression can be 
expanded with the Taylor series: 


(l+z)? =1l-z4+2? =z? +z* =... and (l—z)* =1l4+z4+2° 42° 4+2'+4--. 
where z is either 2x or x. 


47€,rV 
2 


q, 


=6-4{1-x+x —xtx*—-t]ltext vr tx tx? +--+} 


+{1~(2x)+ (2x)? — (2x)? +(2x)* —---}+{1+ (2x) + (2x)? + (2x) +(2x)* +--+} 
= 8x? —8x*+8x7+32x* +. 
= 24x* + higher order terms 
In the limit of small x values, the higher order terms are negligibly small, thereby leaving 


- 6x'g? > 1g, 


V 5 
TE,r | REF 


Thus, V c 5 for the quadrupole-quadrupole interaction is in agreement with eqn. 8.5. 
r 


The induced dipole moment is 
HM y,0 =@E [8.10] = 42,0, o£ [8.11] 


= (47) x(8.854x10°7 J! C’ m™')x(1.48x10™ m’)x(1.0x10° Vm“) 


=1.6x10°Cm [1J=1CV] 


which corresponds to [4.9 uD] 
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E8.7(a) 


E8.8(a) 


E8.9(a) 


E8.10(a) 


3 4 I z 3 , re 
V ondon = Melo) [8.14] = —3(%ie) Mie 
2(Lue + Le )7 4r 


3x(0.20x10™" m’) x(2372.3 kJ mol) 
4x(1.0x10? m)’ 


=|0.071 J mol” 


Using the partial charge presented in Table 8.2, we estimate the partial charge on each hydrogen 
atom of a water molecule to be gy = de where 5 = 0.42. The electroneutrality of an H2O molecule 
implies that the estimated partial charge on the oxygen atom is go = —2de. With a hydrogen bond 
length of 170 pm, the point charge model of the hydrogen bond in a vacuum estimates the potential 
of interaction to be 
2 
y = 4ufo __ 2192) ig iy 
47e&,r 47€,r 


2(0.42x1.60x10"" C) ; 
gh eg = tei” J 
4x (8.85x10-7 J! C? m™)x(170x10"" m) 


The molar energy required to break these bonds is 


E,, =-N,V =~(6.022x10” mol)x(-4.8x10"" J) = 


ty S31 | ee A? mol N, 
3 28.01 g 
3 
fe oe e198 m’ mol’ =1.83x10* cm’ mol” 


"ty, 0.112 mol N, 
Assuming that the dinitrogen virial equation of state has C/V," << B/Vm, 


8.3145 J mol” K™"')(273 K D «2 a 
viriak 143] 3.225] = RY _ 10.5 cm" mol 


—————_—_, | [Table 8.5 
0.0183 m? mol"! 1.83x10* cm’ “| 


=1.24x10° Pa =/1.24 bar 


According to the perfect (ideal) gas equation of state, 


RT (8.3145 Jmol K™)(273 K) 
eee Tipe ee SST mal 


m 


=1.24x10° Pa=/1.24 bar 


The fact that Pyiciat = Pperfect for nitrogen under these conditions results from the low pressure, high 
temperature conditions for which the molar volume is large enough to cause B/V,, << 1. The second 
coefficient of the virial equation of state is negligibly small under these conditions and the perfect 
gas equation of state provides accuracy. 


The second virial coefficient equals zero at the Boyle temperature, so the perfect gas law will 
accurately describe the pressure. 


1 mol CO, 


= 0.104 mol CO, 
43.99 g 


Nco, = 4.56 g + 


yO 225 dor 
Noo, 0.104 mol CO, 


V2 = 0.0216 m* mol! 
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RT, _ (83145 Jmol! K*)(714.8 K) 


[Table 8.6] = 2.75x10° Pa = [2.75 bar 


eh ih. 0.0216 m? mor! 
ah ; 131g 
E8.11(a) (a) The amount of xenon is n = —_——>—. = 1.00 mol. 
131g mol 
3 
a ee ye ee 
n 1.00 mol 


RT (8.3145 JK™ mol™)x(298.15K) - 
oa OE sl Pe 125 ber 
Pratee ~y 1.0x10° m? mol Sg 


(b) For xenon, Table 8.7 gives a = 4.137dm*° atmmol” and b=5.16x107 dm’ mol”. 


_ (8.3145 JK" mol)x(298.15K) 4.137x10% atm m® mol” ee | 


~~ (1.0-0.0516)x10° m? mol! (1.0107 m? mot)’ 1 atm 


= 22x10° Pa= 
E8.12(a) The conversions needed are as follows: 


latm=1.013x10°Pa 1Pa=lkgm's* 1dm°=10°m® 1dm’?=10°m 
Therefore, 


a=0.751 atm dm® mol” becomes, after substitution of the conversions, 


a= |7.61 x 107 kg m> s~ mol” , and 


b = 0.0226 dm? mol! becomes 
b=|2.26 x10 m* mol "|. 


E8.13(a) The definition of Zis Z = oo = [8.20 and 8.21]. 
V_, is the actual molar volume, V° is the perfect gas molar volume. V° = " . Since V_ is 8 percent 
smaller than that of a perfect gas, V,, =0.92 V- , and 


92 V° 
(a) z= = =10.92 


o 
m 


= , =! =i 
PRT (0.92) x (8.206 x10 * dm? atmK mol )x (250K) * = 
(b) V is Brcs Sono bP cach pee ae el Re 1.6dm’ mol 


Since V., <V° forces dominate. 


E8.14(a) The amount of gas is first determined from its mass. Then, the van der Waals equation is used to 
determine its pressure at the working temperature. The initial conditions of 300K and 100atm are 
in a sense superfluous information. 


92.4 kg 


= 38 .02x10°ke mol =: 3.3010’ mol 
.02 x10™ kg mol 


V =1.000m’ = 1.00010? dm’ 
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(3.3010° mol)x (0.08206 dm? atm K mol”')x(500 K) 
(1.00010° dm?) —(3.30x 10° mol) x (0.0391 dm? mol”) 
(1.39 dm° atm mol”) (3.3010° mol)’ 

-* (1.000x10° dm?)’ 


nRT _ an’ 

~ _. — 4N_ 1g 94a] = 

P V—-nb yp? 8.2 
= (155-15) atm = [140 atm 


E8.15(a) The Boyle temperature, 7, , is the temperature at which B=0. To express 7, in terms of a and 3, 
the van der Waals equation must be recast in the form of the virial equation. 


RT a 
= ———_ ~ —— [8.24b 
ar 1 ob yz | 
; i RT 1 a 
Factoring out =— yields p =——4—————- ; 
ee ae era al 


So long as b/V.<1, the first term inside the brackets can be expanded using (l—x)" = 


1+x+x’+---, which gives 


ase ata la 


We can now identify the second virial coefficient as B =b at 


a 
bR- 
From Table 8.7, a= 6.260dm° atm mol”, b = 5.42x107 dm? mol. Therefore, 


6 2 : 
T, pee © 1.41x10°K 


~ (5.42107 dm? mol )x (8.206 x10 dm? atm K~ mol”) 


Since at the Boyle temperature B =0, 7, = 


E8.16(a) Figure 8.5 shows how the collision of two hard-sphere molecules establishes an excluded volume. 
The closest distance between two molecules of radius r and volume Vooiecue = “/327° is 2r, so the 
volume excluded is */;2(2r)*, or 8Vmoteculee The volume excluded per molecule, a quantity that 


provides an estimate of the van der Waals coefficient 5, is one-half this volume, or 4V poiecule- 


Excluded volume, 


Figure 8.5 


b=4V nteeN, =4(4ar°)N, where by, =5.42x10° m?’ mol” [Table 8.7] 
173 i> at ~\\ 
3b 3(5.42x10 m mol ) 
r= =} ———__—___—__ | =|175 pm 
| fener mol") psy 


E8.17(a) The van der Waals equation [8.24b] is solved for b, which yields 
RT 


is 


b=V.,- 
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Substituting the data, 
(8.3145JK™ mol™)x(273K) 


(3.0x10° Pa) + 0.50m° Pamol~ 
(5.00107 m? mol) 
=|0.46x10~ m? mol 


V (3.0x10° Pa)x(5.00x10~ m’) 
E8.18(a 2-2 22) == ee 
(a) RT 8.21) (8.3145JK™ mol')x(273K) 


COMMENT. The definition of Z involves the actual pressure, volume, and temperature and does not 
depend on the equation of state used to relate these variables. 


b=5.00x10~ m’ mol — 


Solutions to problems 
Solutions to numerical problems 


P8.1 The positive end of the dipole, which bisects the hydrogen atom positions, will lie closer to the 
(negative) anion. The electric field generated by a dipole is 


E = (4 }4( 3) [8.7] 
47, r 


(2)x (1.85)(3.34x10°°Cm) =_ 111x107? Vm __1.11x10° Vm" 


A a mmm, TT 


(47) x (8.854107? J! C? m")xr? (r/m) (r/nm) 


(a) € =(1.1x10°Vm"| whenr=1.00m 
. 1.11x10° Vm" “7 
(b) iia’ < ie 4x10’ Vm for r = 0.3nm 


8 —1 
() pat Ne avn | for r = 30nm. 


P8.3 The point charge model can be used to estimate the magnitude of the electric dipole moment of 
hydrogen peroxide as a function of g (defined in Figure 8.6(b) as a view down the z-axis of the O-O 
bond). Each hydrogen atom has a partial charge of 6; each oxygen atom has a partial charge of —d. 
The dipole moment magnitude is 


a 


Ma(mwen) =(u 2 +H +m i where “, =)’ 9,x, = 5x{ xy — Xo, —Xo, + Xy, } [8.3a], ete. 
‘ 


We will use the Cartesian coordinate system defined in Figure 8.6(a). The bond lengths are /oy = 97 pm and 
log = 149 pm. We also use the ratio haio = loo / loy = 1.54 and calculate yu in units of d/oy so that it is 
unnecessary to estimate the magnitude of 6 (though an estimate is found in Table 8.2). The O-O-H bond 
| angle may be estimated as 90°, but we will use the experimental value of 100°. The computations of 14, 14,, 
and yz, require the coordinates of each atom; those of H; and the oxygen atoms are shown in Figure 8.6(a). 


(ky009(0 — 90°),0,—Lousinf@ 907) x 


F (a) (b) Figure 8.6 
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The coordinates of H, can be determined by analogy to the relationships between Cartesian 
coordinates and spherical polar coordinates. They are 


x =1,,, sin(180°-0)cos@ 
y =15, sin(180°- 0) sin ¢ 
Z =I +15, cos(180°—@) 
Substitution of variables into eqn. 8.3(a) yields 
(H/ Sloy)” = (Hy / Slou) +(H, / Shou) +(H, / Slou) 
={cos(10°) + sin(80°)cos oy +{sin (80°) sin oy} +{-sin(10°)—J.i. + Jtio + cos(80°)}" 
={cos(10°) +sin(80°)cos¢} +{sin(80°)sing} +{—sin(10°) + cos(80°)} 
We now draw a table to calculate (4/d/o, r in g increments of 15° and subsequently calculate 
[t/ Oly, values at each g. Figure 8.7 is a plot of the variation. As expected, there the dipole is a 


maximum of almost twice the single O-H bond dipole when the hydrogen atoms are eclipsed, and it 
is zero when they have a gauche conformation. 


@/deg @/radians sq(/dl) y/dl 
0 0 3.879385 1.969616 
15 0.261799 3.813292 1.952765 
30 0.523599 3.619516 1.902502 
45 0.785398 3.311262 1.819687 
60 1.047198 2.909539 1.705737 


nl élou 


P8.5 


Dipole Moment of Hydrogen Peroxide 


60 


120 


¢@ ideg 


180 240 300 360 


Figure 8.7 


The energy of the dipole is —4z,F in the electric field £. To flip it over requires a change in energy 


of 244,£. This will occur when the energy of interaction of the dipole with the induced dipole of the 
Ar atom equals 244, F. The magnitude of the dipole—-induced dipole interaction is 


2 , 
y= a [8.13] = 2, [after flipping over] 


, 
oF Ha, 


6 
of 


r= ET Bed IN el ned a al el | 
87é,£ (872) x (8.854x10"7 J = m')x(1.0x10° Vm") 


~30 —30 3 
(6.17x10~° Cm)x(1.66x10™ m’) Bicvie™ 


r=1.9x10° m=[1.9 nm| 


COMMENT. This distance is about 11 times the radius of the Ar atom. 


P8.7 


P8.9 


P8.11 
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The induced dipole moment y* is given by 


4neé,ae Oe 


*= QF [8.10]=4 ‘E [8.11]= 
HL [ ] TE [ ] Aner’ 2 


Consequently, the dipole-proton distance needed to induce a particular dipole is 


1/2 
a 
_{ (1.48x10™ m?)x(1.602x10-? C) 
| (1.85 D)x(3.336x10™ C mD*) 


1/2 
| =m 


Let the partial charge on the carbon atom equal de and the N-to-C distance equal /. Then 


H=oel [8.3a] or d= . 
e 


_ (1.77 D)x(3.3356x10™" C mD™) _ ne 
(1.602x10-" C)x(299x10"? m) 


— 


By the law of cosines, 76.4, = >_4 + !%_o —2%-y%o-o C089 . Therefore, 
4 © 2 2 g 1/2 
4 = S(O) = (x +156 ~ al pAlb, COS ) 


Zz 2 ap | 2 
y = Hae 88s Be Sha) te {5.8,{-+ }- | 


_— — 
m 
4%€, |'on “Sen Mose 0 px JC) To-0 


Nie 1 1 oe 
= 55, + ——_ ¢ 
4ne,x(10-" m) f4/pm f(6)/pm} m_,/pm 


2 
(139 MJ mol) 6,51 [ant Fo |e 
%1»/pm f(@)/pm) nH_./pm 
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With do = -0.83, dy = 0.45, ro.y = 95.7 pm, and ro_9 = 200 pm, we draw up a tabular computation 
of A@) and V,,(@) over the range 0 < @ < 27x and plot V,,(@) in Figure 8.8. As expected, the 
potential is a minimum when @ =0 because at that angle the hydrogen lies directly between the two 


oxygen atoms, which repel. 


‘/deg radian «= f(') ~~ -V/ kJ/mol aiid 


) 0 104.30 —561 
15 0.261799 110.38 —~534 ite 
30 0.523599 126.52 —474 a 
45 0.785398 14863 —413 E 
60 1.047198 173.26 —363 2 -400 
75 1.308997 198.12 —326 i 
90 1.570796 221.72 —298 > 
105 1.832596 243.04 277 -500 
120 2.094395 261.34 —262 
135 2.356194 276.09 252 
150 2.617994 286.90 —245 600 
165 2.879793 29349 —241 ? ‘an ™ — aie 
180 3.141593 295.70 —239 ? I deg 


Figure 8.8 
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3 —l a | 


P8.13 (a) ——; 
V 4.860dm 


2 
iy poe - =| [8.24a] 


V —nb 
3 -1 =i 2 
~ eet (OREN dm’ atmK™ mol )xG00K) _ (5.489 dm‘atmmo)>{ pene | 
(4.860dm’) — (10.0 mol) x(0.06380dm? mol) 4.860dm 


=/35.1 atm| 


The compression factor is calculated from its definition [8.20 and 8.21] after inserting V_, = La 
n 


To complete the calculation of Z, a value for the pressure, p, is required. The implication in the 
definition [8.21] is that p is the actual pressure as determined experimentally. This pressure is 
neither the perfect gas pressure nor the van der Waals pressure. However, on the assumption that 
the van der Waals equation provides a value for the pressure close to the experimental value, we can 


calculate the compression factor as follows: 
Oe age (35.1atm)x (4.860 dm’) _0e53 
nRT (10.0 mol)x (0.08206 dm? atmK  mol™')x(300K) ri 


COMMENT. If the perfect gas pressure had been used, Z would have been 1, the perfect gas value. 


P8.15 From the definition of Z [8.21] and the virial equation [8.22b], Z may be expressed in virial form as 


2 
ree eS || aad ee ee ee 
rr V 


Since V, = - [assumption of perfect gas], - = rie hence, on substitution and dropping terms 


beyond the second power of (+), 


2 
Z, -1+a{ 5+ 5) 
RT RT 


Z =1+(-21.7x10° dm* mot)>{ 100.atm 


(0.0821 dm? atm K~'mol)x (273K) 


100 atm ) 


+ (1.200x10~ dm* mol”) x Say v7 FEF WEE BURN GEES FOS P Ree 
(0.0821dm° atm K™ mol” )«(273K) 


Z =1—(0.0968) + (0.0239) = [0.927 
vy. =(0.927)x{ RL.) =(0.927)x (0.0821 dm* atm K™' mol ')x(273K) )_ 0.208 dm: 
& Pp , 100 atm 


Question. What is the value of Z obtained from the next approximation using the value of V_, just 
calculated? Which value of Z is likely to be more accurate? 


P8.17 The virial equation is 


py. err b4+£ 4... jo epi a ae. 


m m 
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pie + 
RT versus V 


m 


(a) If we assume that the series may be truncated after the B term, then a plot of 


will be linear with slope B and a y-intercept equal to 1. Transforming the data gives 


p/MPa V,/(dm? mol") = pV,/RT Vm / (mol dm”) 


0.4000 6.2208 0.9976 0.1608 
0.5000 4.9736 0.9970 0.2011 
0.6000 4.1423 0.9964 0.2414 
0.8000 3.1031 0.9952 0.3223 
1.000 2.4795 0.9941 0.4033 
1.500 1.6483 0.9912 0.6067 
2.000 1.2328 0.9885 0.8112 
2.500 0.98357 0.9858 1.017 

3.000 0.81746 0.9832 1223 


4.000 — 0.60998 0.9782 1.639 


A plot of the data in the third column against the data in the fourth column is shown in Figure 8.9. 
The data fit a straight line reasonably well, and the y-intercept is very close to 1. The regression 


yields B =|-1.32x107 dm’ mol}. 


(b) A quadratic function fits the data somewhat better (Figure 8.10) with a slightly better correlation 
coefficient and a y-intercept closer to 1. This fit implies that truncation of the virial series after 
the term with C is more accurate than after just the B term. The regression then yields 


B=|-1.51x107 dm’ mol"| and C={1.07x107 dm’ mol” 


is y = 0.99949 — 1.3245 x 1072x 
R2 = 
0.99 
PY in 
RT 
0.98 
0.97 
3 _ ’ 
(1/V,,)(dmn"mol-") Figure 8.9 
1.00 
0.99 
PVin 
RT 
0.98 DaveceeseenrasseeceMesdeedsabsecesedéns¥esovend dsb scees Megpeveuéwseveces stevens 
"aban mermciies Paks tivebla ensue er illa plein 2iaes mace eee 
y = 0.99947 — 1.5051 x 10-?x + 1.0741 x 10-9x? 
0.97 |R2.= 1.000 _: i : _ 
0 1 2 


(1/V,, dm mol"! Figure 8.10 
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P8.19 (a) The classical perturbation energy for interaction between the vector dipole # and an applied 
vector electric field £ is given by the dot (scalar) product expression 


EY existe, = —fi-E = —{ u,F, + ME, + u.£,} 


The dipole moment components of a one-dimensional (x) oscillator are (u,,0, 0). For a 
perpendicular field the components are something like (0, £,, 0). The dot product of these 
vectors is clearly zero, meaning that a perpendicular field cannot perturb the one-dimensional 


oscillator. Eqn. 8.10, 7° = aE , addresses the question as to whether or not the applied field can 


induce a dipole. The induced response is in the direction of the applied field and the response is 
the same irrespective of the direction of the field. The constant of proportionality can be called 
the isotropic polarizability. In this problem, however, we ask whether £,can elicit the 


response /.. An affirmative answer requires an anisotropic material and polarizability; label it 
@,, for which #4, = a,,£,. For a one-dimensional harmonic oscillator, 
because there is no possible coupling of electron motion in the perpendicular directions. 


(b) Eqn.8.12 is used to calculate the polarizability when the applied field is parallel to the one- 
dimensional oscillator, which is chosen to be the x direction in part (a). 


2 


4 ee ert 20? e 
2 Sa ares 2.21] = AOE yy 
2x5) “ct hae m(kim) | 


The mass independence of the polarizability arises from the fact that the static (zero-frequency) 
polarizability is a response to the stationary electric field and does not depend on the inertial 
properties of the oscillator (the rate at which it responds to a changing force). 


P8.21 Consider a single molecule surrounded by N — 1(=N) others in a container of volume V. The number 
of molecules in a spherical shell of thickness dR is 47R?’ xT AR . Molecules cannot approach more 


closely than the molecular diameter dso R = d, and therefore the pair interaction energy is 


N —C —47NC dR 4” NC ] ] 
= | 4¢R° x| — |x| —* |d? = —_——_+ | —= . ix| —--— 
nigel 4 3 7 Le ( WV }{S 7) 
_ ~4aNnc, 
3Vd? 


The mutual pairwise interaction energy of all N molecules is U=4Nu (the 4+ appears because 
each pair must be counted only once, 1.e., A with B but not A with B and B with A). Therefore, 


7 ~-22N°C, 
3Vd° 
na (= een’, 
T 


For a van der Waals gas, —- =| —— | =——;->-,, 
V oV Vd 


2 
and therefore a= oe [VN = nN,l. 
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P8.23 See ae 
V.-b V2 
. Oe x RT 1 a 
Factoring out —— yields p = ——<—————-- 
a ten Ae Feeca aa 
Zz _— pr, =, l _ a 


-1 Z 
which upon the Taylor series expansion t -) =1+ aa (2) +--+ yields 


2 
z =14(6- 2x A +b? - seve 
RT V V 
We note that all terms beyond the second are necessarily positive, so only if 


a b b F 
a eee ee 
i a RS 


m 


can Z be less than one. If we ignore terms beyond 3 , the conditions are simply stated as 


Z<!l when —7_ >5 Z>1l when —_ <b 
RT RT 


Thus, Z < 1 when attractive forces predominate, and Z > 1 when size effects (short-range 
repulsions) predominate. 


P8.25 For a real gas we may use the virial expansion in terms of p [8.22a]: 


= ET + Bp +---)= pSL C+ Bp+--) 


V 
which rearranges to pats = 
p M 
Therefore, if terms that are second order and higher in p are negligibly small, fa are p. This 
p 


has the linear form / = intercept + slope x p where the intercept equals “- and the slope equals = 
p 


Thus, the slope is proportional to B’. 


P8.27 Refer to Figure 8.11. 


Figure 8.11 
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The scattering angle is 0 =a — 2a if specular reflection occurs in the collision (angle of impact equal 


to angle of departure from the surface). For b< R, + R,, sina@= 


7 —2 arcsin 
pth, 


0 b>R, +R, 


The function is plotted in the Figure 8.12. 


ia ipibaltnt ola l# | Rata sha 
m6 SB OBO a 
SF Fs 2B 
TUE Sapo r Py 
i i ok 
A Sm 
.2e0ee0 0000008 


0.2 0.4 0.6 0.8 Le Af 
bi(R\+R2) 


180° 


90° 


P8.29 


| b<R, +R, 


The number of molecules in a volume element dt is 


R,+R,_ 


Figure 8.12 


Ndt 


= Ndt. The energy of interaction of 


these molecules with one at a distance R is V(R)Ndt. The total interaction energy, taking into 


account the entire sample volume, is therefore 


u= V(R)Ndt=N[V(R)dz [V(R)is the interaction energy, not the volume] 


The total interaction energy of a sample of N molecules is ¥Nu (the % is included to avoid double 


counting), so the cohesive energy density is 


1 
U_-zNu iy , 
=e = =--—+N = 
rite 5 Nu = SN V(R)dt 
C, 2 
For V(R)=—-—> and dr=4zR’ dk, 
R 
Leagan tf tte NG 
7 2aN°C, ~— Ss A 
Nu 
However, N = - therefore 
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Solutions to applications 


P8.31 The interaction is a dipole-induced-dipole interaction. The energy is given by eqn. 8.13: 


4me,r° 47(8.854x10°? JC? m!\(4.0x107 m)° 


COMMENT. This value seems exceedingly small. The distance suggested in the problem may be too 
large compared to typical values. A distance of 0.40 nm, yields V = —1.1 kJ mot". 


P8.33 (a) The left side molecule in Figure 8.13 is methyladenine. Please note that we have taken the 
liberty of placing the methyl group in the position that would be occupied by a sugar in RNA 
and DNA. The wavefunction, structure, and atomic electrostatic charges (shown in the figure) 
calculation was performed with Spartan ’06™ using a Hartree-Fock procedure with a 6-31G* 
basis set. The atomic electrostatic charge (ESP) numerical method generates charges that 
reproduce the electrostatic field from the entire wavefunction. The right side molecule in Figure 

8.13 is methylthymine. 

The two molecules will hydrogen bond into a stable dimer in an orientation for which hydrogen 

bonding is linear, maximized, and steric hindrance is avoided. We expect hydrogen bonds of 

the type N-H:----O and N-H:--:- N with the N and O atoms having large negative 
electrostatic charges and the H atoms having large positive charges. These atoms are evident in 
the figure. 

(c) Figure 8.13 shows one of three arrangements of hydrogen bonding between the two molecules. 
Another can be drawn by rotating methylthymine over the top of methyladenine and a third 
involves rotation to the bottom. The dashed lines show the alignments of two strong hydrogen 
bonds between the molecules. 

(d) The A-to-T base pairing shown in Figure 8.13 has the largest charges in the most favorable 
positions for strong hydrogen bonding. Also the N-to-O distance of one hydrogen bond equals 
the N-to-N distance of the other, a favorable feature in RNA and DNA polymers where this 
pairing and alignment is observed naturally. 


(b 


wo 


Figure 8.13 
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P8.35 


(e) The favorable orientation for hydrogen bonding between methylguanine (left side molecule) 
and methylcytosine (right side molecule) is shown in Figure 8.14. Large counter charges align 
within distances that result in three strong hydrogen bonds. 


0.42 
0.26 | 
RULE: iI 1.02 ul 0.75 
0.43 S ta 5 ee Ml 0-18 
Pal i e O14 
- i 
-0.86 0.20 
a @ ox g 0% « 
a = — s 
oe os “ C @« 
4 
oa Ss Z 
a : 


if i ! 
i “< 0.66 0.42 
0.22 Figure 8.14 


Molecular mechanics computations with the AMBER force field using the HyperChem package are 
reported below. The value of the total potential energy will vary between different force fields, as 
will the shape of the potential energy surface. The local energy minimum at ¢ = -179.6° and w= 
-4.1° is found to have a potential energy equal to 28.64 kJ mol’ when R = H. This value is used as 
a reference to calculate energy differences (AF) on the potential energy surface. AF values give the 
relative stability of different conformations with higher values indicating energetically unstable 
conformations. Similarly, AF values were calculated with respect to the local energy minimum at 
@=-152.3° and w= 163.2° when R = CH3. 


Initial Optimized 
gl? yl ° g/° wi° E(k mol!) AE/(kJ mot) 
(a) R=H 75 65 -176.0 83 28.765 0.126 
180 180 180 180 32.154 3.515 
65 35 ~179.6 4.1 28.639 0.000 
(b) R=CH; 75 65 54.5 19.7 46.338 7.531 
180 180 ~152.3 163.2 38.807 0.000 
65 35 52.9 24.1 46.250 7.443 


The computations were set up by using the software’s “model build” command—that is, initially 
setting default values for bond lengths and angles except for the specified initial values of @ and y. 
Care must be taken to build the proper chirality at the central carbon when R = CH3. Then the 
constraints were removed, and the entire structure was allowed to relax to a minimum energy. Not 
all the initial conformations relaxed to the same final conformation. The different final 
conformations appear to represent local energy minima. It ought not to be surprising that there are 
several such minima in even a short peptide chain that contains several nearly free internal 
rotations. It is instructive to compare the all-trans (¢@= w= 180°) initial conformations in the R = H 
and R = CH; cases. In the former, neither angle changes, but the resulting structure is not the lowest 
energy structure. In the latter, the methyl group appears to push the planes of the peptide link away 
from each other (albeit not far) due to steric effects; however, the resulting energy is lower than that 
of the other conformations examined. 


Two of the initial conformations of each molecule converge to the same energy minimum. These 
energy wells are rather broad, and the exact angle at which the computation stops within the 
minimum depends on details of convergence criteria used in the iterative methodology of the 
software as well as details of the force field. Both sets of computations also found a second local 
energy minimum. 
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An alternative method for studying the energy dependence on @ and winvolves a method like that 
specified above but with the AMBER computation performed at fixed values of both angles. 
Figure 8.15 summarizes a set of computations with ~180° < ¢< 180° and w= 90°. To characterize 
the energy surface, one would carry out similar calculations for several values of y. 


-189 "-135" 90  ~=45  G 45 90 135 180 
of Figure 8.15 


D9.1 


D9.3 


D9.5 


Solids 


Answers to discussion questions 


A space lattice is the three-dimensional structural pattern formed by lattice points representing the 
locations of motifs that may be atoms, molecules, or groups of atoms, molecules, or ions within a 
crystal. All points of the space lattice have identical environments and they define the crystal 
structure. The unit cell is an imaginary parallelepiped from which the entire crystal structure can be 
generated, without leaving gaps, using translations of the unit cell alone. Each unit cell is defined in 
terms of lattice points. The smallest possible unit cell is called the primitive unit cell. Non- 
primitive unit cells may exhibit lattice points within the cell, at the cell center, on cell faces, or on 
cell edges. 


We can use the Debye-—Scherrer powder diffraction method, follow the procedure in Section 
9.3(b)-(d), and in particular look for systematic absences in the diffraction patterns. We can 
proceed through the following sequence: 


(1) Measure distances of the lines in the diffraction pattern from the center. 

(2) From the known radius of the camera, convert the distances to angles. 

(3) Calculate sin’ @. 

(4) Find the common factor A= A’/4a’ in sin? @=(A7/4a’)(h’ +k’ +1). 

(5) Index the lines using sin? @/ A=A’ +k? +P’. 

(6) Look for the systematic absences in (Akl). See Fig. 9.22 of the text. Body-centered cubic 
diffraction lines corresponding to h+k+/ that are odd will be absent. For face-centered cubic, 
only lines for which h, k, and / are either all even or all odd will be present; others will be 
absent. 

(7) Solve A=A’/4a’ for a. 


There are two large-angle meridional reflection spots in the x-ray diffraction pattern obtained from 
parallel fibres of B-DNA (Fig. 9.26 of the text). They are reflections off the relatively close planes 
(340 pm) of nucleotide bases that run perpendicular to the axis of the molecule (see Fig. 9.28 of the 
text). Between these meridional spots is an X-shaped distribution of reflection spots that originates 
from planes of longer periodicity (3400 pm; see Fig. 9.27 of the text). The pitch p of the helix, the 
distance d between parallel, reflective planes, and the angle a from the meridional of the spots of 
the X-pattern are shown in Figure 9.1. The x-rays approach the helix on a path almost perpendicular 
to the molecular axis. Regions of high electron density act like reflective planes with each coil of 
the helix providing one plane that reflects at a clockwise angle and another that reflects at a 
counterclockwise angle. A set of parallel planes that reflect the x-rays at the angle a is shown in 
Figure 9.1; one of the set of parallel planes that reflect the x-rays at the angle —a is also shown. 
Reflections from each set of parallel planes constructively interfere to produce one of the legs of the 
crossed spot patterns seen at the center of text Fig. 9.26. Constructive interference requires that d = 
p cos a. The sequence of spots outward along a leg corresponds to the first-, second-, ... order 
diffraction (n = 1, 2, ... where by Bragg’s law, nA = 2 d sin @ [9.2a]). Examination of Figure 9.1 
reveals that 


a increases as the pitch increases. 


D9.7 


D9.9 
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Q: bm , 
< Meridional line 


. 
Hy 
)_——— 


X-ray reflection 


ae 


Pitch, p | 


X-ray reflection : _ 
a Figure 9.1 


The structure factor F;,; is the sum over all j atoms of terms each of which has a scattering 
factor fj: 


Fy => fem) where by (j) = 2a (hx, + hy, +1z,) [9.4] 
J 


The importance of the structure factor to the x-ray crystallographic method of structure 
determination is its relationship to the electron density distribution, p(r), within the crystal: 


| —2 zi( Art. 
p(r)=-> Fer") [9.5] 
V a 


Egn. 9.5 reveals that if the structure factors for the lattice planes can be measured, then the electron 
density distribution can be calculated by performing the indicated sum. Therein lies the phase 
problem. Measurement detectors yield only the intensity of scattered radiation, which is proportional 
to |Fiwi*, and give no direct information about F),;. To see this, consider the structure factor form 
Fy = Foe | e' where aj,4; is the phase of the Ak/ reflection plane. Then 


[Fusl’ ={|Fua|e'™ } File} = |Fius|X|Fra |e e'™ = Foul lFou| 


and we see that all information about the phase is lost in an intensity measurement. It seems 
impossible to perform the sum of eqn. 9.5 since we do not have the important factor e'™ . 
Crystallographers have developed numerous methods to resolve the phase problem. In the Patterson 
synthesis, x-ray diffraction spot intensities are used to acquire separation and relative orientations of 
atom pairs. Another method uses the dominance of heavy atom scattering to deduce phase. Heavy 
atom replacement may be necessary for this type of application. Direct methods dominate modern 
x-ray diffraction analysis. These methods use statistical techniques and the considerable computational 
capacity of the modern computer to compute the probabilities that the phases have a particular value. 


In a face-centered cubic close-packed lattice, there is an octahedral hole in the centre. The rock-salt 
structure can be thought of as being derived from an fcc structure of Cl ions in which Na’* ions 
have filled the octahedral holes. 


The cesium chloride structure can be considered to be derived from the ccp structure by having CI ions 
occupy all the primitive lattice points and octahedral sites, with all tetrahedral sites occupied by Cs” ions. 
This is exceedingly difficult to visualize and describe without carefully constructed figures or models. 
Refer to S.-M. Ho and B. E. Douglas, J. Chem. Educ. 46, 208 (1969) for the appropriate diagrams. 
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D9.11 The Davydov splitting in the exciton bands of a crystal can be understood by considering the 
allowed transitions of interacting dipoles of neighboring molecules. As shown in Fig. 9.58 of 
the text, the parallel alignment of transition dipoles is energetically unfavorable, and the 
exciton absorption is shifted to higher energy (blue-shifted) than in the isolated molecules. 
However, a head-to-tail alignment is energetically favorable, and the transition occurs at a 
lower frequency (red-shifted) than in the isolated molecules. Transition dipoles are rarely in a 
single parallel or head-to-tail alignment. As shown in Fig. 9.59 of the text, transition moments 
may often be either energetically favored or energetically unfavorable. These crystals exhibit 
both the blue-shifted and the red-shifted band and the separation of the bands is the Davydov 
or exciton splitting. 


Solutions to exercises 


E9.1(a) The of the body-centered cubic unit cell is equivalent to the point (0,%,0). 


E9.2(a) The monoclinic P unit cell is defined by the small spheres of Figure 9.2. The separation between 
(100) planes is d= a cos(B — 90°). 


Cc » 
4, B-90° 
® da 


Figure 9.2 


V = bed = bc{acos(f8-90°)} 
= abc{cos()cos(90°)+sin(f)sin(90°)} (standard trigonometric addition formula) 


= abc{cos(#)x0+sin()x1} 


E9.3(a) | When the axis intersections are (3a, 2b, c) and (2a,00b,0c), the Miller indices of the planes are 
{236} and {100}. Simply take the inverse of the intersection multiple and clear fractions to find 
these planes. 


E9.4(a) _— For the cubic unit cell, d,,, =———————,, 
(h? +k? +1’) 


E9.5(a) 


E9.6(a) 


E9.7(a) 


E9.8(a) 
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Refer to Fig. 9.22 of the text. Systematic absences correspond to h+k+/=odd. Hence the first 
three lines are from planes (110), (200), and (211). 


a 


—_—_———- [9. 1b], then 
(tk? +Py? P10) 


or ae -- [9.2b] dy = 
Aki 


A 
=(W+kh+P?)?x 4) 
sin 0,,, = ( ) aa 


In a bcc unit cell, the body diagonal of the cube is 4R where R is the atomic radius. The relationship 
of the side of the unit cell to R is therefore (using the Pythagorean theorem twice) 


AR 
(4RY = a’ + 2a’ = 3a° or @g= ze 


This can be seen from Figure 9.3. 


Figure 9.3 


_ 4x126 pm 
ne oe 


= 291 pm 


A = __ 72pm = 0.124 
2a (2)x(291 pm) 


sin @) = V2x(0.124)=0.175 6,= 
Sin Ayo = (2)x(0.124)=0.248 6, = 


sin 6,,, = V6x(0.124)=0.304 4, = 
6 = arcsin 4 [9.2b, arcsin =sin™ 


154.433 pm )-aresin{ 154.051 pm 


pai 2h, atest aaa CLS 
A@ = arcsin Aq ~ atesin +7 = arcsin @x(78 pm) (2)x (77.8 pm) 


= = 0.0187 rad 


Justification 9.1 demonstrates that the scattering factor in the forward direction equals the number 
of electrons in the atom or simple ion. Consequently, ‘ 


_ mass ofunitcell _m 
volume of unit cell V 


m=nM = — M [N is the number of formula units per unit cell] 


Then, p= 
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E9.9(a) 


E9.10(a) 


E9.11(a) 


E9.12(a) 


E9.13(a) 


_ B.9x10° gm™*)x(634)x (784) (516x10~° m° 


)x (6.02210 mol) _ ne 
154.77 g mol ' | 


Therefore, and the true calculated density (in the absence of defects) is 


-[koig en 


i (4)x (154.77 gmol" ) 
(634)x(784)x (51610 cm?)x 6.02210”) mol 


172 
Oe Sa es 

diy =||—| +1—| +) -] | 

AO] 
Swe A Ae as 

Paes can ie fee rs Os =|220 pn 

% (a) (| (z)| = 


A 
@.,, =arcsin 
hid 9) d 


p= 


) 1 2 $/2 
5 a5] =111.75° 
Gr 645 


From the staal is Eat of systematic absences (Section 9.3 and Fig. 9.22 of the text) we can conclude 
that the unit cell is [face-centered cubic 


Fy => fern?" [9.4] with f,=4f (each atom is shared by eight cells). 
J 


Therefore, F. = 1 fil ett 4g o2mit 4 grt! 4 Q2ai(Wtk) 4 Q2ri(mel) 5 e2tiked eet). 


However all the exponential terms equal 1 since h, k, and / are all integers and 
e’’ =cos@+isinO [0 = 27h, 27k,...]=cos@ =1 

Therefore, F,,, = a 

The structure factor is given by 


Puy = z fe" 


All eight of the vertices of the cube are shared by eight cubes, so each vertex has a scattering factor | 
of #78 and their total contribution to the structure factor equals f(see E9.12a). The two side-centered | 
(C) ions of the unit cell are shared by two cells, and in this problem each has a scattering factor of 

2f. Their coordinates are (2a, 12a, 0) and (4a, Ya, a). Thus, the contribution of the face-centered 

ions to the structure factor is 


fei* satis} 


i(face-centered) 


where @ =2(hx, + hy, +/z,) [9.4] 


+i(27 eo" = ferme) 11 4 ea 


E9.14(a) 
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But, according to Euler’s identity (e’ = cos@ + i sin@), 


eMGtk) — aos (x{h 8 k\) t+isin(z{h 4 k}) = cos(z{h + k}) - fairs 
and 


e*™ = cos(2z/)+isin(2z1) = cos (271) =1 


Thus, > fe*=f(-1)™ {+1} =2(-1)"™ f 


i(face-centered) 


and the structure factor becomes 


Fu= D fees Yo feta say f= s{t+2(-1)™"] 


i(vertices) i(face-centered) 


Fig =|3f forh+k even and —f forh+k odd 


The electron density is given by 
p(r)=2> Ferner") 19.5] 
V Akl 
The component along the x direction is 
p(x)= -y Fe 
VS 


Using the data of this problem, we sum from h = -9 to +9 and use the relationship F, = Fy. The 
following Mathcad computation of (0.5) uses unit volume. Figure 9.4 shows high electron density 
at the center of a unit cell edge. 


Le» | 
ti 


—4 p(x) = ¥ (Fi, -cos(2-2-h-x)) 
h=-9 
p(.5)=110 


Figure 9.4 
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E9.15(a) Using the information of E9.14(a), the Mathcad computation of P(1.0) is performed with eqn. 9.6. 


10 
—10 
8 
=$ 
F= ; 
—6 
4 9 
4} P@)= Dye] 
: = 


P(1.0) = 780 


The Patterson synthesis P(x) of Figure 9.5 shows that atoms represented by this data are separated 
by 1 a unit along the x-axis. 


x Figure 9.5 


E9.16(a) Draw points corresponding to the vectors joining each pair of atoms. Heavier atoms give more intense 
contribution than light atoms. Remember that there are two vectors joining any pair of atoms 


aS bea 
( AB and AB ); don’t forget the AA zero vectors for the center point of the diagram. See Figure 9.6. 


ithe 


i) Figure 9.6 


E9.17(a) 


E9.18(a) 


E9.19(a) 


E9.20(a) 
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Hence, te ee 8 
mA (1.675x10™' kg) x (65x 107* m) 


2 
Combine E=1kT and E =4mv? = —2— to obtain 
2mA 
h 6.626x10 "Js is 
(mkT)'? — [(1.675x10™ kg)x(1.381x10™ J K-)x B50K)]”” 


The hatched area in Figure 9.7 is hx2R=3'?Rx2R=2V3R? where h=2Rc0s30°. The net 
number of cylinders in a hatched area is 1, and the area of the cylinder’s base is mR? . The volume 
of the prism (of which the hatched area is the base) is 23R7L , and the volume occupied by the 
cylinders is 7R’L . Hence, the packing fraction is 


pak _ *_ [pong 
oe; ae 


Figure 9.7 
NY, 
ar oa 


volume of the unit cell itself. Refer to Figure 9.8 for a view of the primitive unit cell, the bcc unit 


where WN is the number of atoms in each unit cell, V, their individual volumes, and V.. the 


cell, and the fcc unit cell. 


(b) 


Figure 9.8 


(a) For a primitive unit cell, N=1, V, == aR’, and V.=(2R)’. 


1 OR 6 
3 
(b) For the bcc unit cell, N=2, V, = =m , and V. = (=) [body diagonal of a unit cube is 4R]. 
4 
2x—27R? 
f-——== 23 _ 0.6802 


ca 
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(c) For the fec unitcell, N=4, VV, =SaR’, and V,= (2V2R)° 


4 3 
SKI ae 6 
a [0.7405] 
: (2J2RyY 3V2 < 


E9.21(a) (a) For sixfold coordination, see Figure 9.9. 


Figure 9.9 


We assume that the larger spheres of radius R touch each other and that they also touch the smaller 
interior sphere. Hence, by the Pythagorean theorem, 


Z 
(R+r)? =2(R) or (1+=) > 


Thus, — =0.414 and r=0.414R =(0.414)x(181 pm) =[74.9 pm. 


(b) For eightfold coordination, see Figure 9.10. 


Figure 9.10 
The body diagonal of a cube is a3 . Hence, 
aV3=2R+2r or V3R=R+r [a=2R] 


; 
— =0.732 d = 0.732R = (0.732)x(181 a1 92 
Fears and r= 0.732R-=(0.732)x(181 pm) 


E9.22(a) The volume change is a result of two partially counteracting factors: (1) different packing fraction 
(f) and (2) different radii. 


V (bcc) s F(hcep) i. v(bec) 
V(hep) f(bec) v(hep) 
f(acp) = 0.7405, f(bec)=0.6802 [Justification 9.3 and E9.20a] 


V(bec) _ 0.7405 (142.5)° _ 
Vi(hep) 0.6802 (145.8) 


Hence, there is an of 1.6%. 


1.016 
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E9.23(a) The lattice enthalpy is the difference in enthalpy between an ionic solid and the corresponding 
isolated ions. In this exercise, it is the enthalpy corresponding to the process 


CaO(s) > Ca*(g) +07 (g) 


The standard lattice enthalpy can be computed from the standard enthalpies given in the exercise by 
considering the formation of CaO(s) from its elements as occurring through the following steps: 
sublimation of Ca(s), removal of two electrons from Ca(g), atomization of O,(g), two-electron 
attachment to O(g), and formation of CaO(s) lattice from gaseous ions. The formation reaction of 
CaQO(s) is 


Ca(s) + ¥% O2(g) — CaO(s) 
A,H®(CaO,s) =A,,,H ° (Ca,s) + A,,,H° (Ca, g) 
+4 AL nadistt ’(O,,2)+A,,H °(O,g) +A,” (O",g)—A,H® (Ca0,s) 
So the lattice enthalpy is 
A, H® (CaO,s) =A,,,H° (Ca,s) + A,,, ® (Ca,g) 
+4Arcad diss” (O,,2)+A,,H°(O,g)+A,,H ° (O",g)—-A,H® (Ca0,s) 


A, H® (CaO,s) =[178+1735+4(497) —141+844 +635] kJ mol =|3500. kJ mol” 


E9.24(a) Young's modulus: £ = 207mAl SUES Ig 1597=1.2 GPa =1.2x10° kg ms” 
normal strain 


We solve this relation for the normal strain after calculating the normal stress from the data 
provided. 


normal stress = force per unit area = F/A 
normal strain = relative elongation = AL/L 


ALIL LER Le ee 
E E AE f(d2)y E 
1.5kgx9.81ms~ 


n(2.0x10% m/2) x1.2x10° kg m7 s* 


= /0.0039] or about 0.4% elongation 


tr trai 
E9.25(a) Poisson’s ratio: v, = [9.15] = 0.4 
normal strain 


We note that the transverse strain is usually a contraction and that it is usually evenly distributed in 
both transverse directions. That is, if (AL/L), is the normal strain, then the transverse strains, 
(AL/L), and (AL/L), , are equal. In this case of a 2.0% uniaxial stress, 


(=) = +0.020 Ga --0.0090-(%) 
b, x}, ae A 


New volume = (1— 0.0090)’ x (1+ 0.020)x1.0 cm’ 
= 1,0017 cm’ 


The change in volume is |1.710~ cm’). 


E9.26(a) Answer: n-type; the dopant, arsenic, belongs to Group 15, whereas germanium belongs to Group 14. 
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he {6.626x10™J s)(2.998x10'm s*) ( leV 
E9.27(a a pre | | 8 5 VY 
) tee A nex 350.x10°m 1.602x10°'°J | 
E9,28(a) m= g.{S(S +1}? w, [9.27, with S in place of s] 


Therefore, because m = 3.81 4, and g. = 2, 
S(S+1) =(4)x(3.81) =3.63, implying that S =1.47 


Because S ~ 3, there must be [three unpaired spins. 


E9.29(a) X= XV,[9.23] = yM/ p =(-7.2x10) x (78.11 g mol) /(0.879 g cm”) 


=|-6.4x10° cm? mol”| =|-6.4x107"! mmo!” 
E9.30(a) The molar susceptibility is given by 


2 2 
Nn = N8eMoly SIS +1) [9.28] so’ S(S+))= a mn 
3kT N 8. Mole 


3(1.381x 10 J K') x (294.53K) x (0.1463 x 10° m’ mol") 
(6.022 x 10” mol) x (2.0023)? x (4% x 107 T? J! m*) x (9.27x10“ JT"Y 
= 6.84 


S(S+1)= 


so 
~1+ J1+4(6.84 
S’+S-6.841=0 and S DSR cola = 2.163 
2 
corresponding to |4.326] effective unpaired spins. The theoretical number is [5], corresponding to 
the 3d° electronic configuration of Mn”. 


COMMENT. The discrepancy between the two values is accounted for by an antiferromagnetic 
interaction between the spins, which alters y,, from the form of eqn 9.28. 


E9.31 (a) 1, = (63001x10*)x{ SS) 9p mot" [See A Brief Illustration in Section 9.11(b).] 


Since Cu(II) is a d’ species, it has one unpaired spin, so S = s =+. Therefore, 


6.300110) x(4) x (3 
Pa _ (6.3001x10") x (3) (3) m°’ mol = +1.6x10" m mol”! 


298 


E9.32(a) The relationship between critical temperature and critical magnetic field is given by 


2 
a 
I, 


HAT)=H, of =) [9.29] 


Solving for T gives the critical temperature for a given magnetic field. 


H(T)\~ 20kAm™ \” 
PoP) pe eR ie Rd 1-1 =e 
{ a ( »{ oe 


P9.1 


P9.3 
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Solutions to problems 
Solutions to numerical problems 


2asin 6,,, 


A=2d,, sin 6,,, "+h +P)? 


[9.2b and 9.1b} = 2asin 6.0° = 0.209a 


In a NaCl unit cell (Figure 9.11) the number of formula units is 4 (each corner ion is shared by 8 
cells, each edge ion by 4, and each face ion by 2). 


Figure 9.11 


W/3 
—— =———, implyingthat a= 4M [Exercise 9.8a] 
rn, Pp 


N, 

1/3 

(4)x (58.44 2 mol") = 
; gm” )x(6.022x10~ mol 


and hence A = (0.209)x(563.5 pm) =|118pm. 


For the three given reflections 


sin 19.076° = 0.32682 sin 22.171° = 0.37737 sin 32.256° = 0.53370 


AC +h +P)" 


For cubic lattices sin 6,,, = [9.2b with 9.1b] 


First, consider the possibility of simple cubic; the first three reflections are (100), (110), and (200). 
(See Fig. 9.22 of the text.) 


Sin Gy *k 0.32682 


sin@,, 2 0.37737 


[not simple cubic] 


Consider next the possibility of body-centered cubic; the first three reflections are (110), (200), and (211). 
sinO,, V2 _ 1 _, 0.32682 


= — = —= + — - (not bcc 
sin®,, V4 V2 0.37737 ( ) 
Consider finally face-centered cubic; the first three reflections are (111), (200), and (220). 
—— . v3 = 0.86603 
SiN Ayo, 
0.32682 uke = — 
which compares very favorably to 0.37737 = 0.86605 . Therefore, the lattice is face-centered cubic\. 


This conclusion may easily be confirmed in the same manner using the second and third reflection. 


A 2 2 2.1/2 154.18 pm : 
+k? 42)? =| 2 |x 3 =1408.55 pm 
2sin 6, ( ) (2) x (0.32682) 
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P9.5 


P9.7 


P9.9 


es 
ve [Exercise 6 ERIM SS hE. kal BEI ) —- - 
NV (6.022110 mol” )x (4.0855 x10™ cm) 


=|10.507 gem™ 


This compares favorably to the value listed in the Data Section. 


p= 


@, (100K) = 22.0403°, @,,(300K) = 21.9664° 


sin @,, (100K) = 0.37526, sin ,,, (300K) = 0.37406 


sin9300K) _ 9 996g) = 20%) sce Problem 9.4] 
sin (100K) a(300K) 


_ ANB ___ (154.0562 pm)x v3 


300K) = 
aGOOK)= Tid, (2)x (0.37406) 


= 356.67 pm 


a(100K) = (0.99681) x (356.67 pm) = 355.53 pm 


da a 356. 67 — 355.53 = 3206x107 
a 355.53 


OV 356.67° —355.53° 
aie 355.53° 


ee SOR 
a = Se KIT 
volume — V oT 200K 4.8x10°K" 

= 1 Ga _ 3.206x10" - = Fr 


V =abcsin B 


=9.650x10° 


and the information given tells us that a =1.377b , c=1.436b, and B =122°49' ; hence 
V = (1.377) (1.4365" )sin122°49' = 1.6626" 


Since p = NM Beer! | Jetty we find that 
P“N,  1.6625°N, 


(rl) 


w 3 
-( (2) (128.18g mol”) ) er apen 


(1.662) x (1.152x10° g m™)x(6.022x10” mot’) 


Therefore, a =|834pm], b =|606pm| : c =[870pm. 


As shown in E9.2(a), the volume of a primitive monoclinic unit cell is 


V = abc sinB = (1.0427 nm) x(0.8876nm)x (1.3777 nm)xsin(93.254°) 
= 1.2730 nm? 


The mass per unit cell is 


m= pV = (2.024g cm™)x (1.2730 nm*) x (107 cm nm)’ = 2.577x10™ g 


P9.11 
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The monomer is CuC,H,,N,O,S, so its molar mass is 
M =[63.546 + 7(12.01 1) +13(1.008) + 5(14.007) + 8(15.999) + 32.066] g mol” 
= 390.82 g mol” 


The number of monomer units, then, is the mass of the unit cell divided by the mass of the 
monomer. 


~2) 23 a | 
ya Na _ (2577x107! g)x(6.022X10" mol) _ 397 


M 390.822 mol” 


The problem asks for an estimate of A,H®(CaCl,s). A Born-Haber cycle would envision 
formation of CaCl(s) from its elements as sublimation of Ca(s), ionization of Ca(g), atomization of 
CL,(g), electron gain of Cl(g), and formation of CaCl(s) from gaseous ions. Therefore, 


A,H® (CaCl,s) = A,,,H® (Ca,s)+A,,,H° (Ca,g)+A,H® (Cl,g)+A,H ® (Cl,g)-A,H® (CaCl,s) 


Before we can estimate the lattice enthalpy of CaCl, we select a lattice with the aid of the radius- 
ratio rule. The ionic radius for Cl" is 181 pm (Table 9.3); use the ionic radius of K* (138) forCa* 


_ 138pm _ 0.762 
181pm 


suggesting the CsCl structure (4 = 1.763, Table 9.4). We can interpret the Born—Mayer equation 
(eqn. 9.12) as giving the negative of the lattice enthalpy. 
_ Al 42, | Ve 


A A” 
4ne,d 


ae 
[i -<*| where d * is taken to be 34.5 pm (common choice) 
The distance d is d = (138+181) pm =319 pm. 


ater? (1.763)x| (1)(—1) |x (6.022 10” mol) x (1.602 x10-” C)’ [i ee) 
BEY? og Sd 


47(8.854x10-? JC? m™)x(319x10- m) ~ 319pm 
~ 6.85x10° J mol! = 685kJ mol 


The enthalpy of formation, then, is 


A,H® (CaCl,s) = [176 + 589.7 +121.7 -348.7 —685] kJ mol! = 


Although formation of CaCl(s) from its elements is exothermic, formation of CaCl,(s) is still more 
favored energetically. Consider the disproportionation reaction 2 CaCl(s) + Ca(s) + CaCl,(s) for 
which 
AH® =A,H® (Ca,s)+A,H ® (CaCl, ,s)-2A,H® (CaCl,s) 
= [0 — 795.8 —2(—146)]kJ mol” 
= —504 kJ mol” 


and the thermodynamic instability of CaCl(s) toward disproportionation to Ca(s) and CaCl,(s) 
becomes apparent. 


Note: Using the tabulated ionic radius of Ca (i.e., that of Ca**) would be less valid than using the 
atomic radius of a neighboring monovalent ion, for the problem asks about a hypothetical 
compound of monovalent calcium. Predictions with the smaller Ca” radius (100 pm) differ from 
those listed above, but the conclusion remains the same: the expected structure changes to rock salt, 
the lattice enthalpy to 758 kJmol™', A,H®(CaCl,s) to —-219kJmol"’, and the disproportionation 
enthalpy to —358 kJ mol”. 
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P9.13 The molar magnetic susceptibility is given by 


— Nn8ebobyS(S +1) _ (6 3991x10-%)x St) 
3kT T/K 


6 

For $=2 - = ee mol” =[0.127x10% m? mor". 
= my. 

For § =3, "= ee =|0.254x10° m* mol}. 
_" 

ey ge Es mal =|0.423x10° m? mol". 


Instead of a single value of S we use an average weighted by the Boltzmann factor. 


y mmol [A brief illustration in Section 9.11(b)] 


r( —~§0x10° J mol” 


errr ae aes |=] Fut 
(8.31453 mol! K~) x (298 5) 


Thus the S = 2 and S = 4 forms are present in negligible quantities compared to the S = 3 form. The 
compound’s susceptibility, then, is that of the S = 3 form, namely, 0.254 cm” mol |. 
Solutions to theoretical problems 


P9.15 Consider for simplicity the two-dimensional lattice and planes shown in Figure 9.12. 


Figure 9.12 


The (hk) planes cut the a and 5 axes at a/h and b/k, and we have 
d _hd d kd 


a= —, = = 


(dh) a (bik) ob 


Then, since sin* @+cos’ @ =1, we can write 


roe 


and therefore 


(8-6) 
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P9.17 The scattering factor is given by 
f=42| pry rar [9.3] where k= sin @ 
0 


and the integral may be divided into segments such as 


7 sinkr , ¥ sinkr , 
Ad aaa dr:4n alent dr 


In the case for which p = 3Z/4aR? when 0 < r < R and p = 0 when r > R, the second integral 
vanishes, leaving 


Re.» R 
f== “— ‘dr = [sin (4) rar 
0 0 
_ 3Z | sinkr _ reoshe | 
RkL Fb RAS 
_ aN {ne —Ccos kr| | 
(KR) | 


This shows that the scattering factor is proportional to the atomic number Z, which is illustrated in a 
plot of fagainst sin(@)/A in Figure 9.13. As expected, f = Z in the forward direction. 


0 0.004 0.008 0.012 0.016 0.02 
sin@ / (A pm”) Figure 9.13 


Figure 9.14 is a plot of the scattering factor for several R values at constant Z. As R increases, the 
scattering factor shifts to the forward direction. 


0 0.004 0.008 0.012 0.016 0.02 
sin6 / (A pm’) Figure 9.14 
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P9.19 


Replacing an exponentially decreasing 1s wavefunction with a Gaussian function effectively 
replaces the cusp of the exponential decay near r = 0 with a broader, flatter function while 
simultaneously decreasing the long tail of the exponential. Physically, this is analogous to 
contraction of the orbital by an increase in the nuclear charge Z. In Problem 9.18 an increase in Z 
was found to cause a shift of the scattering factor away from the forward direction, To confirm this 
hypothesis, we first fit the 1s(Z = 1) exponential exp(p/2) with the exp(—br*) Gaussian by choosing 
the constant b so as to minimize the sum of the squared errors (SSE) in the range 0 <= r < 2a. 
Doing this in a Mathcad worksheet yields the following 5 value. 


N=40 j=0..N = 2a T= Jom 
N 
=-p(t: 2 
( an 665) 2 
SSE(b) = 7 Estimate of b: b:=1-pm™ 
j 
Given SSE(b) =0 b:= Minerr(b) 
b = 0.00035 pm™ 


pm 


The absence of both cusp and long tail in the Gaussian is clearly apparent in the worksheet plot. 


For the one-electron hydrogen-like atom, 4xp(r) = Rj,(r)* [4.15b] or 4xp(r) = g(r)’, and the 
scattering factor is given by 


sin@ 


, sin(47xr) , 
f (r,Z) = 42 [p(r,Z)—_——$r dr [9.3] where x= 
: 4axr 


The next section of the worksheet normalizes the Gaussian g(r) and defines the Gaussian scattering 
factor /,. 


ee et Se N = 0.00649 pm? 


‘a 
‘pm 
o-a g(r)’ -sin(4-n-x-r)-r 
- 4-0-x 


gB)=Ne"™ — §.@) = [ dr 
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The worksheet setup for the 1s radial wavefunction (Table 4.1) and its scattering factor f follows. 


pm = 10°"? -m a = 52.91772108 pm 
3 
a > rPl.2) 
p(r, Z)= 2-6 R,(; z)=2(2) rae 
% 4 x i ¥ ° . . 
{@, 2)= [ee oy 


‘pm 4-7-x | 


The subsequent plots of f{(x,1) and f,(x) confirm the hypothesis that replacement of the Is 
wavefunction by a Gaussian function causes the scattering factor to shift away from the forward 
direction. 


N = 200 i=0...N Xx = 0.01-pm™ x. = —— me 


0.002 0.004 0.006 0.008 0.01 


ms 
—1 
pm 
P9.21 Close-packed rods of length Z and elliptical cross-section with semi-major axis a and semi-minor 


axis b have a rod volume of tabL. The parallelepiped unit cell is shown in Figure 9.15(a) in a cross- 
section of the packed rods. Examination of the figure reveals that each unit cell contains one rod. 
Thus, the packing fraction fis given by 


_ MabL _ mab 
LA, 

Figure 9.15(b) defines the parameters needed for the determination of A,. Examination of the center 

positions of a pair of stacked ellipses reveals that they have the relative coordinates (0, 0) and 

(0, 2b). The adjacent ellipse column is centered b higher, and consequently the vertical contact 


point between the adjacent ellipses is necessarily at b/2. The horizontal component of the contact 
point, x, is calculated with the formula for an ellipse using y = b/2. 


where A, is the cross-section area of the unit cell 
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P9.23 


P9.25 


The parallelepiped area has a base of 24 and its height h is 


h=2x=~3a 
Thus, 

A, = 2bh = 23ab 
and 


mab i 
=———_ = —— = |0.907 
f 2/3ab V3 


The above formula for the packing fraction shows that it is independent of the ellipse eccentricity. 


Ee a h 
~ Bie eet | (0,26) ra 
7 . P 
a eer i! ae nr ae 
- (0,0) 
(a) | (b) Figure 9.15 


e = Pe fe a 


For each A atom use +f, (each A atom shared by eight cells), but use f, for the central atom 
(since it contributes solely to the cell). 


F. a Lf {1+e™ +e? 4+ eal ais abd, eum) 4 e2mile+)) + eis} 
een 


=f,+(-I)"" f, [A,k,/are all integers, e* = —1] 


®@ haf f=) Fy = [oaRemae saan 
) fe=the Fw =A(1+4Cne" | 
Therefore, when h+k+/ is odd, Fy, = f,(1-4+)=4/, , and when h+k+/ is even, Fy, =3f,- 


That is, there is an|alternation of intensity| (J « F’ ) according to|whether h++/ is odd or even|. 
y g 


(c) Se =Seats Fay =f {+d} =0 ifht+k+lisodd 


Thus, jall h++/ odd lines are missing}. 


The distance between adjacent ions on the two diagonal lines is d, and consequently the distance 
between adjacent ions on the horizontal and vertical lines is c = deos(45°) = d/2"”. These four lines 
with their constant, close distance between adjacent ions determine the Madelung constant when 
there are very large numbers of ions in a line. The textbook figure shows that distances between 
ions on different lines quickly grow to a large value, and consequently the total interaction between 
ions on different lines contributes very negligibly to the lattice energy per mole of ions. Thus, the 
Madelung constant of this ion arrangement is twice the Madelung constant for a line of alternating 
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+e cations and —e anions separated by d plus twice the Madelung constant for a line of alternating 
+e cations and ~e anions separated by c (see the one-dimensional model discussion in Section 9.6b 
of the textbook). 


2 2 
E, =2x(-2In2)x| S4& |42%(—2In2)x} SAS 
47€,d 47Eqc 


22, 6? 
4E yd 


2 
ane }s 2x(-202)>{ 
4me&\d 


= 2(-2ta){ 


z 
= -2x(2ha)x(142"7){ Ba) 
ARE,d 


Comparing the above equation with eqn. 9.10 yields the Madelung constant. 


A= 2x(2In2)x(1+ 2"? ) =[6.694 
In Justification 9.4 it is shown that the bulk modulus at equilibrium volume is 


2 
etl he 
9a°r*\ or : 


where r = r, is the interatomic separation, a is a constant such that V = ar’, the internal energy U at 
T = 0 is the potential multiplied by NV, and —|e| is the minimum value of the potential. 


| C 
(a) General Mie potential: V Sg Se where n>m 


potential ™ r" Fe] 


+ n m 
or ae ntl m+t 

DVieenia U(nt1)C, m(m+1)C, 
or’ grams ne 


“a 4 2 
Qa*r z" ants 


Ke eal {rere mene 


The Mie potential is very general, so we will simplify the discussion of K by examining the special 
case for which n = 2m. In this case, it can be shown that 


C, =|€ 


ne” Co=2C,d7°, snd {y (%, 2 


Furthermore, 7 is the separation at which the potential equals zero. Substitution of the special case 
values into the K equation gives 


cee oa 


Qa’ r* 2m+2 2+ 2 


r r 
ib 2m’°VN le| 


9a’r° 


Finally, we recognize that ar’ = V and obtain 


for n = 2m special case 
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P9.29 


(b) Exp-6 potential: Vesna = sai —(%/r *} 


where V (0.7525 r,)=V (1.2269 r,)=0, V(r, )=—|e|, V(r, )=0.63214|e], A=7.0121, and r, =1.6305 7. 
Siesse = Ale +6(% ie 
a . Alte —42(r, /r)*} 
3 roe {Atte ~ 424, inst} 


It follows that the bulk modulus at the separation r = r, = 1.630570, or ro = 0.61337, is 


Pee, Ale] {ev = 42 
9a’ (1.63057) | % 1.6305° 


_ 0.07110|e|VN _ 1.3359|e|VN 


COMMENT. The exp-6 potential used above has the disadvantage that it is non-zero at r =r,. The exp-6 
potential that is developed in problem 8.22, Vicertia = ~Ale|{e"”’ ‘0 ~(r/r)*}, does equal zero at r = r,. Its 


properties are V(r,)=0, V(r,)= —|el, A=1.8531, and r, = 1.3598 r,. This form of the potential yields 


x 1:1022N|e| _1.1022|e| _ 1.1022N,,le| 
V molecule m 


Permitted states at the low-energy edge of the band must have a relatively long characteristic 
wavelength while the permitted states at the high-energy edge of the band must have a relatively 
short characteristic wavelength. There are few wavefunctions that have these characteristics, so the 
density of states is lowest at the edges. This is analogous to the MO picture that shows a few 
bonding MOs that lack nodes and a few antibonding MOs that have the maximum number of nodes. 


Another insightful view is provided by consideration of the spatially periodic potential that the 
electron experiences within a crystal. The periodicity demands that the electron wavefunction oS a 
periodic function of the position vector r.We can approximate it with a Bloch wave: y « e” 

where k = kitk 7, j+k, k is called the wave number vector. This is a bold “free” electron 
approximation and, in the spirit of searching for a conceptual explanation, not an accurate solution. 
Suppose that the wavefunction satisfies a Hamiltonian in which the ~poleatias can be neglected: 
H= -(n’ /2m)V* . The eigenvalues of the Bloch wave are E = hi’ |k ? /2m. The Bloch wave is 
periodic when the components of the wave number vector are multiples of a basic repeating unit. 
Writing the repeating unit as 27/L where L is a length that depends on the structure of the unit cell, 
we find k, = 2n, 1/L where n, = 0, +1, +2,.... Similar equations can be written for k, and k,, and with 
substitution the eigenvalues become E = (1/ 2m)(22h/ L) (n? +n; +n2). This equation suggests 
that the density of states for energy level E can be visually evaluated by looking at a plot of 
permitted 7,, ”,, m, values as shown in the graph of Figure 9.16. The number of 7,, n,, n, values 
within a thin, spherical shell around the origin equals the density of states which have energy E. 
Three shells, labeled 1, 2, and 3, are shown in the graph. All have the same width but their energies 
increase with their distance from the origin. It is obvious that the low-energy shell 1 has a much 
lower density of states than the intermediate-energy shell 2. The sphere of shell 3 has been cut into 
the shape determined by the periodic potential pattern of the crystal, and because of this 
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phenomenon, it also has a lower density of states than the intermediate-energy shell 2. The general 
concept is that the low-energy and high-energy edges of a band have lower density of states than 
that of the band center. 


Figure 9.16 


P9.31 P(E)= [9.20] where E is measured from in minimum value of E,,,, = 0. 


el EH) aT + 
In the case for which E < yp, 

lim(Z-4)/AT = lim (—|E — 4|/kT) = —0o 
Thus, 


Conclusion: lim P(E) =1 when E < 


In the case for which E > p, 
lim(E — )/AT = lim(|E — w|/kT) = +20 


Thus, 


Conclusion: lim P(E) =0 when E > 


co H oo 
Since N, = [e(E)P(E)dE = [o(E)P(E)dE + [e(£)P(E)dE , we find yu at T = 0 by substitution 
0 0 # 


of P= 1 in the first integral and P = 0 in the second integral. 
H(0) co H(0) 
N,= | p(E)xidE+ | p(E)x0dE= | p(£)dE 
0 0 


H(0) 
uO) (0) - 3/2 
= | p(E}WE=C | E'?dE where C=42V(2m,/h’) 
0 0 


yim ace Set 


— 
—— re 


_ 2Cu(oy” 


3 3 


E=0 
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Solving for (0) yields 


3N, 


2/3 


(0) = ( 


Because a sodium atom contributes a single valence electron and sodium has a density of about 
0.97 gem”, 
NW =N,/V =N,/V,, =N, x mass density / molar mass 
= (6.022x10* mol')x(0.97 g cm™®)/(23 g mol) = 2.5x10" m® 


and 


=5.0x10°" J= 


3(2.5x10" m?)) (6.63x10™ Js) 
87 


2(9.11x10™' kg) 


P9.33 If a substance responds non-linearly to an electric field E, then it induces a dipole moment: 


f=aQE + BE’ 

If the electric field is oscillating at two frequencies, we can write the electric field as 
E=E,cos@t+E,cos@,t 

and the non-linear response as 
BE’ = BE, cos@t +E, cos@,ty 
BE” = B(E; cos’ wt + E; cos’ @t + 2E,E, cos at cos at) 

Application of trigonometric identities allows a product of cosines to be rewritten as a sum: 
cos Acos B = tcos(A— B)+4cos(A + B) 

Using this result (a special case of which applies to the cos’ terms), yields 
BE’ =1B Es (1+cos2a@t)+ E’(1+cos2@,t)+2E,E,(cos(@, + @,)t + cos(@, — a, | 


This expression includes responses at twice the original frequencies as well as at the sum and 
difference frequencies. 


+or- 


P9235 (a) AY, =9,,.W,,. and (A-¥,,. )y,, =0 


Ve Kae B be, 
( 8 yb oa =Q where f= ae (1-3c0s” 6) 


W.,.=0 where x,, =(¥,,-0)/B 


alien 
= 
md 
| 
ba 

& — 

enna” 


¥, = Vion — 8 and ¥_=Vinw +f 


¥, and _ are plotted in Figure 9.17 as a function of @ using 4. = 4.00 D, #,,,, = 25000 cm™, and 
r=0.5 nm. 
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2.6 


2.45 


2.4 


0 0.2 0.4 0.6 0.8 1 


ei(nt2) Figure 9.17 


The ratio of y,’/ u_” (and the relative intensities of the dimer transitions) doesn’t depend on £ or 0 
because 44, = 0. To see this, we use the coefficients of the normalized wavefunctions for y, and yw 
and the overlap integral S = (y, | y,). 


Xs o- ! © oe 1 
" |=0 where Re. Sel 
! Xs o¢- Cror-,2 


X,or-Cs00-1 r CLor~,2 =0 


Cior—2 = Ky oc-"r0¢~, (i) 


The coefficients must also satisfy the normalization condition. 


(Wao | Wace) a (6,0. + Crore 22 | Chor Vi at ee 


—* 2 2 
a Cyan j + C1 of-2 + (a ae) 
= 2 Z 20 _ ? 
ad Chan J a Cro 7 Shige Cy 4 S=1 (il) 
Thus, 
= : C5 =, 
+,1 1/2 +207. es 
{2(1-S)} 
and 
— 1 — 
1 12 C4 ©. 


2 2 + ? a : 
F. [| = {ns *¢42) on ©) a [see Problem 9.34] = [Se od } =0 
fe a5 C_» ) Hon ri + €.3 


(b) The secular determinant for NV monomers has the dimension NxN. 
v ng Veiner 4 0 
V —_ Vices V 


mon 
0 V es 


P9.37 


Fame = Fama +2¥ 00s - k=1,2,3,..,N [9.18] 


2 — 
V = B(0) = —P nen} ~3cos” 0) = Pon 
RE, Acr 


The plot in Figure 9.18 shows the dimer transitions for 9 = 0 and N = 15. The shape of the 
transition distribution changes slightly with N and transition energies are symmetrically distributed 
around the monomer transition. The lowest energy transition changes only slightly with N giving a 
value that goes to 


25000 cm! + 2V = 25000 cm! + 2 x (-1289 cm) = 22422 cm! as N—> 


Since the model considers only nearest-neighbor interactions, the transition dipole moment of the 
lowest energy transition doesn’t depend on the size of the chain. 


2.8 


23 


2.6 


Vdimer 25 


104 cm! 


2.4 
2.3 


2.2 
k Figure 9.18 


N,O,(g)==2 NO, (g) 
(-—@)n 2an amounts 


— aad mole fractions 
l+a@ 1+a@ 


feed p (2. p partial pressures [p = p/p” here] 


_ (2a/1+a)’p _ 4e 
(l-@/lt+a@) 1-@ r 


Now solve for @. 
1/2 
gl K ea K 
4p+K 4p+K)} 
V2 


V/2 
Le ee ee po ees ee a 1 
The degree of dimerization is d=1-—a@=1 lax z} 1 Ap! sri 


The susceptibility varies in proportion to @=1-—d. As pressure increases, @ decreases and the 
susceptibility eee. 
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To determine the effect of temperature we need A.H ~ A.H™® for the reaction above. 


A_H® =2x(33.18 kJ mol')—9.16 kJ mol” =+57.2 kJmol”' 


A positive AH ° indicates that NO,(g) is favored as the temperature increases; hence, the 


susceptibility with temperature. 


Solutions for applications 


P9.39 The density of a face-centered cubic crystal is 4m/V where m is the mass of the unit hung on each 
lattice point and V is the volume of the unit cell. (The 4 comes from the fact that each of the cell’s 8 
vertices is shared by 8 cells, and each of the cell’s 6 faces is shared by 2 cells.) 


So psttis oi 
a Na 


1 
and M=7pN,@ 


M =1(1.287 g cm™”)x(6.022x10” mol)x(12.3x107 cm)’ 


=|3.61x10° gmol” 


P9.41 Tans and coworkers (S. J. Tans et al., Nature, 393, 49 (1998)) have draped a semiconducting carbon 
nanotube (CNT) over metal (gold in Figure 9.19) electrodes that are 400 nm apart atop a silicon 
surface coated with silicon dioxide. A bias voltage between the electrodes provides the source and 
drain of the molecular field-effect transistor (FET). The silicon serves as a gate electrode and the 
thin silicon oxide layer (at least 100 nm thick) insulates the gate from the CNT circuit. By adjusting 
the magnitude of an electric field applied to the gate, current flow across the CNT may be turned on 
and off. 


source 


] _ 
re 


Figure 9.19 


Wind and coworkers (S. J. Wind et al., Applied Physics Letters, 80, 20 (May 20), 3817 (2002)) have 
designed a CNT-FET of improved current carrying capability (Figure 9.20). The gate electrode is 
above the conduction channel and separated from the channel by a thin oxide dielectric. In this 
manner the CNT-to-air contact is eliminated, an arrangement that prevents the circuit from acting 
like a p-type transistor. This arrangement also reduces the gate oxide thickness to about 15 nm, 
allowing for much smaller gate voltages and a steeper subthreshold slope, which is a measure of 
how well a transistor turns on or off. 
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GateOxide Figure 9.20 


A single-electron transistor (SET) has been prepared by Cees Dekker and coworkers (Science, 293, 
76 (2001)) with a CNT. The SET is prepared by putting two bends in a CNT with the tip of an AFM 
(Figure 9.21). Bending causes two buckles that, at a distance of 20 nm, serves as a conductance 
barrier. When an appropriate voltage is applied to the gate below the barrier, electrons tunnel one at 
a time across the barrier. 


Figure 9.21 


Weitz et al. (Phys. Stat. Sol. (6), 243, 13, 3394 (2006)) report on the construction of a single-wall CNT 
using a silane-based organic self-assembled monolayer (SAM) as a gate dielectric on top of a highly 
doped silicon wafer (Figure 9.22). The organic SAM is made of 18-phenoxyoctadecyltrichlorosilane. 
This ultrathin layer ensures strong gate coupling and therefore low operation voltages. Single-electron 
transistors (SETs) were obtained from individual metallic SWCNTs. Field-effect transistors made 
from individual semiconducting SWCNTs operate with gate-source voltages of —2 V, and they show 
good saturation, small hysteresis (200 mV), and a low subthreshold swing (290 mV/dec). 


Figure 9.22 
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John Rodgers and researchers at the University of Illinois have reported a technique for producing 
near-perfect alignment of CNT transistors (Figure 9.23). The array is prepared by patterning thin 
strips of an iron catalyst on quartz crystals and then growing nanometer-wide CNTs along the strips 
using conventional carbon vapor deposition. The quartz crystal aligns the nanotubes. Transistor 
development then includes depositing source, drain, and gate electrodes using conventional 
photolithography. Transistors made with about 2,000 nanotubes can carry currents of 1 ampere, 
which is several orders of magnitude larger than the current possible with single nanotubes. The 
research group also developed a technique for transferring the nanotube arrays onto any substrate, 
including silicon, plastic, and glass. See Coskun Kocabas, Seong Jun Kang, Taner Ozel, Moonsub 
Shim, and John A. Rogers, J. Phys. Chem. C, 2007, 111, 17879, Improved Synthesis of Aligned 
Arrays of Single-Walled Carbon Nanotubes and Their Implementation in Thin Film Type 
Transistors. 


PART 3 Molecular spectroscopy 


1 () Rotational and 
vibrational spectra 


D10.1 


D10.3 


D10.5 


Answers to discussion questions 


Symmetric rotor: the energy depends on J and K” [eqn. 10.10], hence each level except the K = 0 
level is doubly degenerate. In addition, states of a given J have a component of their angular 
momentum along an external, laboratory-fixed axis, characterized by the quantum number M,, that 
can take on 2/ + 1 values. The quantum number M, does not affect the energy; consequently all 
2J + 1 orientations of the molecule have the same energy. It follows that a symmetric rotor level is 
2(2J + 1)-fold degenerate for K = 0 and 2) + 1 degenerate for K = 0. 


Linear rotor: A linear rotor has K fixed at 0, but there are still 2.7 + 1 values of M,, so the 
degeneracy is 2/+ 1. 


Spherical rotor: A spherical rotor can be regarded as a version of a symmetric rotor in which A = B, 
and consequently, the energy is independent of the 2/+ 1 values that K can assume. Hence there is 
simultaneous degeneracy of 2+ 1 in both K and M,, resulting in a total degeneracy of (2/ + 1)”. 


Asymmetric rotor: In an asymmetric rotor there is no longer a preferred direction in the molecule 
that carries out a simple rotation about J. Thus for each value of J , there is only a degeneracy of 
2J + 1, as in a linear rotor. 


If a decrease in rigidity affects the symmetry of the molecule, the rotational degeneracy could be 
affected also. For example, if a wobble resulted in a spherical rotor being transformed into an 
asymmetric rotor, the rotational degeneracy of the molecule would change. 


In addition to the quantum numbers J and K, the rotational states of molecules are characterized by 
a quantum number 4%, which can take on 2/ + I values 0, +1, £2, ..., +/. In the absence of 
external fields, the energy of the molecule does not depend on M,, and for linear rotors, for 
example, there is a degeneracy of 2+ 1 associated with the quantum number M, in the state J. This 
degeneracy is partly removed when an electric field is applied to a polar molecule, such as HCl. 
This splitting of the energies of the M, states is called the Stark effect and is proportional to the 
permanent dipole moment of the molecule. The observation of the Stark effect can therefore be used 
to measure molecular dipole moments in microwave spectroscopy. The Stark effect is also of 
importance in the technology of microwave spectrometers because an oscillating electric field will 
modulate the position of spectral lines and therefore the intensity of absorption or emission at a 
particular frequency. Spectrometers using detectors that make use of this oscillation of the intensity 
are called Stark modulation spectrometers. 


(1) Rotational Raman spectroscopy. The gross selection rule is that the molecule must be 
anisotropically polarizable, which is to say that its polarizability, a depends on the direction of 
the electric field relative to the molecule. Non-spherical rotors satisfy this condition. Therefore, 
linear and symmetric rotors are rotationally Raman active. 

(2) Vibrational Raman spectroscopy. The gross selection rule is that the polarizability of the 
molecule must change as the molecule vibrates. All diatomic molecules satisfy this condition as 
the molecules swell and contract during a vibration, the control of the nuclei over the electrons 
varies, and the molecular polarizability changes. Hence both homonuclear and heteronuclear 
diatomics are vibrationally Raman active. In polyatomic molecules it is usually quite difficult to 
judge by inspection whether or not the molecule is anisotropically polarizable; hence group 
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D10.7 


D10.9 


D10.11 


E10.1(a) 


theoretical methods are relied on for judging the Raman activity of the various normal modes of 
vibration. The procedure is discussed in Section 10.15(b) and demonstrated in A Brief Illustration. 


'H”’C = °C'H is a linear molecule. It has hydrogen nuclei with half integral spin and carbon nuclei 
with zero spin. Rotation by 180 degrees produces an equivalent form. This rotation is equivalent to the 
interchange of identical hydrogen nuclei. Since hydrogen is a fermion, the overall rotational wave 
function must be antisymmetric with respect to exchange of identical particles. The overall statistics 
are Fermi statistics. This leads to the result that symmetric hydrogen nuclear spin functions must be 
paired with antisymmetrical spatial wave functions for rotation and vice versa. Consequently 
'H’C = "C'H will exhibit ortho and para forms just as for Hj. The (odd /)/(even J) statistical weight 
ratio is 3/1. 


7H”’C="C’His a linear molecule. It has deuterium nuclei with integral spin and carbon nuclei 
with zero spin. Rotation by 180 degrees produces an equivalent form. This rotation is equivalent to 
the interchange of identical deuterium nuclei. Since deuterium is a boson, the overall rotational 
wave function must be symmetric with respect to exchange of identical particles. The overall 
statistics are Bose statistics. This leads to the result that symmetric deuterium nuclear spin functions 
must be paired with symmetrical spatial wave functions for rotation and also leads to the result that 
antisymmetric deuterium nuclear spin functions must be paired with antisymmetrical spatial wave 
functions for rotation. Consequently *H”’C="C7’H will exhibit ortho and para forms. The 
(odd J/)/(even J) statistical weight ratio is 3/6. 


From the point of view of the effect of nuclear statistics on the occupation of rotational energy levels, 
the situation in ‘HC = °C'H is similar to the case of “HC = "C7H. 'H”C="°C'H will exhibit 
ortho and para forms. The (odd J/)/(even /) statistical weight ratio is 6/10. 


The rotational constants in vibrationally excited states are smaller than the constants in the 
vibrational ground state and continue to get smaller as the vibrational level increases. Any 
anharmonicity in the vibration causes a slight extension of the bond length in the excited state. 
This results in an increase in the moment of inertia and a consequent decrease in the rotational 
constant. Problem 10.13 gives the equation that describes how the rotational constant changes 
with increasing vibrational level. That equation is By =Be -a(v+5), where Be is a constant and 
B, is the rotational constant in level v. 


The exclusion rule applies to the benzene molecule because it has a center of symmetry. 
Consequently, none of the normal modes of vibration of benzene can be both infrared and Raman 
active. If we wish to characterize all the normal modes, we must obtain both kinds of spectra. See 
the solutions to Exercises 10.25(a) and 10.25(b) for specific illustrations of which modes are IR 
active and which are Raman active. 


Solutions to exercises 


Ozone is an asymmetric rotor similar to HO; hence we follow the method of Example 10.1 and use 
[= Lima [10.1] to calculate the moment of inertia, /c, about the C2 axis. 


I=mo9 (x3 +0+x0} = Ino = 2mo(Rsin gy’ 
where the bond angle is denoted 2¢ and the bond length is denoted R. Substitution of the data gives 


I =2x15.9949ux1.66054x10~’ kg/u x (1.28x107!? mxsin 58.5°)7 


=16.33x10 kg m? 
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The corresponding rotational constant is 


hi 1.05447x107** Js a ns 
ies ae a AD) I A a! 
4ncl, 42x2.998x10° ms"! x6.33x10° kg m? , 


E10.2(a) In order to conform to the symbols used in the first symmetric rotor figure of Table 10.1, we will use 
the molecular formula BAy. J, is along a bond and J, is perpendicular to both J, and a molecular 
face that does not contain J, (see the spherical rotor of text Figure 10.4). For our molecule, R“= R, 
Mc = ma, and the equations of Table 10.1 simplify to 


— 


I, /m,R? = 2(1—cos6) 
I, /m,R’ =1-cos0+(m, +m,)x(1+2cos@)/m 


+{(3m, +m, )+6m, [4(1+2c0so)]'"}/m where m = 4m, +m, 


The I, /m ,R’ moment of inertia ratio does not depend on specific atomic masses, so the plot of this 
ratio against 8, shown in Figure 10.1, describes the angular dependence of all molecules having the 
formula BA,. However, the J, /m,R° moment of inertia ratio does have a specific atomic mass 
dependency, so we will plot its angular dependence for CHy, an important fuel and powerful 
greenhouse gas. The computational equation is 


I, /m,R? = 1-008 +13(1+ 2cos 6) /16+{15+6[% (1+ 2cos6)]’"}/16 


and its plot is also found in Figure 10.1. As @ increases, atoms move away from the axis of I, ’ 
which causes the moment of inertia around this axis to increase. Atoms move toward the axis of 


I, as @ increases, thereby decreasing the moment of inertia around this axis. 


COMMENT. Figure 10.1 suggests that |, (Acta) =/i (Petra) for all tetrahedral molecules where 6,1. iS the 
tetrahedral angle (approximately 109.471°). Can you provide an analytic proof that this is true? Hint: The 
exact value Of O44 i 2/2+sin"'(1/3) in radians where sin”'() is the arcsin() function. 


3 


2.8 

2.6 

I/m,R’ 

24 

2 J, all BA, molecules 

2 J 

90 95 100 105 110 Figure 10.1 
g/° 

E10.3(a) (a) asymmetric (b) oblate symmetric (c) spherical (d) prolate symmetric 


E10.4(a) NO isa linear rotor, and we assume that there is little centrifugal distortion; hence 


F(J) = BJ(J +) [10.12] 


with B=——,J]=m,,R? [Table 10.1], and 


m ° * 
Mere = —"n7o__ [nuclide masses from the Data Section] 


My, +My 
} ( (14.003 u)x (15.995 u) 


$$ |x (1.6605 x10 kgu“') = 1.24010 ke 
(14.003u) + (15.995 u) 
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Then J=(1.240x10%kg)x(1.15x107° m)? =1.640x10“ kg m’” 


1.0546x10°" Js 


1m =1.07em" 
(477)x(2.998x10° ms )x(1.640 x10 kg m*) 


and B= 


The wavenumber of the J = 3 < 2 transition is 
¥ =2B(J +1)[10.17a] = 6B[J = 2] =(6)x(1.707 cm) = 10.24cm™ 


The frequency is 


| J ahs, 
v=Vc=(10.24 em'ye( 2 wi }x«@.99exto'ms) = 3.07 x10"! Hz 
Lle 


m”: 


When centrifugal distortion is taken into account, the frequency decreases, as can be seen by 
considering eqn. 10.17(b). 


Question. What is the percentage change in these calculated values if centrifugal distortion is 
included? 


E10.5(a) The wavenumber of the transition is related to the rotational constant by 
he¥ = AE = hcBL J(J +1)—(J -1)J] = 2hcBJ [10.6, 10.8] 


where J refer to the upper state (J = 3) . The rotational constant is related to molecular structure by 


where J is moment of inertia. Putting these expressions together yields 
l= ap a? (1.0546x10-™ Js)x(3) 
2ncV = 27 (2.998x10"° cm s')x(63.56cm"') 
= 2.642x10"kg m? 


v=2BJ = de so 
2acl 


The moment of inertia is related to the bond length by 


I=m,,R° soR= a 
Ms 


: a _, (1.0078 u)™ + (34.9688 uy" 
Mog = My +My i - aa er a 
1.66054x107’ kg u 


and = R=4/(6.1477x10" kg!) (2.64210 kg m?) =1.274x10™ m = [127.4 pm 


E10.6(a) If the spacing of lines is constant, the effects of centrifugal distortion are negligible. Hence we can 
use for the wavenumbers of the transitions 


= 6.1477x10" kg™ 


F(J)— F(J—-1) =2BJ [10.8] 

Since J =1,2,3,..., the spacing of the lines is 2 B. 
12.604 cm™ = 2B 
B = 6.302 cm™ =6.302x10? m™ 


fo ee Meg R? 
4ncB 
h _ —-1,0546x10™ Js 


4c (4n)x(2.9979x10' ms") 


= 2.7993x10™ kg m 
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44 
p = 2:1993x10 “Ke ™ _ (4.44210 kg m’ 
6.302 x10°m 
M,\My 
My, +My 


-( (26.98) x (1.008) 


M. = 


ux(1.6605x10~’kg u*) = 1.613610 kg 
(26.98) + (1.008) 


1/2 47 2 1/2 . 
R= (1) ‘ eee | = 1,659x10-" m165.9 pm 


E10.7(a) The determination of two unknowns requires data from two independent experiments and the 
equation that relates the unknowns to the experimental data. In this exercise, two independently 
determined values of B for two isotopically different HCN molecules are used to obtain the 
moments of inertia of the molecules, and from these, by use of the equation for the moment of 
inertia of linear triatomic rotors (Table 10.1), the interatomic distances R,, and R,, are calculated. 


Rotational constants that are usually expressed in wavenumber (cm™') are sometimes expressed in 
frequency units (Hz) . The conversion between the two is 


B/Hz=cxB/cm™ [cinems”] 


Thus, B(in Hy} = and joc 
4nI 4xB 


Let 'H=H, 7H=D, Rue = Roe =R, Ry = R’. Then 


1-34 
I(HICN) = 22108 _ 1893710 kg mn? 
(4) x(4.4316x10"s”) 
-34 
I(DCN) = IIS = 2.317810 kg mn” 


(47)x(3.620810"s*) 
and from Table 10.1 with isotope masses from the Data Section, 


R-m,R’) 
I(HCN) = m,R? +myR” ete ori 
m, +Mo +My 


; 1.0078R —14.0031R’) 
I(HCN) = C 0078R? ) +(14.0031R7 ll 


Multiplying through by m/u =(m, +m, +m, )/u= 27.0109, 
27.0109 I(HCN) = {27.0109 (1.0078R? +14.0031R”) —(1.0078R —14.0031R’) }u 


27.0109 


8 


= {27.0109 x(1.0078R? + 14.0031R” ) — (1.0078R —14.0031R’)’} (a) 
In a similar manner we find for DCN 


28.0172 


rg (23 Tex10kg m?) =3.910710°" m’ 
7 g 


= {28.0172x(2.0141R° +14,0031R7 )—(2.0141R - 14.003 iR’y’} (b) 
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E10.8(a) 


E10.9(a) 


E10.10(a) 


E10.11(a) 


E10.12(a) 


E10.13(a) 


Thus there are two simultaneous quadratic equations (a) and (b) to solve for R and R’. These 
equations are most easily solved by readily available computer programs or by successive 
approximations. The results are 


R=1.065x10°m =|106.5 pm} and R’=1.156x10"° m= 115.6 pm 


These values are easily verified by direct substitution into the equations and agree well with the 
accepted values R,,. = 1.064 x 10° mand R,, = 1.156 x 107 m. 


The Stokes lines appear at 
WJ +2 <— J)=%,-2B(2J +3)[10.20a]_ with J =0, ¥=,-6B 


Since B =1.9987cm™ (Table 10.2), the Stokes line appears at 
¥ = (20487) —(6)x (1.9987 cm) =|20475 cm” 


The separation of lines is 4B [10.20a and 10.20b], so B = 0.2438cm™. Then we use 


h 1/2 
R=| ———= 
[| 


with m,, = +m(” Ch = (+)x(34.9688 u) = 17.4844 u 
Therefore 


f 1.05457x10™ Js ¢ 
(4) x (17.4844) x(1.6605x10~" kg) x (2.9979 10" cms”)x(0.2438em") 


= 1.98910" m =|198.9 pm| 


Polar molecules show a pure rotational absorption spectrum. Therefore, select the polar molecules based 
on their well-known structures. Alternatively, determine the point groups of the molecules and use the 
rule that only molecules belonging to C,, C,,, and C, may be polar, and in the case of C, and C,,, the 
dipole must lie along the rotation axis. Hence the polar molecules are 

(b) HCl (d)CH,Cl (e)CH,Cl, 

Their point group symmetries are 

(b) CL, GMC, (&)C,,(rans),C,, (cis) 

COMMENT. Note that the cis form of CH,Cl, is polar, but the trans form is not. 

We select the molecules with an anisotropic polarizability. A practical rule to apply is that spherical 
rotors do not have anisotropic polarizabilities. Therefore (c) CH, is inactive, All others are active. 

For diatomic molecules, we can use eqn. 10.21 to determine the statistical ratio of weights of 
populations. For chlorine-35 / = 3/2, and hence 


Ratio of (odd J/even J) weights of populations is — - 


1/2 
@=2nmv = (=| 
Mm 


k = 49 v'm = 4n” x(2.0s") x(0.100kg) = 16kgs” = 
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E10.14(a) o-( ty [10.32] 


The fractional difference is 
k meal pi? ofa 
wo _\ rma) me) _\ i) te ace 


_{ me Na)m(” Cl) {m(? Na)+m(’ cy})" 
(im Na)+m(° Cl) }m(? Nae Cl) 


_{ mC Cl) m@Na)+ mC cy) 
mC’Cl) m(?Na)+m( Cl) 
(# 9688 | 22.9898 + 36. sr) aA ae ARTA 


36.9651 22.9898 + 34.9688 


Hence, the difference is|1.077 percent). 


2 
E10.15(a) w= (*) [10.32]; w=2av= 2"(<] = 2ncv 


Moe 


Therefore, k = m,@° = 427 m,,c’ 9, Mg, =4+m(* Cl) 


= (427)x (+ 7o88 1. 66054x10 kg) x[(2.997924x10" cms ')x(564.9cem™)}’ 


= [328.7 Nm" 
E10.16(a) o-([ +) [10.32], so kK=m,@° =42°m,cV 
eff 
Mag =—-[10.31] 
m, +m, 
Mag (H” )= _ (1.0078) x (18.9984) =0,.9570u 
(1.0078) + (18.9984) 
Mere (H*Cl) = (1.0078)x(G4.9688) | =0,9796u 
(1.0078) + (34.9688) 
‘ha (HBr) = (1.0078)x (80.9163) , _» 954, 
(1.0078) + (80.9163) 
Mm.» (HI) = @.0078)x 126.9045) | _ 9 9999u 
(1.0078) + (126.9045) 
We draw up the following table. 
HF HCl HBr HI 
y/cm™ 4141.3 2988.9 2649.7 2309.5 
Mg |W 0.9570 0.9697 0.9954 0.9999 


k/(Nm*) B14 


Note the order of stiffness HF > HCl > HBr > HI. 
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E10.17(a) 


E10.18(a) 


E10.19(a) 


E10.20(a) 


E10.21(a) 


: : k v 5 ae 4 
Question. Which ratio, BA —B) © FAB) (A—B)’ where B(A-—B) are the bond energies, is the 


more nearly constant across the series of hydrogen halides? Why? 


Data on three transitions are provided. Only two are necessary to obtain the value of V and x,. The 
third datum can then be used to check the accuracy of the calculated values. 


AG(v =1< 0) = ¥— 20x, =1556.22cm™[10.38] 
AG(v = 2 — 0) = 20 - 6Px, = 3088.28cm™" [10.39] 


Multiply the first equation by 3, then subtract the second 


v= (3) x (1556.22 cm™) — (3088.28 cm™) =[1580.38 cm” 


Then from the first equation 
¥—-1556.22cm™ (1580.38—1556.22)cem™ F644xi0-| —— + 
Dg ee rr — 7.64410 
’ ow (2)x(1580.38cm™) = 


x, data are usually reported as x,V, which is 


x,V =12.08cm"' 


AG(v = 3 <0) = 3-120, 
= (3) x (1580.38 em-) — (12) x (12.08 cm) = 4596.18 em 


which is very close to the experimental value. 
The R branch obeys the relation 
% (J) = 5+ 2B(J +1) [10.42c] 


Hence, #, (2) = ¥+ 6B = (2648.98 cm) +(6)x (8.465 cm™) [Table 10.2] =|2699.77 cm]. 


See A Brief Illustration. Select the molecules in which a vibration gives rise to a change in dipole 
moment. It is helpful to write down the structural formulas of the compounds. The infrared active 
compounds are 


(b)HCl (c)CO, (d)H,O 


COMMENT. A more powerful method for determining infrared activity based on symmetry considerations 
is described in Section 10.15. Also see Exercises 10.23-10.24. 


The number of normal modes of vibration is given by (Section 10.15) 


“»  |3N—6 for nonlinear molecules 


nd oe —5 for linear molecules 
where /N is the number of atoms in the molecule. Hence, since none of these molecules are linear, 
(a)3 (b)6 = (c) 12 


COMMENT. Even for moderately sized molecules, the number of normal modes of vibration is large and 
they are usually difficult to visualize. 


This molecule is linear; hence the number of vibrational modes is 3N — 5. N = 44 in this case; 
therefore, the number of vibrational modes is (127). 


E10.22(a) 


E10.23(a) 


E10.24(a) 


E10.25(a) 


E10.26(a) 


E10.27(a) 
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k M2 
G,v)=(v+5)%,  ¥, = >| [10.46] 


22c m, 


The lowest energy term is V,, corresponding to the normal mode for bending. For this mode the 
oxygen atom may be considered to remain stationary and the effective mass is approximately 


2 
m, = Pia os . For the other modes, the effective mass expression is more complicated and is 
2m, + Mo 
beyond the scope of this text. However we know that in the ground vibrational state all normal 
modes have v = 0. Thus, since H2O has the three normal modes shown in text Fig. 10.41, the ground 
vibrational term is the sum of eqn. 10.46 normal mode terms: G,,,,4 = G,(0)+ G,(0)+ G,(0) = 


(9, +9, +9, )h 


See Figs. 10.41(H,0, bent) and 10.40(CO,, linear) of the text as well as A Brief Illustration. Decide 
which modes correspond to (i) a changing electric dipole moment and (ii) a changing polarizability, 
and take note of the exclusion rule (Sections 10.13a—10.15). 


(a) Nonlinear: All modes are both infrared and Raman active. 
(b) Linear: The symmetric stretch is infrared inactive but Raman active. 


The antisymmetric stretch is infrared active and (by the exclusion rule) Raman inactive. The two 
bending modes are infrared active and therefore Raman inactive. 


The uniform expansion is depicted in Figure 10.2. 


Figure 10.2 


Benzene is centrosymmetric, so the exclusion rule applies (Section 10.14). The mode is infrared 
inactive (symmetric breathing leaves the molecular dipole moment unchanged at zero), and 
therefore the mode may be (and is) [Raman active]. In group theoretical terms, the breathing mode 
has symmetry A,, in D,,, which is the point group for benzene, and quadratic forms x* + y* and z’ 
have this symmetry (see the character table for C,,, a subgroup of D,, ). Hence, the mode is Raman 
active. 


Use the character table for the group C,, (and see Example 10.3). The rotations span A, +B, +B,. 


The translations span A,+B,+B,. Hence the normal modes of vibration span the difference, 
4A,+A,+ 2B, +2B,|. 


COMMENT. A,,B, andB, are infrared active; all modes are Raman active. 


See the comment in the solution to Exercise 10.25(a). A,,B, and B, are infrared active; all modes 
are Raman active. 


The ratio of coefficients A/B is 


A_ 8ahv? 


(Eqn. 10.55, Further Information 10.1] 


B ¢ 
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The frequency is 


A _82(6.626x10™ Js) 
B (70.8x10 my 


~34 
(b) A _ 8h _ 82(6.626x10 JS) _ 1133x103 ms 133x100") ms ; 


BR (500x107 my’ 


(a) =|0.0469Jm™ s 


(-) 488 _ gang? = 82 {6.626x10 Jsx[3000cm™ x(10? m™ /1cem~)P} 


=|4.50x10°° Jm™s 


COMMENT. Comparison of these ratios shows that the relative importance of spontaneous transitions 


decreases as the frequency decreases. The quotient _ has units. A unitless quotient is = with p 


given by eqn. 10.51. 


Question. What are the ratios Ss for the radiation of (a) through (c) and what additional 


conclusions can you draw from these results? 


Solutions to problems 
Solutions to numerical problems 


P10.1 Rotational line separations are 2B in wavenumber a, 2Be in frequency units, and (2B y' in 


wavelength units. Hence the transitions are separated by 596GHZ , [19.9 cm}, and (0.503 mm. 


Ammonia is a symmetric rotor (Section 10.1), and we know that 


B= [10.11] 
4ncl, 


and from Table 10.1, 
1 =m,R’(1- -c0s6)+{ atte }R(1+ 20086) 
m 


m, =1.6735x10~’ kg, m, = 2.3252 x10 “kg, and m = 2.8273 x10 kg with R =101.4 pmand 0= 
106°47’, which gives 


1, =(1.6735x107"kg)x(101.4x10"?m) x(1—cos106°47’) 


(1.6735x10~ )x(2.3252x10 kg’ ) 
v4 jh aw eaaaeat ne woicrenalneaale 
2.8273x10*kg 


x(101.4x10"?m) x(1+2cos 106°47’) 
= 2.8158x10~’ kg m’” 


P10.3 
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Therefore, 


' 34 
| SLL: | RRR RE rn ee 


(42)x(2.9979x10® m s')x(2.8158x10~ kg m’ } 
which is in accord with the data. 


Rotation about any axis perpendicular to the C, axis may be represented in its essentials by rotation 
of the pseudolinear molecule in Figure 10.3 about the x-axis in the figure. 


|<—R,- —> |+——_ Ru) —»| 


eee a Co eS 


2m) amc 2mc mp) 
. Figure 10.3 


The data allow for a determination of R, and Ry», which may be decomposed into R,. and Royp) - 
I, =4m,R, + 4m.Re = 147.59x10-" kg m? 
I, =4m,Re + 4m.Ro = 178.45x10" kg m? 
Subtracting /,, from J, (assume that R, = R,) yields 
4(m, —m,)R, =30.86x10~’ kg m? 
4(2.01410 u—1.0078 u)x(1.66054x10 kg u™')x( Ry ) = 30.8610“ kg m” 


R? =4.6169x10™ m= R, = 2.149x10-"'m 


—_ 2 — (147.59x104” kg m?)-( 2) 
R= R= eee 


—(4)x (1.0078 u)x(1.66054x10 keu™ 
(4)x(12.011u)x(1.66054x10 kgu) 


147.59x10~” kg m? x (4.616910 m? 


= 1.4626 x 10 m? 
R, =1.209x10-° m 
Figure 10.4 shows the relation between R,, R., Roc, and Roy. 


Figure 10.4 
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P10.5 


P10.7 


R,  _1,209x107"'m _ 


= C= 1,396 x10 m=]139.6 pm 
Ree cos 30° 0.8660 E 


i. -10 T ao tes 
Rey = ae = OOOO = 1.085x10" = [108.5 pm 


cos 30° 0.8660 
Rop = Roy 


COMMENT. These values are very close to the interatomic distances quoted by Herzberg in Electronic 
Spectra and Electronic Structure of Polyatomic Molecules, p. 666, which are 139.7 and 108.4 pm 
respectively. 


¥ = 2B(J +1) [10.17a] = 2B 
Hence, B('HCl) =10.4392cm™, BC?HCl) =5.3920cem™ 


—- 
B=——[I10. I =m_.,,.R* [Table 10.1 
heat 5] m.,R° [Table 10.1] 


R’ = : 


ae oe  _4.79927x10~ kgm 
4zcm,B 44c 


mth | eee ee ew. 
+ (1.007825u) + (34.96885u) 


= 1.62665x10~” kg 


x 6605410 kgu”) 


m,_ (DC) = eee |. 6608410 kgu) 
(2.0140u) + (34.96885u) 


= 3.1622x10~ kg 


2.79927 x10 kgm 


CARE 
(1.62665 x10 kg)x(1.04392x10° m 


R? (HCI) = 


R(HC1I) = 1.28393x10- m =/128.393 pm 


2.79927 x10“ kgm 
(3.162210 kg)x (5.392010? m‘') 


RC HCI) =1.2813x10" m =|128.13pm 


COMMENT. Since the effects of centrifugal distortion have not been taken into account, the number of 
significant figures in the calculated values of R above should be no greater than 4, despite the fact that 
the data are precise to 6 figures. 


R?(? HCl) = =1.6417x10™ m’ 


From the equation for a linear rotor in Table 10.1, it is possible to show that /xm= 
m,m,(R+R’) +m,m,R? +m,m.R” . 

16 32 12 16 2 32 #2 

Thus, I°O"C"S) = m( ted x(R+R’) + m( C){m( ie be. S)R } 
mo O°C’S mC’ O°C"S) 

16 34 12 16 2 34 72 

I(°O"C*S) = m( Biel x(R+R’Y + m( C) {m( — sas S)R } 
mC Oorc's mC’ OvC"'s) 


m('°O) = 15.9949 u, m(*C) =12.0000u, m(’S) =31.9721u, and m(*S) =33.9679u. 
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Hence, 


1(°O?C?S)/u = (8.5279) x(R + RY? + (0.2001 1)x (15.9949 R? +31.9721R”) 


17° O"C*S)/u = (8.7684) x(R+ RY +(0.19366)x (15.9949R? + 33.9679R”) 


The spectral data provide the experimental values of the moments of inertia based on the relation 
v= 2cB(J +1) [10.17a] with B= a [10.5]. These values are set equal to the above equations, 
1c. 


which are then solved for R and R’ . The mean values of J obtained from the data are 
I('°O" CS) = 1.37998x10™ kg m? 
1(°O"C*S) = 1.41460x10™ kg m? 
Therefore, after conversion of the atomic mass units to kilograms, the equations we must solve are 


1.37998x10™ m? = (1.416110) x(R+ R’)? + (5.315010 R?) 
+ (1.062410 R?) 


1.41460x10~ m? = (1.456010) x(R+R’) + (5.143710 R’) 
+ (1.0923x10 R”) 


These two equations may be solved for R and R’ . They are tedious but straightforward to solve by 
hand. Exercise 10.7(b) illustrates the details of the solution. Readily available mathematical 
software can be used to quickly give the result. The outcome is R =|116.28 pm] and 
R’= . These values may be checked by direct substitution into the equations. 


COMMENT. The starting point of this problem is the actual experimental data on spectral line positions. 
Exercise 10.7(b) is similar to this problem; it starts, however, from given values of the rotational 
constants B , which were themselves obtained from the spectral line positions. So the results for R and 
R’ are expected to be and are essentially identical. 


Question. What are the rotational constants calculated from the data on the positions of the 
absorption lines? 


P10.9 Examination of the wavenumbers of the transitions allows identifications to be made as shown in 
the table below. The J value in the table is the / value of the rotational states in the 
v = 0 vibrational level. The notation (R) or (P) after the / values refers to the R and P branches of 
the vibration-rotation spectrum. 


3) es Om) Ie) 12) De) 


The values of Bo and Bi are determined from the equations for the combination differences, eqns. 
10.44(a) and (b). 


A, =¥,(J—-1)-¥,(J +1) =4Bo(J +%), and 
A, =¥,(J)-¥,(J) =4Bi(J +¥%) 


Substituting values for V, and ¥, from the above table for J = 1, 2, 3, and 4, we obtain the 
following values for Ap and Aj. 


P10.11 


P10.13 


10.130 10.136 10.126 10.113 


An average of these values gives Bo = 10.433 cm” and|Bi = 10.126 cm”, Values for Bo and Bi 
can also be obtained by plotting the combination differences, Ap and A,, against / + 12; the slopes 
give 4 Bo and 4B,, respectively. 


Plot frequency against J as in Figure 10.5. 


Frequency/MHz 


a 


210000 Z : : : _ : : : ° : : : : 
23 24 25 26 2a 28 29 30 
J Figure 10.5 


The rotational constant is related to the wavenumbers of observed transitions by 
$=2B(J+l)=— so v=2Bc(J +1) 
C 


A plot of v versus J, then, has a slope of 2Bc . From Figure 10.5, the slope is 8603 MHZ, so 


6-1 
a IE “ =|14.35 m” 


2(2.988x10°m s™ 


or 


The most highly populated energy level is roughly 


a kT ) +3 
2hcB} 2 


(1.381x10 IK“) (298K) \ ! 


( 
5 Ba oi en a 26] at 298 K 
i max — {7 6.626x10°"J 5)x(8603x10%s)) = [28 
a apt (1.38110 J K~') x (100 K) Dail, May em 
mx ~ | (6.62610 “J s) x(8603x10%s)) 2 


For IF, the rotational constant Be = 0.27971 cm™ and a = 0.187 m™! = 0.00187 cm”. Values 
for Bo and Bare calculated from By ie Be —a(v+4) : 


Bo = Be —4.a= 0.27971 cm™ —1 (0.00187 cm”) =|0.278775 om” | 
Bi = Be —3.a = 0.27971 cm — 3(0.00187 cm) = 0.276905 cm™ 


P10.15 
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The wavenumbers of the J’ —>3 transitions of the P and R branches of the spectrum are given by 
eqn. 10.43. 


¥,(J)=0-(Bi+Bo)J+(Bi—Bo)J? and %(J)=5+(Bi + Bo\(J +1) +(Bi —Bo\J +1)’ 
When anharmonicities are present V in the formulas above is replaced by 

AG(v) = ¥-2(v+])x,¥ [10.38] 
For v = 0, 

AG(v) = 9 —2x,9 = 610.258 cm™ —2x3.141 cm™ = 603.976 cm” 


For the P branch J/’= J = 4, and for the R branch J’= J = 2. Substituting all these values into eqn. 
10.43, we obtain 


(J) = AG (v)- (B 1+ Bo )J +(Bi —Bo )J7* = 601.723 cm” 
Make AG(v)+ (Bi + Bo J +1)+ (Bi ‘- Bo)(J +1)? =|605.626 cm”! 


~2 
The dissociation energy of the IF molecule may be obtained fromD, = re _ [10.36] and the 
x,V 
relation D, = D, -5i +2 x,9 [10.36] if a Morse potential energy is assumed. 
Substituting the values given for ¥ and vx,, we obtain 
D, = 29641 cm" and |D, = 29337 cm” 
See Figure 10.6 for a plot of AG(v) = #-2(v+1)x,¥ [10.38] against v + 1. 
2160 
2140 
2120 
= 
3 2100 
2080 
2060 
2040 
2020 : 
1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50 5.00 
y+] Figure 10.6 


The intercept gives |? = 2170.8 cm || and the slope gives 2x,0 = 27.4 cm’; thus, 
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P10.17 Do=D.-# with ¥=19’-1x,¥ [Section 10.9] 


(a) 'HCI: 7 = {(1494.9)—(4) x(52.05)},cm™ =1481.8cm™, or 0.184eV 


Hence, Do =5.33—0.18 =]5.15 eV). 


~2 


f ~ V 
as a is aconstant. We also have D. = Ae sO 


2M, OX, 
xv 


(b) *HCl = a’[10.36], so ix, ~ 


Meg 


y? 0c —+-, implying ¥ « — . Reduced masses were calculated in Exercises 10.16(a) and (b), and we 
hese Nese 
can write 


ny 1/2 
7? HC) = Meg BE) xPC HCI) = (0.7172) (2989.7 cm”) = 2144.2cm™ 
Mg CHC) 


1 
x,0C? HCI) = Meg ( HEY) xx,‘ HCI) = (0.5144)x (52.05em') = 26.77 cm 
Mo, ( HCl) 


CP HCI) = (5) (2144.2) — (4) x (26.77 cm™) = 1065.4cem™, 0.132eV 
Hence, Do(? HCl) = (5.33—0.132)eV =|5.20 eV]. 
P10.19 = (a) In the harmonic approximation, 


De =Do+49 so (=2(D.—Do) 


is 2(1.51x10-° J-—2x10*J) = 
payee Pe, pts 
” (6.626x10J s)x(2.998x10°m s) 


The force constant is related to the vibrational frequency by 


Pr y2 
a= ( =2nv=2nc¥ so k=(2ac0) my 
Mase 


The effective mass is 
Mg, =+m =+1(4.003 u)x(1.66x10™ kg u') = 3.32x10™’ kg 


k =[2m(2.998x10" ms“)x (152m) ] x(3.32x107 kg) 


=|2.72x10*kg s” 


The moment of inertia is 


IT=m,,,R? =(3.32x10~ kg)x(297x10°" m)? =|2.93x10 “kg m* 
eff ““e £ & 
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The rotational constant is 
~ h 1 .0546x10™J s 


¢€ 
This rearranges to a quadratic equation in v: 


a t-y(a) “tg 
ee FG tee De =O), B00. fc melo cell 
fal, 2 2(16D.)" 


4(1.51x10™ J) i | 2x10 J 
~ i 626x10-“J s)x(2.998x10° ms”) 1.51x10 J 
— 


= ~34 8 -1 = 
_ (293 m™)x(6.626x10™J s)x(2.998x10%m s*) _ 


and Tn = 
4(1.51x10™ J) 


P10.21 = (a) Vibrational wavenumbers (i/cm™') computed by PC Spartan Pro™ at several levels of theory 
are tabulated below, along with experimental values. 


A, A, B, 
Semi-empirical PM3 412 801 896 


SCF 6-316G** 592 1359 1569 
Density functional 502. 1152 1359 
Experimental 525. 1151 1336 


The vibrational modes are shown graphically in Figure 10.7. 


e 


iS 


A; 


Figure 10.7 
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P10.23 


P10.25 


(b) The wavenumbers computed by density functional theory agree quite well with experiment. 
Agreement of the semi-empirical and SCF values with experiment is not as good. In this molecule, 
experimental wavenumbers can be correlated rather easily to computed vibrational modes even 
where the experimental and computed wavenumbers disagree substantially. Often, as in this case, 
computational methods that do a poor job of computing absolute transition wavenumbers still put 
transitions in proper order by wavenumber. That is, the modeling software systematically 
overestimates (as in this SCF computation) or underestimates (as in this semi-empirical 
computation) the wavenumbers, thus keeping them in the correct order. Group theory is another 
aid in the assignment of transitions: it can classify modes as forbidden, allowed only in particular 
polarizations, and so on. Also, visual examination of the modes of motion can help to classify 
many modes as predominantly bond-stretching, bond-bending, or with an internal rotation; these 
different modes of vibration can be correlated to quite different ranges of wavenumbers (stretches 
highest, especially stretches involving hydrogen atoms, and internal rotations lowest). 


Summarize the six observed vibrations according to their wavenumbers (7 /cm‘‘). 


a aa” 
877 


(a) If H,O, were linear, it would have 3N —5 =|7] vibrational modes. 


(b) Follow the flow chart in Fig. 7.7. Structure 6 is not linear, there is only one C,, axis (a C, ), and there is 
a o,; the point group is [Con]. Structure 7 is not linear, and there is only one C, axis (a C,),no 6, , 
but two o,; the point group is . Structure 8 is not linear, and there is only one C_ axis 
(aC, ),no o,, and no 0,; the point group is : 


(c) The exclusion rule applies to structure 6 because it has a center of inversion: no vibrational 
modes can be both IR and Raman active. So structure 6 is inconsistent with the observations. 
The vibrational modes of structure 7 span 3A,+A,+2B,. (The full basis of 12 cartesian 
coordinates spans 4A,+2A,+2B,+4B,; remove translations and rotations.) The C,, 
character table says that five of these modes are IR active (3A,+2B,) and all are Raman 
active. All the modes of structure 8 are both IR and Raman active. (A look at the character 
table shows that both symmetry species are IR and Raman active, so determining the 
symmetry species of the normal modes does not help here.) Both structures 7 and 8 have 
More active modes than were observed. This is consistent with the observations. After all, 
group theory can tell us only whether the transition moment must be zero by symmetry; it 
does not tell us whether the transition moment is sufficiently strong to be observed under 
experimental conditions. 


Solutions to theoretical problems 


Atom 


Figure 10.8 


Let us assume that atom C is the most massive. Then the center of mass, CM, will be located at a 
distance, D, from atom B. In the notation of Table 10.1, we must have the relation 


m,(R+D)+m,D = m,(R’— D) , which may be rearranged into 


D(m, +m, +m.) =m_R’-m,R 
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R’—m,R 
Solving for D, we obtain D = han ln , where m =m, +m, +m,. Expanding, 


=> my [10.1] 
I =m,R? +m,D? +2RDm, +m,D? +m. R? +m,.D’ —2R’Dm, 
= m,R? +m.R” + D?(m, +m, +m_.)+2D(m,R-m_R) 


After substituting the above formula for D and using m =m, +m, +m,, we obtain 


, Z , 
_ R-—-m,R 
[= mR? mR +m{ Mak) +2[ MP bem Rm) 


=m, R? +m.R” +—(1mcR—m,R)* -=(meR’—m,R) 


=m,R? +m,.R? ~— (eR - m, RY 


QED. 


P10.27 _If we apply the selection rules AJ =+] and AK =0 to the formula for the rotational terms given in 
the problem, we obtain for the frequencies of the allowed transitions the expression 


Vince = F(J+1,K)-F(I,K) = 2B +1)—4D, (J +1) -2D, (J+ DK? 
In terms of wavenumbers, the following expression is similar: 
Vrecxese =F (J +1,K)—-FU,K) = 2B +) -4D, (J +1)? - 2D (J+ )K? 


To work with the latter expression one must convert the data given in frequency units to 
wavenumbers. Here we solve the problem in frequency units using the former expression. We note 
that A and Dx drop out of the expression for the transition frequencies; hence these constants cannot 
be determined from the data given. Examination of the data suggests that the identification of the 
transitions as shown in the table below can be made. 


Ee ep as dle SR a jai ARAN ba ala Ma Aad 


Transition 
frequency, 
v/GHz 


Transition 
quantum 
numbers 


153.2076 


51.0718 102.1426 102.1408 153.2103 


Transition 
frequency 
expression 
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P10.29 


Examination of these expressions reveals that the difference in transition frequencies between 
transitions 3 and 2 and between transitions 5 and 4 yields the value of Dx directly. 


Dix = 4.5 xX 10° kHz 


B and D; can be found from simultaneous solution of the equations for transitions 1 and 2 and also 
from transitions 2 and 4. The ttle Sess Mss of D; obtained in this way is . The value of 
B obtained from transition 1 is then |B = 25.5360 GHz it desired, these results in frequency units, 

Hz, can be converted to vais of Soabaiite cm” , by division by c, the velocity of light, 

expressed in units of cms’ 


~E/kT 


N « ge {Boltzmann distribution, Chapter 13] 


N, « ge cc (27 +e mE" Tg = 27 + 1 for a diatomic rotor] 


The maximum population occurs when 


d hcB B eB +b /er 
Ne LIT =0 


and, since the exponential can never be zero at a finite temperature, then 


(27 +1)? x heB =2 
kT 


2 
or when Jou = i i 


thea 2 


For ICI, with - = 207.22 cm™ (inside front cover) 
C 


_; \¥2 
a - | prey: 


0.2284 cm 


For a spherical rotor, N, « (2J+1)e""/*)" fg =(2+1)'], and the greatest population 
occurs when 


_— [s b gir ma hceB(2J +1) emBDhT _ 
kT 


which occurs when 


hcB(2J +1) 


4(2J +1) = 


72 
orat J... = (*] aU 
hcB 2 


ae 

207.22 cm™ 1 

For CH,, J e_=rl, all = 
Hn | ee fo 


P10.31 


P10.33 


P10.35 


P10.37 
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The energy levels of a Morse oscillator, expressed as wavenumbers, are given by 
G(v) = (6+4)5-(v4+1)x,6=(v+1)5-(v4+1) 97/40. 
States are bound only if the energy is less than the well depth, De, also expressed as a wavenumber: 
Gv)<D. or (v+4)¥-(v+4)'~?/4D. <D. 
Solve for the maximum value of v by making the inequality into an equality. 
(v+1)6/ AD- -(v+1)5+D. =) 
Multiplying through by 4D. results in an expression that can be factored by inspection into 
[(v+4)7-2D.] =0 so v+t= 2D./¥ and v= 2D. 1741 
Of course, v is an integer, so its maximum value is really the greatest integer less than this quantity. 
We work with eqn. 10.45, which gives the transition energies for the S and O branches of the 
vibrational Raman spectra. Transitions having V,(J —2) and V,(J +2) have a common upper state; 


hence, the corresponding combination difference, Ao, is a function of By only. Likewise, transitions 
V,(J) and V,(J) have a common lower state and the combination difference, A, is a function of By 


only. Using eqn. 10.45 we obtain 
V,(J —2) =V¥, -V-4B,(J-2)-6Bo 


V,(J +2) =, -0+4B (J +2)—2Bo 


Taking the difference between V,(J+2) and ¥,(J—2), we obtain for the combination difference 


. In a similar manner we can obtain |A, =¥,(J/)- 


¥.(J) = 8B, (J+4)). 


Solutions to applications 
No solution. This is a report left for the student. 


The question of whether to use CN or CH within the interstellar cloud of constellation Ophiuchus 
for the determination of the temperature of the cosmic background radiation depends on which one 
has a rotational spectrum that best spans blackbody radiation of 2.726 K. Given 
Bo(CH) = 14.19 cm", the rotational constant that is needed for the comparative analysis may be 
calculated from the 226.9 GHz spectral line of the Orion Nebula. Assuming that the line is for the 
'2C'4N isotopic species and J+1< J =1, which gives a reasonable estimate of the CN bond 
length (117.4 pm), the CN rotational constant is calculated as follows. 


~— V V 
Bo = B/c =———_ = — 
: 2e(J +1) 4c (1) 
= 1.892 cm™ (2) 


Blackbody radiation at 2.726 K can be plotted against radiation wavenumber with suitable 
transformation of the Planck distribution law. 


.,__ 8ahev" 
PW) = “Tern 
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Spectral absorption lines of *C'*N and C'H are calculated with eqn. 10.17(a). 
V(Jt1eJ)=2B(J+1) J =0,1,2,3....... 


The cosmic background radiation and molecular absorption lines are shown in Figure 10.9. It is 
evident that only CN spans the background radiation. 


p(¥) at 2.726K 3 
107 kg s? 


Figure 10.9 


P10.39 (a) The H; molecule is held together by a two-electron, three-center bond, and hence its structure 
is expected to be an equilateral triangle. Looking at Figure 10.10 and using the law of cosines: 


R? =2R. -2R> cos(180° — 28) 
= 2R2(1—cos(120°)) = 3R2 


Therefore 


R, =RN3 
I. = 3mR? = 3m(RIN3Y = mR? 


I, =3mR, = 2m(R/2)’ = mR?/2 


Therefore 


Figure 10.10 
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(b) B= So re [10.11] 
4acl, 4acmR° 2ncmR 


2acmB 2mcM,,B 
(1.0546 x 10-4 Js) x (6.0221 x 108 mol!) x fa] 
TH(D.998 x 10? ms) x (0.001 008kg mol) x (43.55em™) 


W/2 


= 8.764x10""' m = |87.64pm 
Alternatively the rotational constant C can be used to calculate R . 


feos «toll 
4acl. 4acmR? 


V2 2 
4acmC 4%cM,,C 
(1.0546x10™ Js)x(6.0221x10® mol)x("=*} 
477(2.998x 10° ms~)x(0.001008kg mol)x(20.71cm™) 


C= 


[10.11] 


8.986x107' m= 


The values of R calculated with either the rotational constant C or the rotational constant B differ 
slightly. We approximate the bond length as the average of these two. 


87.64+89.86)pm __ 
(R= = Beem 
Rees (1.0546 x10™ Js)x(6.0221x107 mol) x(=} 
B= a 
(c) 2acmR’ 


27(2.998x10° ms~)x(0.001008kg mol ')x (87.32x10~ my? 


(d) Aisin? or Mg = 
m m 


Since my = 2my, Mg) = 2m, / 3, 


a rye, 2. | hee (H,) in 
¥(D;)= [me a2) ¥(H;,) [10.31] 


1/2 

my /3 ~ ¥(H,) 
= H, )= 
ae vs) 


Y gs 


=i ; 
zs ae =|1783.0 cm 
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Since B and C at m= mass of H or D, 
m 
~ ~ M - 1.008 - 
B(D*t ) = B(H* )x—* = 43.55 m'x{ )- 21.80cm™ 
( 3) ( 3) M, ¢ 2.014 
ps sen, Ss = + My, i = 1.008 a at 
C(D;) = CH; )x—* = 20.71em ( =|10.37cm 


D 


Electronic spectroscopy 


Answers to discussion questions 


D11.1 The ground electronic configuration of dioxygen, 16,’16,’20,’11,*17,”, is discussed in Section 
5.4(d), and the determination of the term symbol om is described in Section 11.3(a). The term 
symbol % represents a total orbital angular momentum about the internuclear axis of zero. This 
happens because for every 7 orbital electron with A = +1, there is a 7 orbital electron with A = — 
1. For example, the two 17, electrons are, according to Hund's rules, in separate degenerate 
orbitals for which one orbital has A = +1 and the other has A = —1. Except for the two 17, 
electrons, electrons have paired a and # spins, which results in zero contribution to the total 
spin angular momentum. According to Hund’s rules, the two 17, electrons (i.e., 17,'17,') have 
parallel spins in the ground state. They provide a total spin angular momentum of S=%2+%= 
| 1 and a spin multiplicity of 2S + 1 = 3, which appears as the left superscript 3. The term 
| symbol .indicates a gerade total symmetry because electrons are paired in the ungerade 
molecular orbitals and u x u = g, and the resultant symmetry of electrons in different molecular 
orbitals must therefore be given by g x g = g. The 7 orbitals change sign upon reflection in the 
plane that contains the internuclear axis. Consequently, the term symbol has the superscript — 
to indicate that the molecular wavefunction for O, changes sign upon reflection in the plane 
containing the nuclei. 


D11.3 A band head is the convergence of the frequencies of electronic transitions with increasing 
rotational quantum number J. They result from the rotational structure superimposed on the 
vibrational structure of the electronic energy levels of the diatomic molecule. (See Figs. 11.10 and 
11.13 in the textbook.) To understand how a band head arises, one must examine the equations 
describing the transition frequencies (eqn. 11.9). As seen from the analysis in Section 11.3(e), 
convergence can arise only when terms in both (B’ — B) and (B’ + B) occur in the equation. Because 
only a term in (B’ — B) occurs for the Q branch, no band head can arise for that branch. 


D11.5 (a) The transition intensity is proportional to the square of the transition dipole moment. We 
initially suspect that the transition dipole moment should increase as the length Z of the 
alternating carbon-to-carbon double/single/double/single . . . bond sequence of the polyene is 
increased, and consequently, the transition intensity should also increase as Z increases. To test 
this hypothesis, consider that the polyene has N pi electrons that fill the first n = N/2 quantum 
states of the particle in a one-dimensional box of length L = Nd = 2nd where d is the average 
carbon-to-carbon bond length. (The length choice L = Nd adds half a bond length at each end to 
the distance between the two end-carbon nuclei.) The transition dipole moment of this model is 


u, = [2dr 


We quickly find a selection rule for transitions with the substitution x = fx) + L/2 where f(x) = x — L/2 
is a function of ungerade symmetry w/r/t inversion through the center of symmetry at x = L/2, and we 
note that the wavefunctions have alternating gerade and ungerade symmetry as 7 increases. Then 


1, = [v, {f@)+L/2}y, de=[y, Soy, de H1L/2) Cy, y, ae 
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D11.7 


The last integral vanishes because the wavefunctions of different energy levels are orthogonal, 
which leaves 


4, = [Vv SOW, dx 


Because the integrand factor fx) has ungerade symmetry, the product y, y, of an allowed transition 
must also have ungerade symmetry so that the total symmetry of the integrand has u x u = g symmetry 
and the integral can be non-zero. Thus, the lowest energy transition is n + 1 <— n where n = nj. It is 
now convenient to return to the original transition dipole moment integral and substitute the 
wavefunctions for the final and initial states: 


I 
ji, = : [sin (2 sin (“Ea [2.6b] 


We need not evaluate the integral exactly because the development of a method to improve the 
intensity of a dye requires only a knowledge of the approximate relationship between u, and either n 
or L (proportional properties for a polyene), so we recognize that n + 1~n for a large polyene and 
we make the estimate 


[x ; [ xsin? [Eas (The integral is found in standard mathematical tables.) 


o [ 


The model confirms the hypothesis that as the transition dipole moment is increased, so the 


transition |i is increased b increasing the length of the polyene. 

- 2p)? 2n+l)h 
b) Since E. = nh 26a), AE = 2A tbh" An=+1 for large n. 
() o 8m_.L [2.6a} 8m,L I~ as 


But L=2nd is the length of the chain where d is the average carbon-carbon interatomic distance. 
Hence 


AE «= 
L 


Therefore, the [transition moves toward the red as L is increased. When white light is used to 


illuminate the dyed object, the color absorbed is the complementary color to the reflected, 
observed color. Newton’s color wheel, shown in Figure 11.1, usefully displays complementary and 
observed colors. For example, draw a line from complementary violet through the circle centre to 
find the observed color of green-yellow. As the polyene length is increased, the complementary 
color progresses from violet to indigo to blue to green and so on, while the observed color 
progresses from green-yellow to yellow-orange to orange-red to red-violet to violet-indigo. We say 


that the japparent color of the dye shifts toward blue. 


Observed 
color 


Complementary 


O 
= color 


Yellow 


Figure 11.1 


Several characteristics of fluorescence are consistent with the accepted mechanism: (1) Fluorescence 
ceases as soon as the source of illumination is removed; (2) the time scale of fluorescence, ~10° s, is 
typical of a process in which the rate-determining step is a spontaneous radiative transition between 
states of the same multiplicity—slower than a stimulated transition but faster than phosphorescence; 
(3) fluorescence occurs at longer wavelength (lower frequency) than the inducing radiation; (4) its 


D11.9 


E11.1(a) 
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vibrational structure is characteristic of that of a transition from the ground vibrational level of the 
excited electronic state to the vibrational levels of the ground electronic state; (5) the fluorescence 
spectrum is observed to shift and in some cases be quenched by interactions with the solvent. 


See the table below for a summary of the characteristics of laser radiation that result in its many 


advantages for chemical and biochemical investigations. Two important applications of lasers in 
chemistry have been to Raman spectroscopy and to the development of time-resolved spectroscopy. 


Characteristics of Laser Radiation and Their Chemical Applications 


Characteristic Advantage Application 
High power Multiphoton processes Nonlinear spectroscopy 
Saturation spectroscopy 
Low detector noise Improved sensitivity 
High scattering intensity Raman spectroscopy 
Monochromatic High resolution Spectroscopy 
State selection Isotope separation 
Photochemically precise 
State-to-state reaction dynamics 
Collimated beam Long path lengths Sensitivity 
Forward scattering observable Nonlinear Raman spectroscopy 
Coherent Interference between separate Coherent anti-Stokes Raman spectroscopy 
beams (CARS) (Section 10.14c) 
Pulsed Precise timing of excitation Fast reactions 
Relaxation 
Energy transfer 


Modern Raman spectroscopy (Section 10.4) utilizes an intense excitation beam of a laser to increase 
the intensity of scattered radiation and thereby to increase measurement sensitivity. The 
monochromaticity of laser radiation is also a great advantage, for it makes possible the observation of 
scattered light that differs by only fractions of reciprocal centimetres from the incident radiation. 
Such high resolution is particularly useful for observing the rotational structure of Raman lines 
because rotational transitions are of the order of a few reciprocal centimeters. Monochromaticity also 
allows observations to be made very close to absorption frequencies, giving rise to the techniques of 
Fourier-transform Raman spectroscopy and resonance Raman spectroscopy (Section 10.14b). 


Time-resolved laser spectroscopy can be used to study the dynamics of chemical reactions. Laser pulses 
are used to obtain the absorption, emission, and Raman spectrum of reactants, intermediates, products, 
and even transition states of reactions. When we want to study the rates at which energy is transferred 
from one mode to another in a molecule, we need femotosecond and picosecond pulses. These time 
scales are available from mode-locked lasers, and their development has opened up the possibility of 
examining the details of chemical reactions at a level that would have been unimaginable before. 


Solutions to exercises 


The reduction in intensity obeys the Beer—Lambert law introduced in Section 11.2. 


I 
log— = -log“+ =—e[JV! [11.3 and 11.4 
0 
=(—723 dm? mol cm™)x(4.25x10° mol dm™)x (0.250 cm) 
= -0.768 


I 
Hence, — =10°” = 0.171, and the reduction in intensity is |82.9 percent}. 
; ty 


0 
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E11.2(a) 


E11.3(a) 


E11.4(a) 


a = cy ni =—e€[JV [11.3, 11.4] 
i, I 


l 181 
mie vanes RLONEY), i aaa, 5.3410? dm® mol"! cm‘. 


Hence, € =- ms er 3 
i (1.39107 mol dm™~ )x(1.00 cm) 


ahity 
[JV 


logT =-A=~—e{JV [11.1 11.3, 11.4] 


1 —log (1—0.385 
[J] =-— log? = 8) 
él (386 dm° mol” cm” )x(0.500 cm) 


=|1.09 mmol dm~ 


A= {e(v)av [115)= ["e(v)av 
a | 


Since =A" and ¥/cm™ =10' (A/nm), 
¥,/em™' =10’ / (300) =3.3x10* 
Vg /om™ =10’ / (270) =3.7x10* 


¥. /cm™' =10’ / (220) = 4.5x10* 


The positions of the wavenumber end points and peak (max) of the band are schematically 
presented in Figure 11.2. It is apparent that, because of the relative position of the peak, the molar 
absorption coefficient is not symmetrically distributed around the peak wavenumber. The 
distribution is skewed toward higher wavenumbers. However, a reasonable estimate of the area 
under the curve may be approximated by adding the areas of triangle 1 and triangle 2 shown as 
dashed lines in the figure. 


A= [‘e(¥) dv = areal + area 2 


bs I \ he gil Mla piae sig 
* (Fes. — %) Ege +5 (Fe — Foe ) Epo = 5 (Fe - 9) Ep 


Vy Figure 11.2 
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l 
E11.5(a) £=- mez [11.3,11.4] with /=0.20 cm 


We use this formula to draw up the following table. 


[Br.] / mol dm™ 0.0010 0.0050 0.0100 0.0500 
I/ Ip 0.814 0.356 0.127 3.0 x 10° 
ée/(dm? mol! cm) 447 449 448 452 Mean: 449 


Hence, the molar absorption coefficient is ¢ = 450 dm* mol! cm. 
E11.6(a) e=——Ltog£ 111.3, 11.4]= =>} og (0.48) = [159 am? mol em” 


(Vd, (0.010 mol dm~)x(0.20 cm) 


T=—=10"" [11.1, 11.2] 


0 


3 3 dm? a Zz 
zip ere )xU59 dm” mol cm™ )x(0.40 cm) = 197° 6 = 0.23, or 93 percent 


E11.7(a) The Beer—Lambert Jaw [11.3, 11.4] is 


Ne =-e[J so /= tie 
ie ejJ} i, 
3 
For water, [H,O] = +e = 55.5 mol dm™ 
18.02 g mol! 


and €[J]=(55.5 mol dm™)x(6.2x10~ dm’ mol cm™) =3.4x107 cm™, so as =2.9 m. 


Hence, //m = -2. oxlog=. 


0 


(a) “= = 0.50, /=-2.9 mxlog(0.50) = 
0 

(b) <= 0.1, /=-2.9 mxlog(0.10) =[2.9 m 
0 


E11.8(a) The left superscript of the dihydrogen excited state “II, is the value of 25 + 1 = 3, so S = 1, which 
means that the two electrons of H, are parallel (S = s, + s. = %+ % = 1) in this excited state. The 
symbol IT indicates that the total orbital angular momentum around the molecular axis is |A| = 1. 
Since A is the sum of the individual electron orbital angular momentum quantum numbers around 
tte moatecular axis, we see that one of the unpaired efectrons must be in a o orbital (4 = 0) and the 
other electron must be in a z orbital (A = 1). The excited state has ungerade overall parity. Since a o 
bonding orbital has gerade symmetry while a z bonding orbital has ungerade symmetry and g x u = u, 
we deduce that one possible electron configuration is (see Fig. 5.29 of text). 


E11.9(a) Thelo_1o/17;1z) valence configuration has two unpaired electrons so S = 5, + s)='24+%=1 and 
the spin multiplicity is given by 2S + 1 = 2(1) +1 = Bl Because u x u = g and g x g = g, the net 
parity of two electrons paired in an orbital is always gerade. Consequently, the overall parity is 
found by multiplying the parity of unpaired electrons. For this configuration, u x g = [ul 


E11.10(a) The electronic spectrum selection rules concerned with changes in angular momentum are (Section 
11.3b) 


AA=0, +1 AS=0 AXY=0 AQ=0, +1 whereQ=4A+2 
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E11.11(a) We begin by evaluating the normalization constants No and N,. 


E11.12(a) 


A gives the total orbital angular momentum about the internuclear axis, and 2 gives the total spin 
angular momentum about the internuclear axis. The + superscript selection rule for reflection in the 
plane along the internuclear axis is +<++ or —«+— (i.e., +++— is forbidden). The Laporte selection 
rule states that for a centrosymmetric molecule (a molecule with a center of inversion), the only 
allowed transitions are transitions that are accompanied by a change of parity: ue. 


(a) The changes in the transition *T1<> 71 are AA=0, AS=0, AZ=0, and AQ=0, so the 
transition is lllowed. 

(b) The changes in the transition '"Z<>'E are AA=0, AS=0, AZ=0, and AQ=0, so the 
transition is & allowed. 

(c) The changes in the transition £ << A are AA = 2, so the transition is | 

(d) The transition £* <> = is — because +-. 


(e) The transition Z* <> =* is lallowed| because AA = 0 and ++++. 


l 2a i/2 2a 1/4 
N, == (22) (standard integral); N, = (2) 
iZ ew dy K K 
1/2 V4 

Likewise, N? BER eon Bae (2) : -(2) 

ie e2-0) dy a bs 
Furthermore, we can easily check that 

ax? +b(x—x,) =z" abe x; where z=(at+b)x elites and er 
a+b (a+b) (a+b) 


Then the vibration overlap integral between the vibrational wavefunction in the upper and lower 
electronic states is 


For the case b = a/2, this simplifies to 


The Franck—Condon factor is 


S(v,0)=(v|0)= N,N, [ ee) dr = NN, (ee 


- g __ab- 1/2 __ab- 
ef i = fs 14 ‘aes ne = mi € “ae Le dz = N, N. {- =.) e€ ato 
at 7 


V4 1/2 ab 1/2 ab , 
2) (2) Gl -eor( * 
n Xn at+b a+b 


S(v,0)=—e*” 


(ay 


1/2 
Y, = labs sin = for 0<x<L and 0 elsewhere 
V2 
y, = a sin hak a aE. for = sx< oe and 0 elsewhere 
L & 4 4 
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The above integral is recognized as the standard integral (see math handbook): 
sin (2ax + b) 

4a 
with the transformations a = 4/L and b = —2/4. Thus, 


xaL al 
i /L~a/4 in(2ax/L-—a”/4 
ae. 4 4nz/L 71 4r/L Be 


(*) ee 
=| xcos| — |—-———__—__—_ 
4 20 


x=l/4 


2 cos{ =) sin(247—7/4) -|4ou(£)- sin od 


Jsin (ax)sin (ax +b) dx = = cos(b)— 


2a 2a 
3 (=) sin(7z/4) sin(z/4) 3 (=) sin(7/4) sin(#/4) 
=—cos| — |-——__—+- + ——_—- = — cos} — |4+ ——_—- +$ —_—_——+ 
4 20 20 es 4 2n 2a 


(foot hes 


The Franck—Condon factor is 
2 1 4\ 
S(v,0)) =|—)| 3+— 
| (v ) ml +4) 
E11.13(a) P branch (AJ =-1): ¥(J)=9-(B’+B)J+(B’-B) I [11.98] 


When the bond is shorter in the excited state than in the ground state, B’>B and B’-B are 
positive. In this case, the lines of the P branch appear at successively decreasing energies as J 
increases, begin to converge, go through a head at Jieag, begin to increase with increasing J, and 


become greater than ¥ when J > (B’+ B) / (B’- 2) (see Section 11.3e; the quadratic shape of the 
¥, against J curve is called the Fortrat parabola). This means that 9, (J) is a minimum when J = 
Jheaa- It is reasonable to deduce that Jreaq is the closest integer to ¥,(B’+B)/ (B’-B) because it 


takes twice as many J values to reach the minimum line of the P branch and to return tov. We can 
also find Jyeaa by finding the minimum of the Fortrat parabola: dv, /d/J =0 when J = J,..,. 


Or = {5-84 B) 7 +(B’-B) 77} =-('+ B)+2(8’-B)J 
—(B’+B)+2(B’-B) Jyuq = 0 

(B’+B) 
‘“t  2(8’-8) 


E11.14(a) Since B’<B and B’-B is negative, the R branch shows a head at the closest integer to the value 


of 4(B’+B)/|( 5-8) -1 (see E11.13b). 


(B'+8) ——_(0.3101+0.3540) | 
ae 2 eee ee C= 66 
2(a’-B)| 20.3101 -0.3540] 

J ead =[7] 


E11.15(a) When the R branch has a head, Jheag is the closest integer to 4 (B’+ B) / tz B) —1 (see E11.13b). 
Thus, if we are given only that Jjeag = 1 and B= 60.80 cm”, we know only that 


0.5< 4(B’+B)/(B-B’)-1<15 
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because the fractional value of a y,(B’+ B)/ (B’-B)-1 calculation must be rounded-off to give 
the integer value Jheaa. Algebraic manipulation of the inequality yields 


{1+2(0.5)} 8 Pe {1+2(1.5)}B 
{3+2(0.5)} ear {3+2(1.5)} 
By 2b 


—<B< 
Z 3 


30.4 cm < B’ < 40.5 cm” 


When B’< B, the bond length in the electronically excited state is than that in the ground state. 


Here’s an alternative solution that gives the same answer with insight into the band head concept: 
At the head of an R band, ¥, = >¥,__, where v,__, is the transition J, <- J = Ji. —1 . Substitution 


of eqn. 11.9(c) into this inequality yields the relation B’ > J,.4B /(Ssess +1) . Similarly, 9, >? 


J head +1 


where ¥,__,, is the transition J,,.,, +2 << J =J,,.4 +1. Substitution of eqn. 11.9(c) into this inequality 


yields the relation B’ < (Jya4 +1)B/ (Shea +2). Consequently, 
I peng B! (ST peng +1) < BY < (S peas +B / (ST pena +2) 


Sri. 1O0Gk The wonsiiod wevermmbar is #= 2 3) — 2 1410" an. 
A 700 nm 
Water molecules are weak ligand field splitters, so we expect the d° electrons of Fe** to have the 
t;,¢, high-spin ground-state configuration in the octahedral [Fe(H,O).]* complex. The d-orbital 


electron spins are expected to be parallel with S = 5/2 and 2S + 1 = 6 by Hund’s maximum 
multiplicity rule. We also expect that P > Ag where P is the energy of repulsion for pairing two 


electrons in an orbital. A d-d transition to the f},e! octahedral excited state is expected to be both 


spin and parity forbidden and therefore to have a very small molar absorption coefficient. This 
transition releases the energy Ap and requires the energy P needed to pair two electrons within a h, 


orbital. Thus, » = P—A, and [4. = P-i]. Using the typical value P ~ 28 x 10° cm" yields the 


estimate Ao ~ [14 x 10° cm", See F. A. Cotton and G. Wilkinson, Advanced Inorganic Chemistry, 4th 
ed. (New York: Wiley-Interscience, 1980), p. 646, for electron-pairing energies. 


E11.17(a) The normalized wavefunctions are 


t/2 
Y= (=) for 0 < x Sa and 0 elsewhere 
a 


2 
¥, = for 4a<x <b and 0 elsewhere 
b—\a . 


1 1/2 1 1/2 1 1/2 1 L/2 x’ 
dx =| —] ox =| — tY 
wiry: (+} (| J 6 (=A : 


-(4)'( 1 | (33 _|s 2 \ 1/2 
la} \b-Ka 8 }) |8lb-Ka 


E11.18(a) The normalized wavefunctions are 


x=a 


xa 


V2 
v.-( ) efor co < x Sco and width a 


ava 


V2 

2 

v.-( ! et?) 28 fot 00 < x S00 and width a 
ann 


E11.19(a) 
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fer deal ta) feetar et age 1) fuer 


ANT } _.. 


2 2 
since x? +(~a/2)' =(2!"x-35- iy: let z = Reo ga and x =27'?z+ 


Then dx = 2°’ dz, and substitution gives 
Plans oo s) " 
xy dx= Qty en? /2a dz 
[vixy; F al : 
eu v2 f 212¢ ae _2ing 
=| ——— j<2° ze’ '““dz+— |e’ dz 
[= =| J 4 J 


The factors within the first integral have ungerade and gerade symmetry. Because u x g = u, the 
integrand has ungerade symmetry and the first integral is necessarily zero (the integral of an 
ungerade function over a symmetric interval equals zero). 


iv xy. dx= ene a fer az 4 Sask (2a°n)"” 
“se aJ2n )\4 4 4J2n 


The weak absorption at 30,000 cm“ (330 nm) is typical of a carbony! chromophore of an enol. The 
assignment is #*<—n where a non-bonding electron comes from one of the two lone pairs of the 
oxygen valence. The two lone pairs of oxygen are in sp” hybrid orbitals, which define the xy plane 
that contains the o bond of the carbonyl. The 7* molecular orbital is perpendicular to this plane. 
There is little overlap between the » and m* orbitals, thereby producing a low value for the dipole 
transition integral and a low molar absorption coefficient. 


The strong absorption at 46,950 cm ' (213 nm) has the 7*<7 assignment. The conjugation of the 7 
bonds of the ethenic chromophore and the carbonyl chromophore causes this transition to be shifted to 
lower energies w/r/t both the 1*<7 transition of ethene (165 nm) and the 7*<—7 transition of 
propanone (190 nm). This shift can be understood in terms of the simple Hiickel theory of 7 molecular 
orbitals using the butadiene 7 energy model shown in text Figure 5.36 and Figure 11.3 below. The 
figure demonstrates a broad principle (see Section 9.9a): the difference between neighboring energy 
levels becomes smaller as the number of adjacent, overlapping orbitals becomes larger. 


oo 
* ~-/ 
ae “a 
_ = 
- bal 
-* ~~ 
eo ~ 
- 


= 
“me 
“ee 
ae 


- 
= 
fe 
~~ 
=~ 
~ 
“ee. oo" 
* ee 


PAC) coe 213 mmf} 3°=™t { ae 190 a Om 


E11.20(a) 


E11.21(a) 


- 

_ 
¢ - 
ao” 


C= C=C-C= c= Figure 11.3 


The propanone weak absorption at |280 nm has the 7* < » assignment| where a non-bonding 


electron comes from one of the two lone pairs of the oxygen valence. See E11.19(a) for the explanation 
of the weakness of this absorption band. The strong absorption at 


189 nm has the 7*<—7 assignment. 


Both bands are associated with the carbonyl chromophore, and they can be identified in Figure 11.3. 


Because the molecular response is proportional to the square of the electric field, a field of angular 
frequency @ elicits the response cos’ wt = afi +cos(2ar)} (standard formula for a power of a 
trigonometric function; see math handbook) and we conclude that the effect is equivalent to an 
incident field of 2a. 
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E11.22(a) (a) Vibrational energy spacings of the state are determined by the spacing of the peaks of 


fluorescence spectrum A of benzophenone. |V = 1800cm™' 


(b) The peaks of A give no information about the spacing of the upper vibrational levels (without a 
detailed analysis of the intensities of the lines). 


E11.23(a) When the steeply repulsive section of the O, potential energy curve for the excited state lies 
slightly toward the short side of the equilibrium bond length of the ground state and the 
minimum of the excited state lies to the longer side (as shown in text Fig. 11.31), a great many 
excited vibrational states overlap with the lowest energy vibration of the ground state. The 
Franck—Condon factor is appreciable for many vertical transitions (see text Fig. 11.10) and 
the absorption band is broad. Furthermore, predissociation to the unbound °I1, state shortens 
the lifetime of excited vibrational states. This causes the high resolution lines of the 
corresponding vibrational-rotational transitions to be broad through the Heisenberg uncertainty 
principle AEFAt > h/2. 


E11.24(a) Only an integral number of half-wavelengths fit into the cavity. These are the resonant modes. 


A=2L/n[11.11] where 7 is an integer and L is the length of the cavity. 


The resonant frequencies are given by v=c/A=nc/2L . The lowest energy resonant modes (n = 1) 
in a 30-cm cavity are 


= 60 cm (v = 500 MHz). 


E11.25(a) Referring to Example 11.3 of the text, we have 


P peak — E patse! toulse and P. average — Evoa/t = Epuise X Vrepetition 


WheTE Vrepetition 18 the pulse repetition rate. 
0.10 mJ 
t =F /P —— =|20 ps 


Veepetition = Pocage ! Pontes — a = [70 MHz| 


E11.26(a) This Mathcad worksheet simulates the output of a mode-locked laser. The radiation intensity is 
shown in text Justification 11.5 to be proportional to the function f(t, NY) of the worksheet. The plots 
demonstrate that the superposition of a great many modes creates very narrow spikes separated by 
t= 2LIc. 


L :=30-cm ¢ = 299792458m-s' ns =10°-s 


t =StLe. At. =1.00ixtl’s 


in, = 1000 i=1.i t, = 


sin(N-ae-t-27-L) ) 
sin(xc-t-27'-L') 


f(t, N)= 


E11.27(a) 


P11.1 


P11.3 
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4 
f(t, 1000) 
—— 
0 
0 2 4 6 8 10 


The Nd-YAG laser transition at 1064 nm is very efficient and capable of substantial power 
output. Frequency doubling of the infrared band yields green light at 532 nm, and frequency 
quadrupling gives 266 nm ultraviolet radiation. The latter radiation can initiate the fast chemical 
reaction. 


Solutions to problems 
Solutions to numerical problems 


Solutions that have identical transmittance must have identical values of the absorbance [11.3] and 
identical values of ¢[J]/ [11.4]. Consequently, 


[J]on2 = [Joe Lee Hous 
=25 yg dm™ x(1.55 cm)/(1.18 cm) =|33 wg dm™ 


For a photon to induce a spectroscopic transition, the transition moment (1) must be non-zero, a 
requirement that leads to electronic spectrum selection rules concerned with changes in angular 


-momentum. The rules for a homonuclear diatomic are (Section 11.3b) 


AA=0, +1 AS=0 AXY=0 AQ=0, +1 whereQ=4+2 


A gives the total orbital angular momentum about the internuclear axis and & gives the total spin 
angular momentum about the internuclear axis. The + superscript selection rule for reflection in the 
plane along the internuclear axis is +<>+ or —— (+«+— is forbidden). The Laporte selection rule 
states that for a centrosymmetric molecule (those with a center of inversion), the only allowed 
transitions are transitions that are accompanied by a change of parity: ug. 


The electric-dipole transition because none of the above rules negates the 
possibility of this event. You may also wish to reach this conclusion by direct examination of the 
dipole transition moment integral, | Y;Hy,dt , where the dipole moment operator has components 
proportional to the Cartesian coordinates. The integral vanishes unless the integrand or at least some 
part of the integrand belongs to the totally symmetric representation (A,,; see Chapter 7). To find the 
symmetry species of the integrand, we multiply the characters of its factors. Homonuclear diatomic 
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molecules and ions belong to the D.., point group and the D.., character table tell us the symmetry 
species of each integrand factor. 


We? Ag (%) 
uw: A, (&) 
y,: A, (2) 


Symmetry product: A,, xA,, XA,, =A,, XA,, = Aj, 


Since the integrand spans Aj,, the transition *Z; <~- *Z} is allowed. 


An electric-dipole transition from a *X; ground state to a II, excited state is forbidden by the 
Laporte selection rule. 


Finally, we check the possibility of a transition from a 7Z; ground state to a “II, excited state by 
finding whether or not the integrand of the transition integral spans the totally symmetric 
representation. The symmetry product for the “, component is E,,xA,,xA,,=E, XA, =E,. 
Since the integrand does not span Aj,, the transition is forbidden for z-polarized light. The 
symmetry product for both the “, and #7, components is E,, xE,, xA,, =E,, XE, . Since the species 
product E,,xE,, has an angular dependence and therefore does not contain the totally symmetric 
representation, the transition is forbidden for x- and y-polarized light. You may also wish to show 
this by application of the orthogonality theorem to find the coefficient of Aj, in the integrand. 


Den Ce So 2Cy i ogy Sy 
x7 (A,,) 1 -1 1 —1 | ~1 
Hy OF Hy(Eqy) 2 0 2 cos @ —2 0 2 cos ¢ 
TI,(Ei,) 2 0 2 cos 2 0 —2 cos @ 
Integrand 4 0 4 cos’ ¢ 4 0 4 cos’ ¢ 


The orthogonality theorem gives the coefficient of A), in the integrand as 
Ca, =(1/h)d, g(C)y(C)=[4+0+2(4cos’ )+44+0+2(4c0s g)]/h 


Since the group order h, which equals infinity, does not cancel with a numerator factor, “5% 0. 


The ionization is HBr — HBr* + e with the accompanying electronic energy change given by the 
equation I, +AE,,,,_. =hv—\4m,v’ . This modified form of eqn. 5.19(b) accounts for the possibility of 
an excitation change in the vibrational energy in going from the ground electronic vibrational state v = 0, 
in which a majority of molecules start, to the ionized electronic vibrational state Y = 0, 1, 2 ... The 
vibrational transition Y = 0 < v =0 is called an adiabatic transition. Figure 11.4 shows the potential 


energy relationships between the ground electronic state and two possible ionized electronic states. 


Molecular potential energy 


Internuclear separation Figure 11.4 
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(a) The photoelectron spectrum band between 15.2 eV and 16.2 eV is the ejection of a bonding 
o electron. Loss of this electron reduces the bond order from 1 to %, reduces the magnitude 
of the bond force constant, and lengthens the equilibrium bond length of the ionized 
molecule. The electronic transition is labeled as J, in Figure 11.4. The longer bond length of the 
ionized state cause the Franck—Condon factor for the adiabatic transition (v' = 0 — v = 0) to be 
small. This is the lowest energy transition of the band at about 15.3 eV. The increasing 
spectral intensity for the v' = 1 < v =0 and v' = 2 <— v= 0 transitions indicates that these 
vertical transitions have successively larger Franck—Condon factors (see text Fig. 11.10). 
The separation of lines (~0.162 eV) corresponds to an ionized vibrational wavenumber of 
about 1300 cm”, which is considerably lower than the 2648.98 cm‘ of the neutral ground 
state. The presence of one unpaired electron in the bonding o orbital means that the ionized 
molecule is in a *Z* state. 

(b) The lines between 11.6 eV and 12.3 eV involve transitions of a non-bonding electron of the 
chlorine p valence subshell to two very closely spaced electronic states of the ionized 
molecule. The ionization energy of these states is labeled as /, in Figure 11.4. The unpaired 
electron of the ionized state makes it a doublet with spin-orbit coupling producing j = |/ + 
s|,...,// — s| = |1 + “l, |1 — %} = */, '/. Consequently, the term symbols of these states are 
"TI, and *I1,,,, and Hund’s rule predicts that *IT,,, is lowest in energy because the subshell 
is more than half-filled. Excitation of a non-bonding electron does not affect the molecular 
bond, nor does it affect the bonding force constant or the equilibrium bond length. Only the 
vertical, adiabatic transition (v’ = 0 — v = 0) has an appreciable Franck—Condon factor. The 
transition v = 1 v=0 of the *II,,, transition has a very small vertical, vibrational overlap 
integral; it cannot be seen in the spectrum because it lies below the *I],,, adiabatic transition 
at 12.0 ev. The transition v = 1 — v = 0 of the *II,,, transition has a very small vertical, 
vibrational overlap integral located at 12.3 eV. The 0.3 eV line separation corresponds to an 
ionized vibrational wavenumber of about 2400 cm™. This is consistent with the vibrational 
wavenumber of the ground state (2648.98 cm™') and confirms the expectation that excitation 
of a non-bonding electron does not affect the o bond. 


P11.7 The spectrum gives the peak and half-height points: 
Eve: = 250 dm’ mol em", A... = 284 nm (% = 35200 cm) 


Ey, =125 dm’ mot cm", A, =305 nm (# = 32800 cm") 
An = 265 nm (4% =37700 cm”) 


We estimate that the wavenumber band has a normal Gaussian shape. 


é= ee ‘" where a is a constant related to the half-width AV,/. = 
(37700 —32800) cm™ = 4900 cm" 


A= [e(¥) dv [i s}=e,., fe) “av 
band 
= En ANT (standard integral) 


The relationship between the half-width and a is found by evaluation of the line shape at e(¥,,,) = 
Emayl 


é/2= E_.€ Vit me) mM 
In(1/2) =—(F). Fon) 1a” 
Z ~ \* Z 2 
po (4, — Foe) . (Ai,,. /2) 
in(2) In(2) 
A¥,/2 


“Te 
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Thus, 


YAW, Eng, YR / In(2)| = 1.0645 AF, .€.,,. 


A= ¥,(4900 cm™)x(250 dm? mol” cm™) /7/In(2) =|1.30x10° dm? mol! cm” 


Since the dipole moment components transform as A,(z), B,(x), and B,(y), excitations from A, 
to A,, B,, and B, terms are allowed. 


The anthracene vapour fluorescence spectrum gives the vibrational splitting of the lower state. The 
wavelengths stated correspond to the wavenumbers 22 730, 24 390, 25 640, 27 030 cm", indicating 
spacings of 1660, 1250, and 1390 cm”. The absorption spectrum spacing gives the separation of the 
vibrational levels of the upper state. The wavenumbers of the absorption peaks are 27 800, 29 000, 
30 300, and 32 800 cm™. The vibrational spacings are therefore 1200, 1300, and 2500 cm™. The 
data are compatible with the deactivation of the excited-state vibrational modes before spontaneous 
emission returns the molecule to the ground electronic state. This produces a fluorescence band of 
lower energy than the energy of the absorption band. Furthermore, while the absorption band has a 
vibrational progression that depends on vibrational modes of the excited state, the fluorescence 
band has a vibrational progression that depends on vibrational modes of the ground state. The 
absorption and fluorescence spectra are not mirror images. 


(a) The molar concentration corresponding to 1 molecule per cubic pm is 


i.e., nanomolar concentrations. 
(b) An impurity of a compound of molar mass 100 g mol" present at 1.0 x 10°” kg per 1.00 kg 
water can be expected to be present at a level of N molecules per cubic um where N is 


a . . 23 = 
yale eee Ue mn -x(1.0x10° kg water m™*)x(10~m). 
1.00 kg water 100x10™ kg impurity mol” 


N =|6.0x107|. 


Pure as it seems, the solvent is much too contaminated for single-molecule spectroscopy. 


The light-scattering equation 


Md 2 R? 
Sng a+bx £6 in? (6/2)| where a=(Ke,M) © and = b= wz 2 
1, I 5A 


@ 


i. P 
has a linear form when J,/J, is plotted against 7m (6/2). The intercept a and slope b are 
@ 


determined with a linear regression fit of this plot. Knowing a and 6, the above equations can be 
used to calculate M and R. We begin by drawing up the requisite data table, preparing a plot (shown 
in Figure 11.5), and calculating the linear regression fit. 


[ise [so [ro [oso [oo 
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~ ve ly =0.2944x + 4.1804 
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= 

4.2 
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100 J) sin(9/2) / I 


Figure 11.5 


Thus, a = 0.0418 and b = 0.294. 


=| 


M =(Keya)  ={(2.40x107 mol m’ kg”)x(2.0 kg m™)x(0.0418)} 


=|498 kg mol” 
R=(5b) A/(4a) =(5x0.294)'"” x(532 nm)/(4z7) 


=|51.3 nm 


Solutions to theoretical problems 


P11.15 | The derivation is similar to that of the Beer-—Lambert law in Justification 11.1, but let dx be the 
infinitesimal thickness of the layer containing the absorbing species J. Then 


j < =—K [[J]dx=-x[J], [ e4dx 


f=] 
1=Iy 


in()l" =xa[s 74 {~ 


x=0 
-In“ =—xAJ], (I-e") 

T - 0 
(In 10)log=2 = KA[J], (Ie) 


Let A = log [11.3] and €’ = xA/(In 10). 


Then 
A=e [J], (I-e"”) 
In the case for which //A >> 1, e” = 0 and A = e'[J]o. 


In the case for which I/A << 1, e ~ 1 + (-I/A) + (-I/A)’/2 (Taylor series truncated after 2nd order). 
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Thus, 
A=e'[J](1-e""*) 
A=e'[J](1-141/4-(1/A) /2) 


TJ 
ae 1/22) 
A 
A=el[J]x(1-1/2A)| when 1/A << 1 


Suppose that non-absorbing species B (pyridine in this problem) is progressively added to a solution 
of light-absorbing species A (I, in this problem). Furthermore, suppose that A and B form a 
complex of light-absorbing species AB. Suppose that all absorbance measurements are made at the 
equilibrium A + B= AB. By the conservation of mass, the sum of the equilibrium concentrations 
of the absorbing species, [A]. + [AB], is a constant for all additions of B. That is, the sum of 
concentrations of all species that contain A must equal the concentration of A present before any B 
is added, [A]o. The absorbance at any wavelength is 


A, = a a/lA], + Ex, ,/[AB], 
a Ey al ([A], —{AB]., ) 7 Ex, ,/[AB], 
=€, ,/[A], + Fins Ena yi [AB], 
The first term to the right in the above equation is a constant for all additions of B; the second term 
is generally not constant, and consequently, A, generally varies with the addition of B. However, at 
any wavelength for which €,,, =€,,, the second term vanishes, making A, a constant at all 
additions of B. The wavelength at which this happens is called the isosbestic point. It is 
characterized by the equilibrium between absorbing species and &,, , = €, ;- 
We need to establish whether the transition dipole moments 
Ha = |yrny, dr [10.56] 


connecting the states 1 and 2 and the states 1 and 3 are zero or non-zero. The particle-in-a-box 
wavefunctions are y, = =(2/L)" sin{ max / L) [2.6b]. 


ru (22) pn) 2] 
otra f(a in) 


having used sin asin 8 = +cos(a@—)—+cos(a@+ f). Both of these integrals can be evaluated using 
the standard form 


I Ait hk 
|x(cos ax) dx = cos ax +=sin ax 
a a 


ina tno 
tfie-ain | 


Thus /4,, #0. 


L L 2 

x (=) 4) 
fmm SIT —— | =~ 2, — | #0 
mete) LEA 1 

- 2 

x if | { =) 
+ sin) —— | =-2} — | #0 
(37/L) \L j, 3a 


In a similar manner, /4,, = 0. 


P11.21 


P11.23 


P11.25 
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COMMENT. A general formula for 44, applicable to all possible particle-in-a-box transitions may be 
derived. The result is (n=f,m=/) 


7, el cos(n-—m)a —1 a cos(n+m)z-1 
AT. Agk (n-m) (n+m)* 


For m and n both even or both odd numbers, 4, =0; if one is even and the other odd, 4, #0. 
See also Problem 11.22. 


Question. Can you establish the general relation for 4,,, above? 


(a) Ethene (ethylene) belongs to D>,. In this group the x, y, and z components of the dipole moment 
transform as B3,, Bz, and By, respectively. The z orbital is B,, (like z, the axis perpendicular 
to the plane) and 1° is Bsy. Since B3y X Bj, = Bp, and By, x By, = Aig, the transition is 
(and is y-polarized). 

(b) Regard the CO group with its attached groups as locally C,,. The dipole moment has 
components that transform as A,(z), B,(x), and B2(y), with the z-axis along the C=O direction 
and x perpendicular to the R,CO plane. The 7 orbital is p, (in the R2CO plane) and hence 
transforms as B,. The z orbital is Px (perpendicular to the R2CO plane) and hence transforms as 
B,. Since I’; x I’; = B,; x Bz = A», but no component of the dipole moment transforms as A», the 


transition is |forbidden, 
(a) The Beer—Lambert Law is 
I, 
A= ne =e[J]/ 


The absorbed intensity is 
I,,=1,-I1 so 1=1,—-Iy, 


Substitute this expression into the Beer—Lambert law and solve for /,,, : 


log fo =e]! so, i,-7,, =i,)xte 


0 abs 


(b) The problem states that /,(7;) is proportional to g, and to J,,,(V), so 
IW) = % I,()x(1 =19-™ ) 
If the exponent is small, we can expand 1—10°’” in a power series: 


19720? = (en)? x 1—e[J]/In10+- a 
and 1, (¥)< |g MEI 


Solutions to applications 
Fraction transmitted to the retina is 
(1-0.30) x (1—0.25) x (1-0.09) x 0.57 = 0.272 


The number of photons focused on the retina in 0.1 s is 
0.272x40 mm? x0.1sx4x10° mm” s =|4.4x10° 


—more than what one might have guessed. 
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The integrated absorption coefficient is 
A=[_ e)d¥ [11.5] 


If we can express € as an analytical function of V, we can carry out the integration analytically. 
Following the hint in the problem, we seek to fit € to an exponential function, which means that a 
plot of Iné versus V ought to be a straight line (Figure 11.6). Soif Iné = mV+5, then 


E=exp(mV)exp(b) and A= (e? / m){ exp(mV,) —exp(my, )} 


31000 32000 33000 34000 35 000 
D/(cm™') Figure 11.6 


We draw up the following table, find the best-fit line, and make the plot of Figure 11.6. The linear 
regression fit yields the values of m and 5 for the computation of the integrated absorption coefficient. 


Ainm —€/(dm’* mol! cm" Siem ~— Ine/(dm’* mol cm“) 

292.0 1512 34248 «4.69 

296.3 865 33748 4.13 

300.8 477 33248 3.54 

305.4 257 32748 2.92 

310.1 135.9 32248 2.28 

315.0 69.5 31746 1.61 

320.0 34.5 31250 0.912 

So tex 738-383 x 1.26x10~ a exp 126x107 =| | , ee 
1.26107 cm 290x107 cm 320x107’ cm 


In Figure 11.7 


AE, AE a 


vy 


386.4 nm 387.6 nm Figure 11.7 
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AB, = © =—*© __ = 5, 1499x10-” J = 3.2087eV 
h,, 386.4nm 
and 
he he 18 : 
Meo * F557 Gam 751280x10 J=3.1987eV 
-oOnm 


Energy of excited singlet, S,: E,(v,J) =V,+(v+ ¥)v,het+ J (J + 1)B, hc 
Energy of ground singlet, S,: E,(v, J) =V, +(v+ 4) hct+ JJ +1)B,he 
The midpoint of the 0-0 band corresponds to the forbidden Q branch (AJ = 0) with /=0 and v = 0 — 0. 
AE = E,(0,0)— E,(0,0) =(V, -V) +4 (5, - he (1) 
The midpoint of the 1-1 band corresponds to the forbidden Q branch (AJ = 0) with J/=0 and v = 1<— 1. 
AE,, = E, (1,0) ~ E, (1,0) = (VV, -Vy) +F(¥, —% )he (2) 
Multiplying eqn. 1 by 3 and subtracting eqn. 2 gives 
3AE sy — AE, = 2V,—V) 
V, ~V, == (GAB ~ AE, 
= + (36.1250) —(5.1409)}x10-° J 


= §.1171x10-" J =|3.1938 eV (3) 
This is the potential energy difference between Sp and 5S}. 


Equations (1) and (3) may be solved for v, —7,. 
¥, —% = 2{AE,, —(V, -Vy)} 
= 2{5.1250—5.117}x10°° I / he 
=1.5800x107! J = 0.0098615 eV = 
The ¥, value can be determined by analyzing the band head data for which J + 1 «— J. 
AE, (J) = E,(0,/)— E, (0, J +) 
=V,-V, +5(h — 3%, )hot JCJ +B he —(J +1) x(J + 2)Byhe 


AE, (J)=V, -¥, +5( ~%, )he+ (J+ Bhe—(J +) x(I +B he 


Therefore, 

AE (J) — AE, (J) = he 
PO 51158 x10-%3 
388.3 nm 


he 
421.6nm 


i= AE (J) — AE, (J) 
; he 
7 (5.1158—4.7117)x107°J 
he 


—20 a : 
ae ot = 0.25222 eV =|2034.3 cm™ 


AE 9 (S peat ) = 


AE, (J neoa ) = =4.7117x10°° 
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5, =5,+79.538em™ 


= (2034.3+79.538)cm™ = 


Fa a ee - eh (1,0)~E, (0,0))/kT yg, 
z FOO Rg 

we @ PO! Re 
~ E |- hev, 

hie OMe 
a kee a Sere) Oe 
a kil) ~ (1.38066x10 J K~) In(10) 

7 fy 


The relative population of the »v = 0 and v = 1 vibrational states is the inverse of the relative 


- = 1 
intensities of the transitions from those states; hence 01 ={10}. 


It would seem that with such a high effective temperature, more than eight of the rotational levels of 
the S; state should have a significant population. But the spectra of molecules in comets are never 
as Clearly resolved as those obtained in the laboratory, and that is most probably the reason why 
additional rotational structure does not appear in these spectra. 


D12.1 


D12.3 


D12.5 


D12.7 


2 Magnetic resonance 


Answers to discussion questions 


Refer to eqn. 12.13(b), which describes the condition for resonance. The resonance field and 
resonance frequency are directly proportional to each other. High magnetic fields imply high 
frequencies and vice versa. The intensity of an NMR transition depends on a number of factors, two 
of which are seen in eqn. 12.14(a): one is the strength of the magnetic field itself and the other is the 
population difference between the energy levels of the @ and f spins, which is also proportional to 
the magnetic field as shown by eqn. 12.14(b). Hence the intensity of the signal is proportional 
to B; .Consequently an increase in external field results in an even larger increase in signal 
intensity. See Section 12.4 and Justification 12.1 for a more detailed discussion. Chemical shifts as 
expressed in eqn. 12.15 are also seen to be proportional to By. Finally, as discussed in Section 12.6, 
the use of high magnetic fields simplifies the appearance of the complex spectra of macromolecules 
and allows them to be interpreted more readily. Although spin-spin splittings in NMR are not field 
dependent, strongly coupled (second-order) spectra are simplified at high fields because the 
chemical shifts increase and individual groups of nuclei become identifiable again. 


Before the application of a pulse the magnetization vector, M, points along the direction of the static 
external magnetic field B,. There are more a spins than B spins. When we apply a rotating 
magnetic field Bat right angles to the static field, the magnetization vector as seen in the rotating 
frame begins to precess about the B field with angular frequency @, = yB,. The angle through 
which M rotates is @=yBt, where ¢ is the time for which the B, pulse is applied. When 
t=2/2yB, @=2/2=90°, and M has rotated into the xy plane. Now there are equal numbers of a 
and f spins. A 180° pulse applied for a time z/yB, rotates M antiparallel to the static field. Now 
there are more f spins than a spins. A population inversion has occurred. 


For example, at room temperature, the tumbling rate of benzene, the small molecule, in a mobile 
solvent may be close to the Larmor frequency, and hence its spin-lattice relaxation time will be 
short. As the temperature increases, the tumbling rate may increase well beyond the Larmor 
frequency, resulting in an increased spin-lattice relaxation time. 


For the large molecule (like a polymer) at room temperature, the tumbling rate may be well below 
the Larmor frequency, but with increasing temperature it will approach the Larmor frequency due to 
the increased thermal motion of the molecule combined with the decreased viscosity of the solvent. 
Therefore, the spin-lattice relaxation time may decrease. 


The basic COSY experiment uses the simplest of all two-dimensional pulse sequences: a 
single 90° pulse to excite the spins at the end of the preparation period and a mixing period 
containing just a second 90° pulse. 


The key to the COSY technique is the effect of the second 90° pulse, which can be illustrated by 
consideration of the four energy levels of an AX system (as shown in Figs. 12.11 and 12.12 of the 
text). At thermal equilibrium, the population of the aAaX level is the greatest, and that of BABX 
level is the smallest; the other two levels have the same energy and an intermediate population. 
After the first 90° pulse, the spins are no longer at thermal equilibrium. If a second 90° pulse is 
applied at a time ¢, that is short compared to the spin-lattice relaxation time 7,, the extra input of 
energy causes further changes in the populations of the four states. The changes in populations will 
depend on how far the individual magnetizations have precessed during the evolution period. 
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For simplicity, let us consider a COSY experiment in which the second 90° pulse is split into two 
selective pulses, one applied to X and one to A. Depending on the evolution time t,, the 90° pulse that 
excites X may leave the population differences across each of the two X transitions unchanged, inverted, 
or somewhere in between. Consider the extreme case in which one population difference is inverted and 
the other unchanged. The 90° pulse that excites A will now generate an FID in which one of the two A 
transitions has increased in intensity and the other has decreased. The overall effect is that precession of 
the X spins during the evolution period determines the amplitudes of the signals from the A spins 
obtained during the detection period. As the evolution time f, is increased, the intensities of the signals 
from A spins oscillate at rates determined by the frequencies of the two X transitions. 


This transfer of information between spins is at the heart of two-dimensional NMR spectroscopy and 
leads to the correlation of different signals in a spectrum. In this case, information transfer tells us that 
there is a scalar coupling between A and X. If we conduct a series of experiments in which 4, is 
incremented, Fourier transformation of the FIDs on ft, yields a set of spectra /(v,, v2) in which the A signal 
amplitudes oscillate as a function of t;. A second Fourier transformation, this time on f,, converts these 
oscillations into a two-dimensional spectrum /(¥;, v2). The signals are spread out in v, according to their 
precession frequencies during the detection period. Thus, if we apply the COSY pulse sequence to our 
AX spin system, the result is a two-dimensional spectrum that contains four groups of signals centred on 
the two chemical shifts in y, and y,. Each group will show fine structure, consisting of a block of four 
signals separated by Jax. The diagonal peaks are signals centerd on (64 6,4) and (6x 6x) and lie along the 
diagonal v, = v2. They arise from signals that did not change chemical shift between 7, and 4. The cross 
peaks (or off-diagonal peaks) are signals centred on (6, dx) and (6x da) and owe their existence to the 
coupling between A and X. Consequently, cross peaks in COSY spectra allow us to map the couplings 
between spins and to trace out the bonding network in complex molecules. Fig. 12.47 of the textbook 
shows a simple example of a proton COSY spectrum of 1-nitropropane. 


The hyperfine parameter a due to a nucleus in an aromatic radical, which is easily measured from 
the splittings of the lines in the EPR spectrum of the radical, as illustrated in Fig. 12.51 of the 
textbook, for the benzene anion radical, can be related to the spin density p of the unpaired electron 
on the nuclei in the aromatic radical. For the hyperfine splitting due to protons in aromatic systems, 
the relationship required is the McConnell equation, eqn. 12.44. The process of obtaining p from the 
McConnell equation is illustrated in A Brief Illustration following eqn. 12.44. For nuclei other than 
protons in aromatic radicals similar, although more complicated, equations arise; but in all cases the 
spin densities can be related to the coefficients of the basis functions used to describe the molecular 
orbital of the unpaired electron. 


Solutions to exercises 


Work with eqn. 12.11. yh=g;/y has units Js and 4, has units JT~'; therefore y has units 


Js 


The magnitude of the angular momentum is given by {/(/+1)}"*A. For a proton J = 1/2; hence 


magnitude = By =|9.133x10~*° Js}. The components along the z-axis are 
= = +5.273x10-° J s|. The angles that the projections of the angular momentum make with 
1 Riz - 
the z-axis are 9 = +cos = |+0.9553 rad = +54.74°|. 
\3n/2 


E12.3(a) The resonance frequency is equal to the Larmor frequency of the proton and is given by 


V=v, =r ii2.9) with y= SE 12.11] 
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5.5857) x(5.0508x10~’ J T" )x(13.5 T 
Hence ee eee 574 MHz 
h 6.626x10"J s 
E12.4(a) E,,, = —yvhBym, [12.106] =—g,4,8)m, (12.11, yh = 2, My] 


— 


| 
No | Ww 


ES aes | 
m, = —,-,-— 
2a 2 


E,, = (-0.4289)x(5.051x10°" J T')x (6.800 Txm,) =|-1.473x10 Ixm, 


E12.5(a) The energy level separation is 


AE=hv_ wherev = yB, [12.9] 
2a 


So 
(6.73x10’T's)x15.4T 


2a 


= 1.65x10" Hz = [165 MHz| 


E12.6(a) (a) By a calculation similar to that in Exercise 12.3(a), we can show that a 600-MHz NMR 
spectrometer operates in a magnetic field of 14.1 T. Thus 


v= =1,65x10°s" 


AE = yhB, = hv,, = hv at resonance 
= (6.62610 Js)x(6.00x10® s) =|3.98x10> J 


(b) A 600-MHz NMR spectrometer means that 600 MHz is the resonance frequency for protons for 
which the magnetic field is 14.1 T. In high-field NMRs, it is the field, not the frequency, that is 
fixed, so for the deuteron 


v= a [Exercise 12.3a] 


27 1T- 
_ (0. 8575) x (5.051 x 10-2’ JT-!) x (14.1T) =9.216x10" 


6.626 x10 Js Hz = 92.16 MHz 


AE = hv = (6.626x10™ Js)x(9.216x10" s*) =|6.11x107° J 


Thus the separation in energy is larger for the proton ka). 


E12.7(a) AE = hv = yhB = g,,B [solution to exercise 12.3a] 
a we _ (6.626x10" JHz")x(90.0x10° Hz) _ [507 
gly (1.793)x(5.051x10 JT") 


E12.8(a) In all cases, the selection rule Am, = +1 is applied; hence 


hv =: 6.626x10 “J Hz! v 


om 
ee ee 


(— 
"gift, 5.0508x10 JT" g, 


= (1.3119x1077)x @ BY) 7 = 0,13119)x MY 7 
g 


1 &7 
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Refer to the following table. 

B,/T (a)'H (by? H ()°C 
g, 5.5857 0.85745 1.4046 
(i) 800 MHz 18.8 123 74.9 
(ii) 500 MHz 11.7 76.6 46.8 


COMMENT. Magnetic fields above 30 T have not yet been obtained for use in NMR spectrometers. So 
most of these calculated values have no current significance. As discussed in the solution to Exercise 
12.6 (both a and b), it is the field, not the frequency, that is fixed in high-field NMR spectrometers. Thus 
an NMR spectrometer that is called a 500-MHz spectrometer refers to the resonance frequency for 
protons and has a magnetic field fixed at 11.7 T. 


Question. What are the resonance frequencies of these nuclei in 250-MHz and 500-MHz 
spectrometers? Refer to Exercise 12.6. 


E12.9(a) The ground state has 


m, +h=0 spin, m, =-=B spin 


Hence, with 
ON=N, —N, 


oN. Nor, Nene 


Me N, N,+ N. <———-—- [Justification 12.1] 
e 


a 
ca ts @IXQ=AE/KT) | AE _ 8ityvB, ig. ape iT] 
l+e Pa Oe 


That is, ON _ Sy By _ _ (5.5857)x(5.0508x1077J T")x(B) 
N  2kT — (2)x(1.38066x10™J T')x(298 K) 


(a) B, =0.3T, SN/N= 
() B=15T,  dN/N=5.1x10~] 
()  B =10T, 5N/N=|3.4x10"| 


E12.10(a) ON = aes * [Exercise 12.9a] = — 


~ 3.43x10°B, /T 


Thus, 0N « v 


5N(800MHz) _ 800MHz _ 
SN(60MHz)  60MHz 


This ratio is not dependent on the nuclide as long as the approximation AF = kT holds (Exercise 
12.9a). 


E12.11(a) (a) io Y x10° [12.18] 
Since both v and v° depend on the magnetic field in the same manner, namely, 
y= Ee and y°= Sitn [Exercise 12.3(a)] 


6 is independent of both B and v. 
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(b) Rearranging [12.18], we see v—v° = v°d x 10° and we see that the relative chemical shift is 


v—v°(800 MHz) | _ (800 MHz) MHz) - 
v—v°(60 MHz) (60 MHz) MHz) 


COMMENT. This direct proportionality between v — v° and v° is one of the major reasons for operating 
an NMR spectrometer at the highest frequencies possible. 


E12.12(a) 


(a) 
(b) 


E12.13(a) 


(a) 


B,. =(1--o)B, [12.16] 


| AB,,. =| (Ao) |B, ~|[6(CH,)— 6(CHO)]|B, | Ao |= 


al 
y 
= |(2.20-9.80)|x10 B, = 7.60x10~ B, 
BST; |AB,,.| =7.60x10* x1.5 T =[11uT| 
B=15T, — [a8,|=[ll0,] 
v—-v°=v°dx10° [12.18] 
|Av| =(v—v°(CHO)-(v—v°\(CH,) 
= v{5(CHO) — 5(CH, )}x10~ 
= (9.80 —2.20)x10°v° = 7.60x10%v° 
v° = 250 MHz, |Av|=7.60x10% x 250 MHz = 1.90 kHz 


The spectrum is shown in Figure $2.1 with the value of | Av| as calculated above. 


(b) 


| av | Figure 12.1 


v° = 800 MHz, |Av|=6.08 MHz 


When the frequency is changed to 800 MHz, the | Av| changes to 6.08 kHz. The fine structure (the 
splitting within groups) remains the same as spin-spin splitting is unaffected by the strength of the 
applied field. However, the intensity of the lines increases by a factor of 3.2 because bN/N « v 
(Exercise 12.10a). 

The observed splitting pattern is that of an AX; (or A3X) species, the spectrum of which is described 
in Section 12.6. 
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E12.14(a) 


E12.15(a) 


E12.16(a) 


V2 


= ——[12.29, with dv written as Av] 
TAvy 


Av =v°(d'—6)x10° [Exercise 12.13a] 
T= v2 
ce mv, (6 -6)x10° 
V2 


Therefore, the signals merge when the lifetime of each isomer is less than about 


corresponding to a conversion rate of about|2.6x10°s ‘|. 


=3.9x10™s 


The four equivalent '"F nuclei (J =+) give a single line. However, the ““B nucleus (J =3, 19.6 
percent abundant) splits this line into 2x3+1=7 lines, and the 'B nucleus (J =3, 80.4 percent 
abundant) splits it into 2x3+1=4 lines. The splitting arising from the "B_ nucleus will be larger than 
that arising from the 'B nucleus (since its magnetic moment is larger by a factor of 1.5; Table 12.2). 
Moreover, the total intensity of the four lines due to the 'B nuclei will be greater (by a factor of 


80.4/19.6 ~ 4) than the total intensity of the seven lines due to the “B nuclei. The individual line 
intensities will be in the ratio 1x4=7 (4 the number of lines and about four times as abundant). 


The spectrum is sketched in Figure 12.2. 


| _ Figure 12.2 


2, i,B 
h 


v= [solution to Exercise 12.3a| 


WF) _ g(°F) 
VCH) g(H) 


or v("F)= 2.2967 300 MHz =|753 MHz 


5.5857 


Hence, 


The proton resonance consists of 2 lines (2x4+1) and the 'F resonance of 3 lines [2x(2x4) +1]. 
The intensities are in the ratio 1:2:1 (Pascal’s triangle for two equivalent spin + nuclei; Section 


5.5857 


5.2567 
region. The spectrum is sketched in Figure 12.3. 


12.6). The lines are spaced 


=1.06 times greater in the fluorine region than in the proton 
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Rigas 


0; Figure 12.3 


E12.17(a) The A, M, and X resonances lie in distinctively different groups. The A resonance is split into a 
1:2:1 triplet by the M nuclei, and each line of that triplet is split into a 1:4:6:4:1 quintet by the X 
nuclei (with J,,, >J,, ). The M resonance is split into a 1:3:3:1 quartet by the A nuclei and each 
line is split into a quintet by the X nuclei (with J/,,, > Jy, ). The X resonance is split into a quartet 
by the A nuclei and then each line is split into a triplet by the M nuclei (with J/,, >J,,, ). The 


spectrum is sketched in Figure 12.4. 


Figure 12.4 


E12.18(a) (a) If there is rapid rotation about the axis, the H nuclei are both chemically and magnetically 


equivalent. 


(b) Since /,,, + J,,,.,;, the H nuclei are chemically but not magnetically equivalent. 


E12.19(a) Analogous to precession of the magnetization vector in the laboratory frame due to the presence of 
&,, that is, 


7B, 
= — [12.9 
Vy an [12.9] 
there is a precession in the rotating frame due to the presence of B,, namely, 
= -2 or @=7B [w=22v] 


Since q@ is an angular frequency, the angle through which the magnetization vector rotates is 
= yBt= ie Bt 


34 
(£)x(1.055x10™ Js) * 


4... «Shiswwaene x 
ine B Z)lyt (5.586)x(5.051x10 JT) x(1.0x10" s) 


A 180° pulse requires 2x10 ps = 20 ps}, 


44 = 9 - 
(6.626x10™ JHz")x(9x10° Hz) _ Bxi0 Tr 


—_— — pL ne 


BAe aia) a gx (5.5857) x(5.051x10 JT") 


(b) B= _©. 62610 JHz™')x(300x10° Hz) =[l0mt] 
” 2 (2.0023) (9.274x10 JT") 
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COMMENT. Because of the sizes of these magnetic fields, neither experiment seems feasible. 


Question. What frequencies are required to observe electron resonance in the magnetic field of a 
300-MHz NMR magnet and nuclear resonance in the field of a 9-GHz (g = 2.00) ESR magnet? Are 


these experiments feasible? 


E12.21(a) Pas ipeaa 
H,By 


We shall often need the value 


h  6.62608x10™ JHz" 
ee meee ee CT, AA ei) Ee, 
H,  9.27402x10™ JT : 


Then, in this case, 


(7.14478x107' T Hz')x(9.2231x10° Hz) 
a ID 
& 329.12x10°T 


E12.22(a) a = B(line3)— B(line 2) = B(line 2) — B(line!) 


— B, = (334.8 -332.5)mT = 2.3mT — 
B, 2 ( )m m |a-B3m 


B, — B, = (332.5—330.2)mT = 2.3 mT 


Use the center line to calculate g. 


hv 9.319x10° Hz = 
= = (7,14478x107'!' T Hz!) x" —— = |2.0025| 
seer’ aly *532.5x10°T 


E12.23(a) The center of the spectrum will occur at 332.5mT. Proton 1 splits the line into two components with 


separation 2.0mT and hence at332.5+1.0 mT. Proton 2 splits these two hyperfine lines into two, each 
trum therefore 


with separation2.6mT,and hence the lines occur_at332.5+1.0+1.3mT.The spe 

consists of four lines of|equal intensity| at the fields|330.2 mT, 332.2 mT, 332.8mT, and 334.8mT|. 
E12.24(a) We construct Figure 12.5(a) for CH, and Figure 12.5(b) for CD,.The predicted intensity distribution 

is determined by counting the number of overlapping lines of equal intensity from which the 


hyperfine line is constructed. 
(b) 
2p 
D1) 
D(2) 
D(3) 
ap 


3 


3 3 1 1367631 Figure 12.5 


(a) 


H(3) 
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-11 ; 
E12.25(a) B, = i aie (ibe Ula et, Hz ' xv [Exercise 12.21a] = 35.68 mT x(v/GHz) 
Shy 2.0025 


(a)  v=9.313GHz, B, =[332.3 mT 


(b) v =33.80GHz, B, =1206mT =/1.206T 


E12.26(a) Since the number of hyperfine lines arising from a nucleus of spin J is 27+1, we solve 2/+1=4 


and find that 
1 


COMMENT. Four lines of equal intensity could also arise from two inequivalent nuclei with / = >: 


E12.27(a) The X nucleus produces six lines of equal intensity. The pair of H nuclei in XH, split each of these 
lines into a 1:2:1 triplet (Figure 12.6a). The pair of D nuclei (J =1) in XD, split each line into a 
1:2:3:2:1 quintet (Fig. 12.6b). The total number of hyperfine lines observed is then 6x3 =18 in 
XH, and 6x5=30 in XD,. 


<--. 


|>: 


os 
‘*-.-. 
G-=. 


Sn 


| (a) (b) Figure 12.6 


Solutions to problems 


Solutions to numerical problems 


P12.1 (a) H=2,My|I| [uy =5.05079x10 JT“} 


Using the formulas 


R,(nuclide) _ 2 u | Howe, 


Sensitivity rati - - 

nsitivity ratio(v) RCH) 3 ros 

Sensitivity ratio(B) = ~ R, Ae 1. z - 134 Heese | 
—? at #('H) 
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P12.3 


we construct the following table. 


Nuclide Spin I Ht] My Sensitivity Ratio (v) Sensitivity Ratio (B) 
ee er 0.409 0.00965 
“Cc + 0.7023 0.251 0.01590 
4N 1 0.40356 0.193 0.00101 
19 4d  2.62835 0.941 0.83350 
31p 41,1317 0.405 0.06654 
'H + 2.79285 


(b) M= Yl = g, My |1| 


Hence = — 
sf hl 
At constant frequency, 


R,«<(1+l)uay or R,<(J+1)u [a is constant between the nuclei] 


Thus 
_— ; R, (nuclide) 
Sensitivity ratio(v) =—-——_—_—_ 
R, (CH) 
oe UI v0) 4 Hove) =2 +p et (nuclide)/1,, | 
(H) UH) pty 
as above. Substituting @, = 7B, and ya 0, _ HB, . so 
hi hh * 
+) LB 
R, = P 
Sensitivity ratio(B) = Rg ee aah u(t Sl 
R,CH) 6\ 1 uCH) 
i ( I+1 yu(nuclide)/ w,, | 
6 JL uCH)/ by 
as in part (a). 


The envelopes of maxima and minima of the curve are determined by 7, through eqn. 12.30, but 


the time interval between the maxima of this decaying curve corresponds to the reciprocal of the 
frequency difference Av between the pulse frequency v, and the Larmor frequency V, , that is, 


Av =|v, -v,|. 


=8.3s =8.3Hz 
S 


Therefore the Larmor frequency is |400x10° Hz+8 Hz. 


According to eqns. 12.30 and 12.34, the intensity of the maxima in the FID curve decays 
exponentially as e "2 Therefore T, corresponds to the time at which the intensity has been reduced 
to \/e of the original value. In the text figure, this corresponds to a time slightly before the fourth 
maximum has occurred, or about [0.29s} 
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P12.5 (a) The Lorentzian function in terms of angular frequencies is 

SoT- 

ny (a) = 2 a 2 
1+} (@- a) 


The maximum in this function occurs when @= @. Hence J, max = So72 and 


I, Sol: Sol- Ly 
fi, (Aas) = teat Sols ea Oana 
2 2 1+T(@2-M)  1+T; (Ao) 


where A@= = Ady hence 2=1+7; (Aq)? and Aw=1/T, . Therefore Aw, = = 
2 


(b) The Gaussian function in terms of angular frequencies is 
Ig(@) = SyT,e2 
The maximum in this function occurs when @= ap. Hence Ig.max = So72 and 


I 
Ig(A@.) = = = ss ST, en Fr (ay ayy _ SyTjeR Oe 


where Aw= ye thus In2 = 7; (A@)* and A= (In2)” /75. 


Ys 
Therefore |A@, = ahs ' 
‘ 


(c) If we choose the same values of Sp, 7>, and a for both functions, we can rewrite them as 


I, (@) = L(x) « and Ig(@)=G(x)«<e™ where x =T,(@-@) 


1+x? 


These functions are plotted against x in the following Mathcad worksheet. Note that the Lorentzian 
function is slightly sharper in the center, although this is difficult to discern with the scale of x used 
in Figure 12.7, and decreases much more slowly in the wings beyond the half amplitude points. 
Note that the functions plotted in the figure are not normalized but are matched at their peak 
amplitude in order to more clearly display the differences in their shapes. If the curves had been 
normalized, the areas under the two curves would be equal, but the peak height in the Lorentzian 
would be lower than the Gaussian peak height. 


x =—5,-4.95..5 


L(x) = G(x) = e* 


1+ x? 


x Figure 12.7 
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P12.7 (a) The Karplus equation [12.27] for ’/,,,, is a linear equation in cos ¢ and cos 2¢ . The experimentally 
determined equation for’/,.. is a linear equation in*/,,,.In general, if F(/) is linear in f, and 
if f(x) is linear in x, then F(x) is linear. So we expect °/,,,, to be linear in cos ¢ and cos 2¢. This is 
demonstrated in (b). 

(b) *T snsq/HZ = 78.86(? Jy,/Hz) + 27.84 
Inserting the Karplus equation for °/,,,, we obtain 
*T ssn/Hz = 78.86{A + Boos 6 + C cos 2g} + 27.84 


Using A = 7, B=~-1, and C=5, we obtain 
* Jens, (Hz =|580 - 79cos 6+ 395 cos 2o 
The plot of *J,,,, is shown in Figure 12.8. 


Vicinal tin coupling constant 


| o/degrees | Figure 12.8 


(c) A staggered configuration (Figure 12.9) with the SnMe3 groups trans to each other is the 
preferred configuration. The SnMe; repulsions are then at a minimum. 


SnMe, 
H H 
R SnMe; H Figure 12.9 
agi deat 3 
P12.9 = a i en a —— T) : 28x10" Hz 
x S 


This frequency is in the infrared region of the electromagnetic spectrum and hence is comparable to 
the frequencies and energies of molecular vibrations; it is much greater than those of molecular 
rotations and far less than those of molecular electronic motion. 


P12.11 


P12.13 


P12.15 
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Refer to Figure 12.6 in the solution to Exercise 12.24(a). The width of the CH; spectrum is 
3a, = . The width of the CD; spectrum is 6ap. It seems reasonable to assume, since the 
hyperfine interaction is an interaction of the magnetic moments of the nuclei with the magnetic 
moment of the electron, that the strength of the interactions is proportional to the nuclear 
moments. 


H=2,M,l or M, =g,fym, [12.11, 12.10b] 


and thus nuclear magnetic moments are proportional to the nuclear g-values; hence 


ay = fatten = 0.1535a,, =0.35mT 
5.5857 
Therefore, the overall width is 6a, = , 
as 5.7mT ee 
Write P(N2s)=- —= (10 percent of its time) 
55.2mT 
, 1.3mT ah SF: 
P(N2p,) = as (38 percent of its time) 
3.4mT 
The total probability is 


(a) P(N) =0.10+0.38 = (48 percent of its time). 


(b) P(O)=1—P(N)= (52 percent of its time). 


The hybridization ratio is 
P(N2p) _ 0.38 | 
=—= [3.8] 
P(N2s) 0.10 


The unpaired electron therefore occupies an orbital that resembles an sp” hybrid on N, in accord 
with the radical’s nonlinear shape. 


From the discussion in Section 5.2 we can write 


2 _l+cos¢ 
1—cos@ 
a _ ~2cosp 
l—cos@ 
b” —Ilcos¢ 


Xr 
ue , implying that cos ¢ = — 
a” 1+cos¢ ene f 24+2 


Then, since 4 = 3.8, cos¢=-0.66, so @ =|131°). 


When spin label molecules approach to within 800 pm, orbital overlap of the unpaired electrons and 
dipolar interactions between magnetic moments cause an exchange coupling interaction between the 
spins (Figure 12.10). The electron exchange process occurs at a rate that increases as concentration 
increases. Thus the process has a lifetime that is too long at low concentrations to affect the “pure” 
ESR signal. As the concentration increases, the linewidths increase until the triplet coalesces into a 
broad singlet. Further increase of the concentration decreases the exchange lifetime and therefore 
the linewidth of the singlet. 


When spin labels within biological membranes are highly mobile, they may approach closely and 
the exchange interaction may provide the ESR spectra with information that mimics the moderate 
and high-concentration signals above. 
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P12.17 


ESR Spectrum of di-tert-butyl Nitroxide 


Low ; 
concentration 


Moderate 
concentration 


Higher 
concentration 


High 
concentration 


Figure 12.10 


Solutions to theoretical problems 


The first table below displays experimental '°C chemical shifts and computed” atomic charges on the 
carbon atom para to a number of substituents in substituted benzenes. Two sets of charges are shown, 
one derived by fitting the electrostatic potential and the other by Mulliken population anlysis. 


Substituent CH, H CF, CN NO, 

A on 1284 1285 1289 1291 129.4 
Electrostatic charge/e -0.1273 -0.0757 -0.0227 -0.0152 -0.0541 
Mulliken charge/e 0.1089 -0.1021 -0.0665 -0.0805  -0.0392 


*Semi-empirical, PM3 level, PC Spartan Pro™ 


In Problem 6.7 we have recalculated net charges at a higher level than the semi-empirical PM3 level 
displayed above. The following table obtained from the solution to Problem 6.7 displays both the 
experimental and calculated” (HF-SCF/6-311G") °C chemical shifts and computed" atomic charges 
on the carbon atom para to a number of substituents in substituted benzenes. Three sets of charges 
are shown, one derived by fitting the electrostatic potential, another by Mulliken population 
analysis, and the other by the method of “natural” charges. 


Substituent CH, H CF, CN NO, 

AgA cgks 60) yan © TA A SE 1 S129. 
ee es ES ee ae ee ee aE 
Electrostatic charge"/e —0.240 -0.135 -0.138  -0.102 —0.116 
Mulliken charge’/e —0.231 0.217) =-0..205 -0.199 -0.182 
Natural charge '/e -0.199 -0.183 -0.158  -0.148 —0.135 


“Spartan ’06™: HF-SCF/6-311G" 
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ote et ee 
2 | 


Aha mans 
128.0 1285 1290 1295 1300 1305 
5 Figure 12.11 


(a) Neither set of charges correlates well with the chemical shifts; however some correlation is 
apparent, particularly for the Mulliken charges. 

(b) The diamagnetic local contribution to shielding is roughly proportional to the electron density 
on the atom. The extent to which the para-carbon atom is affected by electron-donating or 
electron-withdrawing groups on the other side of the benzene ring is reflected in the net charge 
on the atom. If the diamagnetic local contribution dominated, then the more positive the atom, 
the greater the deshielding and the greater the chemical shift 6 would be. That no good 
correlation is observed leads to several possible hypotheses: for example, the diamagnetic local 
contribution is not the dominant contribution in these molecules (or not in all of these 
molecules), or the computation is not sufficiently accurate to provide meaningful atomic 
charges. See the solution to Problem 6.7 for additional discussion. 


P12.19 Eqn. 12.28 may be written 
B=k(1—-3cos’ 6) 
where k is a constant independent of angle. Thus 
Bo § (1—3cos’ 8) sin edo [" dg 
ec i; (1—3x?)dxx 2 [x =cos0,dx =—sin 046] 


«(x-x°)|"=0 


P12.21 The shape of spectral line /(@) is related to the free induction decay signal G(t) by 


I(@) = aRe | G(e™ dt 


where ais a constant and Re means take the real part of what follows. Calculate the lineshape 
corresponding to an oscillating, decaying function. 


-Ut 


G(t) = cos@,te 
I(@) =aRe iy G(t)e™ dt 

=aRe 'g cos ate" dt 

ot 5 aRe [ (ei at eit! ) el ttian dt 


1 ee oie 
_ sare ee +e i(ay ea 


1 1 
| 
Z i: +@+i/T) (Q, =| 
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when @ and @, are similar to magnetic resonance frequencies (or higher), only the second term in 


brackets is significant because ba 1 but . may be large if @ = a . Therefore 
(a +a) (Q — ) 


iC a Le 
2 i(@, —@)+1/7 


l -i(a,-—@)+1/7t J l/t 
~ “(a —o +r 2 (a—aw +e 
a,-oy +r 2 (@-o) +1/t 


‘Gha-aF 
2)1+(a-o)yr 
which is a Lorentzian line centered on @ of amplitude }az7 and width = at half-height. 


P12.23 Ju =A+Bcos @+Ccos2¢ [12.27] 


d 


—(?J.,)=—-Bsin@—2Csin2¢=0 


This equation has a number of solutions: 


ee es 
~=0, d=naz, $=A-Aarcos (2. ) = arco [=] 


The first two are trivial solutions. 


B : B 
@ = arcos (=) en, sin @ 6c 


| B B 
in 2@ = 2sit ry A | ee 
sin2¢=2singcos ¢ 162 (2) 
, B B’ (=) 
B +7 ante 21 —s— + 40, [1] —--_ | —— |=0 
ain ciemnanienl \ 16C? \ 16@? 4c 
B 


So ie = cos @ clearly satisfies the condition for an extremum. 


The second derivative is 


2 
vd (Ju) = ~B cos $—4C cos 2g = ~B cos d— 4C(2.cos” 6-1) 


Sop (2)-4e(225-1}- . 3 -7F ac 
This quantity is positive if 
16C’ > 3B” 
This is certainly true for typical values of B and C, namely, B = —1 Hz and C = 5 Hz. Therefore the 


condition for a minimum is as stated, namely, cos ¢= B/4C. 


Solutions to applications 


P12.25 Méethionine-105 is in the vicinity of both typtophan-28 and tyrosine-23, but the latter two residues 
are not in the vicinity of each other. The methionine residue may lay between them as represented 
in Figure 12.12. 


Tyrosine residue 
Tryptophan residue Figure 12.12 


P12.27 
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See Figure 12.13. Only the H(N) and H(C,) protons and the H(C,) and H(Cg) protons are expected 


to show coupling. This results in a simple COSY spectrum with only two off-diagonals, one at 


(8.25 ppm, 4.35 ppm) and the other at (4.35 ppm, 1.39 ppm). 


0 


Figure 12.13 
P12.29 


Figure 12.14 


length of slice at x =2 sin 0 
x=cos 6 
6 = arcos x 

ranges from —1 to +1 


length of slice at x = 2 sin(arcos x) 


Assume that the radius of the disk is 1 unit. The volume of each slice is proportional to length of slice x 6, . 
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IS 


MRI 
absorption 
intensity 


f(x) 


Figure 12.15 


Plot f(x) =2 sin(arcos x) against x between the limits —1 and +1. The plot is shown in Figure 12.15. 
The volume at each value of x is proportional to fx) and the intensity of the MRI signal is 
proportional to the volume, so the figure above represents the absorption intensity for the MRI 
image of the disk. 


| 3 The Boltzmann distribution 


D13.1 


D13.3 


D13.5 


Answers to discussion questions 


The molecular partition is roughly equal to the number of physically distinct states thermally 
accessible to a molecule at a given temperature. At low temperatures, very little energy is available, 
so only the lowest energy states of a molecule are accessible; therefore, as the temperature 
approaches absolute zero, the partition function approaches the degeneracy of the molecule’s 
ground state. The higher the temperature, the greater the Boltzmann weighting factor e and the 
more accessible a state of energy € becomes. Thus the number of accessible states increases with 
temperature. (The partition function is only “roughly equal” to the number of accessible states 
because at any non-zero temperature, each state is accessible with a finite probability proportional 
to e™. Thus, to state whether or not a given state is “accessible” at a given temperature is somewhat 
arbitrary, so an exactly counted number of accessible states is also arbitrary. Because the partition 
function is the sum of all of these fractional probabilities, it is a good estimate of this number.) See 
Section 13.2. 


The population of a state is the number of molecules of a sample that are in that state, on average. 
The population of a state is the number of molecules in the sample times the probability of the state. 
The configuration of a system is a list of populations in order of the energy of the corresponding 
states. For example, {N-3, 2, 1, 0, ...} is a possible configuration of a system of N molecules in 
which all but three of the molecules are in the ground state, two molecules are in the next lowest 
state, one is in the next state, and so on. The weight of a given configuration is the number of ways 
the configuration can be made up. In our example, the single molecule in the second excited state 
could be any of the system’s N molecules, so there are N ways to arrange that state alone. The 
weight of the configuration {No, Nj, N,...} is 


N! 


W =—————__ (13.1) 

NIN, IN! + 
When N is large (as it is for any macroscopic sample), the most probable configuration is so much 
more probable than all other possible configurations that it is the system’s dominant configuration. 
See Section 13.1. 


Because this chapter focuses on the application of statistics to the distribution of physical states in 
systems that contain a large number of atoms or molecules, we begin with a statistical answer: the 
thermodynamic temperature is the one quantity that determines the most probable populations of 
those states in systems at thermal equilibrium (Section 13.1b). As a consequence, the temperature 


‘ provides a necessary condition for thermal equilibrium; a system is at thermal equilibrium only if 


all of its sub-systems have the same temperature. Note that this is not a circular definition of 
temperature, for thermal equilibrium is not defined by uniformity of temperature: systems whose 
sub-systems can exchange energy tend toward thermal equilibrium. In this context, sub-systems can 
be different materials placed in contact (such as a block of copper in a beaker of water) or they can 

be more abstract (such as rotational and vibrational modes of motion). 
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D13.7 


D13.9 


E13.1(a) 


E13.2(a) 


E13.3(a) 


E13.4(a) 


Finally, the equipartition theorem allows us to connect the temperature of statistical 
thermodynamics to the empirical concept of temperature developed long beforehand. Temperature 
is a measure of the intensity of thermal energy directly proportional to the mean energy for each 
quadratic contribution to the energy (provided that the temperature is sufficiently high; see 
Discussion Question 13.7) 


The equipartition theorem says that the average value of each quadratic contribution to the energy is 
the same and equal to (1/2)kT = 1/(2f). This result agrees with the mean energy computed from a 
partition function, dq/df, at sufficiently high temperatures. The partition function yields the general 
result for mean energy. Mathematically, evaluating dq/df involves summing over states. In 
mathematical terms, the equipartition theorem is valid when the temperature is high enough for the 
discrete sum to be well approximated by a continuous integral. In physical terms, this corresponds to 
temperatures sufficiently high for the difference between energy levels to be small compared to AT. 


Identical particles can be regarded as distinguishable when they are localized as in a crystal lattice 
where we can assign a set of coordinates to each particle. Strictly speaking, it is the lattice site that 
carries the set of coordinates, but as long as the particle is fixed to the site, it too can be considered 
distinguishable. 


Solutions to exercises 


The weight is given by 
a's N! A 16! 
NINN, GE21S 81010101012! 


This can be simplified by removing the common factor of 8! from the numerator and denominator 
and noting that 0! = 1! = 1: 


q = 16X15x14xI3x 12x11 xl0x9 _ i eréo0 
2x(3x2)x2 ! 


(a) 81=8xX7x6x5xX4x3x2x 1 =}40320 exactly. 
(b) According to Stirling’s approximation, 
Inx!=xlInx-x 
so In8!~8In8-8=8.636 and 8! ~e*°°=[5.63 x 104 
(c) According to Stirling’s better approximation, 


x! = (2m)?*!2e* so 8! = (20788? =13.99 x 10° 


For two non-degenerate levels, 


~ fe, l 
= a M4) = gM Let 13.7 with B= —— 


N. 
Hence, as T > ~, 7 =e” =|I]. That is, the two levels would become equally populated. 


1 


For two non-degenerate levels, 


xe 
way = cee — eg Aan) — em = Fiesta 13.7 with a= os ,’ 
N ¢% kT 
N. A 
so idl ee and Pa ee 
N. kT 


: rn 
N 


1 
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_6.626x10™ J.sx2.998x10" om s*x400 cm _ 524 K 


Thus T= = 
1.381x10™~ JK™ xin (1/3) 


E13.5(a) See Example 13.1. The ratio of populations of a particular state at the J = 5 level to the population 


of the non-degenerate J = 0 level is 


e *s 1 
= @ AEs) = geo AT 13.7 with 8 = z| 
kT 


e Fé 


Because all the states of a degenerate level are equally likely, the ratio of populations of a particular 


level is 


— Be 
N, —_ oa ‘ — 85 (ese /aT 


Ny ge” (6; 
The degeneracy of linear rotor energy levels is 
8, = (2) + 1) 
and its energy levels are 
€, =hcBJ(J +1) [Section 10.2(c)] 
Thus, using k7/hc = 207.224 cm” at 298.15 K, 


Ns = &s 505+ 1)hcB /AT i (2x5+1) 7 (5+x2.71 em /207.224 on™! 
(2x0+1) 


=|7.43 


No Zo 


E13.6(a) For two non-degenerate levels, 
— fee, 
N, e = a MS) = e Ae —_ e seer 3. with p= a 


so, assuming that other states (if any) are negligibly populated, 


N | 
oe SSBe” igs oes 
- Pa 
N, 
6.62610" Jsx 2.998 x10" cms” x 540 cm™ =— 
Thus T=- rr 354 K K 
1.381x10-° JK™ x In(10/ 90) i354 K| 


E13.7(a) (a) The thermal wavelength is 


A= ae [13.15b] 


We need the molecular mass, not the molar mass 


3 -1 
m= EO 0.4910 keg 
6.022 x 10° mol 
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6.626x10" Js _ 1.43x107° m 
(2' x2.49x10 kgx1.381x107 JK'xTy? = (T/K)'” 


—10 
() T=300K: A=2*_T _[g.23x 10°? m} =[8.23 pm 


(300)'” 


So A= 


“10m 
Gi) T=3000K: A=LBX!O ™ _| 60x10? m =|2.60 pm 


(3000)" ~ (3000)? 


(b) The translational partition function is 


V 
a ==; [13.186] 


1.00 cm (1.0010 m)° 
T=300K: q' ees SOE ay exe 
w) 4 (23x10 my (23x10 my. ~ 


—2 3 
(ii) T=3000K: gt = L00%10 mY _ 1567x108 


(2.60x10-" m) 


Fd 3 
E13.8(a) 4g‘ = — eS 18b], implying sd 7. -(+) : 
h 1 q PE W2 
Howevet, A= oe 0 | 
(2! mkT)'? sm"? gq Am, 


3/2 
Thetttend, qu, ae -{9.3574l 


Tite 4.003 


E13.9(a) The high-temperature expression for the rotational partition function of a linear molecule is 


R kT = h Zz 
-—! _13.21b]| &=—"— 110.5], [=yR? [Table 10.1 
fick meas: | 


8a kTI 8x7 kT UR’ 
oh oh’ 


Hence g= 


For O2, # = +m(O)=416.00u =8.00u , and o= 2; therefore, 


_ (8m?)(1.38 10 J K-")x(300 K)x(8.00x1.6605x1 0” kg)x(1.2075x10-"° m)? 
(2)x(6.626x10 Jsy 


=|7Z.2 


E13.10(a) The high-temperature expression for the rotational partition function of a non-linear molecule is 
[Table 13.1] 


3/2 3/2 
x 1.027 (T/K) . 1.027x(T /K) = 1.549x(7/K)”? 


Oo (ABC/cm”)'? (3.1752x0.3951x 0.3505)” 


E13.11 (a) 


E13.12(a) 
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(a) At 25°C, g® =1.549x (298)? =|7.97 x10" |. 
(b) At 100°C, g® =1.549x (373)*” =[1.12x104]. 


The rotational partition function of a non-symmetrical linear molecule is 
ge =) (2J+ ie | Exampl 13.2 with B= Z| 
J 
a -34 10 <i -t 
Use hcB : 6.626x10~" J wal a“ 1.931 cm =2778K 
k 1.381x10™° JK” 
so q® = 2: (2 ™ 1) e278 KxJ(J4+1)/T 
rf 
Use a spreadsheet or other mathematical software to evaluate the terms of the sum and to sum the 
terms until they converge. The high-temperature expression is 
Deg eR aca 
4 AcB 2.778 K 
The explicit and high-temperature expressions are compared in Figure 13.1. The high-temperature | 
expression reaches 95% of the explicit sum at [18 Kl. | 
| 
Rotational Partition Function . 
8 
7 
6+ 
5 | 
= Explicit 3 | 
3 High 
2 temperature | 
1 
0 
0 5 10 15 20 
7K Figure 13.1 
The rotational partition function of a spherical rotor molecule, ignoring nuclear statistics, is 
qg* => ge" 13.9b] = (27 +1 e106] 
‘f J 
~ —34 10 wal = 
dies heB _ 6.626x10" J Rie _ x5.241 cm =7539K 
k 1.381x10™ JK 
so q* = YJ + 1) Pi KxJ(J+1)/T 
<f 


Use a spreadsheet or other mathematical software to evaluate the terms of the sum and to sum the 
terms until they converge. The high-temperature expression is eqn. 13.22, neglecting o and with 


A 
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E13.13(a) 


The explicit and high-temperature expressions are compared in Figure 13.2. The high-temperature 


expression reaches 95% of the explicit sum at 7 Kl. 


Rotational Partition Function 


35 - Sk? it Sr ie 
30 ZA 
~ 20 | 
5 temperature 
0 a ere 
0 10 20 30 40 50 
TIK Figure 13.2 


The rotational partition function of a symmetric rotor molecule, ignoring nuclear statistics, is 


"= 28) poe 113.96] = DF + ever [rayenrneer | no 10] 


J=0 K=1 


hcB 6.626x10™ Jsx2.998x10"° cms? x0.443 cm™ 


Use Bo oe ee eT te = 0.637 K and 
k 1.381x10™ JK 
hce(A- B) 6.62610" Jsx2.998x10"° cms” *¥G: 097 — 0.443) cm” 
[ee 6.694 KR 
k 1.381x10 JK"! 
NO) a =) (2J +fe* KxJ(J+1)/T c re 2y e.4 eae 
J=0 K=!1 


Write a brief computer program or use other mathematical software to evaluate the terms of the sum 
and to sum the terms until they converge. Nested sums are straightforward to program in languages 
such as BASIC or FORTRAN, whereas spreadsheets are more unwieldy. Compare the results of the 
direct sum with the high-temperature expression, eqn. 13.20(b), with B=C: 


- -(4) (it) 5 
? A he} B 


The explicit and high-temperature expressions are wie in Figure 13.3. The high-temperature 
expression reaches 95% of the explicit sum at 4 


Vibrational Partition Function 


[he re pn t 


High 
temperature 


0 1000 2000 3000 4000 5000 6000 
THK Figure 13.3 
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E13.14(a) The symmetry number is the order of the rotational subgroup of the group to which a molecule 
belongs (except for linear molecules, for which o= 2 if the molecule has inversion symmetry and 1 
otherwise). 
(a) CO: Full group C..,; subgroup C); hence o= 
(b) Oy: Full group D..4; subgroup C,; o= p] 
(c) HS: Full group C,,; subgroup C,; o= p| 
| (d) SiH,: Full group 74; subgroup 7; o=(12 
(e) CHC: Full group C3,; subgroup C3; c= BI 


E13.15(a) Ethene has four indistinguishable atoms that can be interchanged by rotations, so o = 4. The 
rotational partition function of a non-linear molecule is [Table 13.1} 


» 102  (TIKoee 1.0270 x(298.15)"” eens 
o (ABC/cm™)? 4x(4.828x1.0012x0.8282)"?7 
E13.16(a) The partition function for a mode of molecular vibration is 
=Se™ = aa [13.24 with B= VkT] 
‘“ =—€ 
tie 22 e 6.62610 J sx2.998x10" cms! 323.2 cm™ _ AGA OK 
k 1.381x10 JK" 
hed 1 
0 et ee 


| The high-temperature expression is 
| 


‘pp bial 
| hceV 9464.9K 


[13.25] 


The explicit and high-temperature expressions are compared in Figure 13.4. The high-temperature 
expression reaches 95% of the explicit sum at 14500 Kl. 


Vibrational Partition Function 


12 | 

10 | 
ae 2 
™ H 
6 

4 High 
temperature 

0 i 


0 1000 2000 3000 4000 5000 6000 


n"K Figure 13.4 


E13.17(a) The partition function for a mode of molecular vibration is 


gY == 193.24 with B= VET 


1 al emis 
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E13.18(a) The partition function for a mode of molecular vibration is 


E13.19(a) 


E13.20(a) 


and the overall vibrational partition function is the product of the partition functions of the 
individual modes. (See Example 13.6.) We draw up the following table. 


Mode 1 2 
V/cm" 658 397 
he¥ | kT 1.893 1.142 
q mene 1.177 1.469 


The overall vibrational partition function is 


q’ mode = 1.177 x 1.469 x 1.469 x 1.012 = 


Vv | 


|e hrit 


397 
1.142 


1.469 


and the overall vibrational partition function is the product of the partition functions of the 
individual modes. (See Example 13.6.) We draw up the following table, including the degeneracy of 


each level. 
Mode 1 2 
¥/cm™ 459 217 
z mode 1 fi: 
hev | kT 1.320 0.624 
Yat 1.364 2.15 


The overall vibrational partition function is 


q’ mode = 1.364 x 2.157 x 1.120° x 1.6817 = 


q= Sees Mj= > ge =A +20 


levels levels 
heV, 6.626x10™" J sx2.998x10"° cm s™' x 
where = 
Therefore 


— St = SE 87 S71X10% XV, fo) 
kT 1.381x10 JK"x1900 K } 


g = 4 te STP H250 5 29-7570 350 _ 44 0.15142 0.0707 = [4.292 


The individual terms in the last expression are the relative populations of the levels, namely 
2 x 0.0707 to 0.151 to 4 (second excited level to first to ground) or (0.0353 to 0.0377 to 1). 


The mean energy is 


(e) = “Dee [13.33] =— 


Vee 


co © 


E13.21(a) 


E13.22(a) 
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where the last expression specializes to two non-degenerate levels. Substitute 


€ =hcV = 6.626x10-* J sx2.998x10"° cms! x500 cm™ = 9.93x107! J 


n-21 
i ce Be 9.93x107! J ae. 


-2] 2.41 
$0 (2) 8.16x10 J 
The mean energy is 


(e) = } ‘3 ee [13.33] = u +3 gee = *¥ (27+ Nee" 
q states gs 


levels 


€, = hcBJ (J +1) =6.626x10™ J sx2.998x10" cms x1.931 em" x J(J +1) 
= J(J +1)x3.836x10™ J 


=23 
and £2 2 HR EK = SD X2.778 K 
k -1.381x10" JK 


SO (e) = ss WE + 1)(2J +1) X 3.836 X10 J x e202 78 KIT 
qos 


Use a spreadsheet or other mathematical software to evaluate the terms of the sum and to sum the 
terms until they converge. For the partition function, see Exercise 13.11(a). 


The equipartition value is simply kT (i.e., kT/2 for each rotational degree of freedom). The explicit 
and equipartition expressions are compared in Figure 13.5. The explicit sum reaches 95% of the 


equipartition value at about |18.5 Kl. 


Mean Rotational Energy 


Equipartition 


Figure 13.5 


The mean energy is 


(e)= YS ee*[13.33]= J > gee" = = 20J +1y'e,e°%™ [10.7] 


states levels 


Note that the sum over levels is restricted by nuclear statistics; to avoid multiple counting, we sum 
over all J without restriction and divide the result by the symmetry number o. 
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E13.23(a) 


€, =hcBJ(J +1) = 6.626x10™ Jsx2.998x10" cms x5.241 cm™ xJ(J +1) 


= J(J +1)x1.041x10™ J 


€, _J(J+1)x1.041x10™ J 


and - —23 -1 
k 1.381x10" JK 


= J(J +1)x7.539 K 


= (€)= = DICT + IZ + 1? & 1.041% 107 J x e279 Ri 
J 


Use a spreadsheet or other mathematical software to evaluate the terms of the sum and to sum the 
terms until they converge. For 0g, see Exercise 13.12(a). The quantity evaluated explicitly in that 
exercise is Og, because we computed the partition function without taking the symmetry number 
into account; in effect, the sum evaluated here and the sum evaluated in the earlier exercise contain 
factors of o, which cancel. 


The equipartition value is simply 3k7/2 (i.e., kT/2 for each rotational degree of freedom). The 
explicit and equipartition expressions are compared in Figure 13.6. The explicit sum reaches 95% of 
the equipartition value at about Rs Kl. 


Mean Rotational Energy 


ceo ee eae ae a wen 


efJ 


8E-22 | ali | 
uipartition A 
6E-22 | Eq 4 
! ae 
4E-22 | 
oF-22 | Explicit 
0 SEs gee rene dg Saas So as | 
0 10 20 30 40 50 Figure 13.6 
TIK 


The mean energy is 


(é) = 1 3 ee [13.33] = I 2 gee” 


states levels 


: J ck 
P: fy. 5 (2 J +yersiecvon| 2 EF ete a-B)K s [10.10] 
O” J=0 


K=-J 


Note that the sum over levels is restricted by nuclear statistics; to avoid multiple counting, we sum 
over all J without restriction and divide the result by the symmetry number o. (See Exercise 
13.222.) 


E, x = hc{BJ(J +1)+(A-B)K’} 
Use  hcB =6.626x10™" Jsx2.998x10" cms! x0.443 cm? =8.80x10™ J 


~24 
Be a OTE. 
k 1.381x10~ JK 


hc(A—B) = 6.626x10-" Jsx2.998x10"° cms x (5.097 — 0.443) cm™ 


=9.245x10™ J 
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he(A-B) _—_9.245x10™ J 


and S eee 
k 1.381x10 JK 


= 6.694 K 


SO (é) = = (2 J+ Naa KxJ(J+1)/T 
O7”g 


J=0 


2 2 
x SY (J +1)x8.80x10 J+ K? x9.245x10™ peo OK? 


K=-J 


Write a brief computer program or use other mathematical software to evaluate the terms of the sum 
and to sum the terms until they converge. Nested sums are straightforward to program in languages 
such as BASIC or FORTRAN, whereas spreadsheets are more unwieldy. 


Compare the results of the direct sum with the equipartition value, namely 3k7/2. The explicit and 
equipartition expressions are compared in Figure 13.7. The explicit sum reaches 95% of the 
equipartition value at about K.5 KI 


Mean Rotational Energy 


1.40E-22. pt 
1 .20E-22 | 

1.00E-22 
8.00E-23 
6.00E-23 
4,00E-23 
2.00E-23 
0.00E+00 


Equipartition 


e/J 


Figure 13.7 
E13.24(a) The mean vibrational energy is 


(e"\ = oe [13.39 with B= VT] 


= bev lkT 
Use  hc¥ =6.626x10™% Jsx2.998x10" cms! x323.2 cm! =6.420x107' J 


Acv 6.420x107' J 


= —__—________ = 464.9 K 
k  =1.381x10 JK" 


and 


eet ae 6.420x 107! J 


et4 OKT _ 4 


The equipartition value is simply kT for a single vibrational mode. The explicit and equipartition values 
are compared in Figure 13.8. The explicit expression reaches 95% of the equipartition value at 14600 K\. 


Mean Vibrational Energy 


8E-20 | 

TE-20 Sa j 
6E-20 | r= | 
™ 5E-20 | a 
" 4E-20 | Equipartition we a 


| 
3E-20 | P. Exact 
2E-20 | gat 
LE-20 | 


| 


0 1000 §=2000 3000 4000 5000 6000 
T/K 


Figure 13.8 
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E13.25(a) 


E13.26(a) 


The mean vibrational energy per mode is 


(2%) = =. [13.39 with B= 1/kT] 


ev /kT 
€ — 


We draw up the following table. 


Mode 1 2 = 4 
V/cm" 658 397 397 1535 
hev / (10 J) 13.07 7.89 7.89 30.49 
(hcev 1k) /K 946 571 571 2208 


v\ _1.307x10 J 7.89x10" J  3.049x10 J 
ggriciggey Lab eal0eed 3.049 x10 J 


+ 2x -——_———_ 
M6K/T _ 1 eV IK/T _4 2208K/T _ 4 


e€ e 


The equipartition value is simply 4k7, that is, kT per vibrational mode. The explicit and 
equipartition values are compared in Figure 13.9. The explicit expression reaches 95% of the 
equipartition value at {10500 Kj. 


Mean Vibrational Energy 
9E-19 — 
8E-19 | ' 
TE-19 
5 nee Equipartition | 
4E-19 
3E-19 | 
2E-19 | 
1E-19 
0 ee a ee 
0 5000 10000 15000 
Figure 13.9 
TIK 
The mean vibrational energy per mode is 
- hcv ; 
(e") = Sara 113.39 with B= VT 
We draw up the following table. 
Mode it z 3 4 
¥/em™ 459 217 776 314 
Degeneracy l - 3 3 
hev { (10 J) 9.12 4.31 15.42 6.24 
(hey /k)/K 660 312 1116 452 


v\ 912x107! J 4.31x107' J 1.542x10~ J 6.24x10! J 
(e = +2 x ———_———_ + 3 k ——_————— + 3x 


* K/T 312 K/T 1116 K/T 452 K/T 
eOKiT _ | eekT _| KIT é ~1 


So 
e 


E13.27(a) 


E13.28(a) 
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The equipartition value is simply 97, that is, kT per vibrational mode. The explicit and 
equipartition values are compared in Figure 13.10. The explicit expression reaches 95% of the 
equipartition value at 6500 KI, 

Mean Vibrational Energy 


PABAG peg ee 


Equipartition 


3 85-19 | 
6E-19 
4E-19 
2E-19 
0 a ae a pre reereraannsperemveeie, i 
0 2000 4000 6000 8000 10000 
TK Figure 13.10 
ld l 
(c) = ~=— 3 44}= ~-5 (440% +26 ) = -+(-ge* ~26.6" | 
q dB q dB q 
= PE (ier + eT ele TE (seen? i eae 
q q 
hev, 


Use oa 7.571x10*x(,/em™") and q=4.292 [Exercise 13.19a] 


6.626x10-" Jsx2.998x10" cm s7 
Te —a 


x ( 9500 cm” x e7757ix10™x2500 +2x3500 cm7! x e757 bxt0™ «3500 ) 
=|4.033x107! J 


The partition function is 


q= 2a Y= [energies measured from lower state] 
i 


The mean energy is [13.34] 


Kah OE. | ee 
a q dB | 14 e722AB 
Alternatively, if we measure energy with respect to zero magnetic field (rather than to ground-state 
energy), then [13.35a] 


1 dq 241, B e?® 
(C6 ae 


We write x = 24, /B, so the partition function becomes 
q=1+e~ 


and the mean energy, scaled by the energy separation, becomes 


1 
e* +1 


] 
=——+ 
2 


i Ei 


24,6 2 l+e* 
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E13.29(a) 


P13.1 


The functions are plotted in Figs. 13.11(a) and (b). The effect of increasing the magnetic field is to 
concentrate population into the lower level. 


(a) Partition Function (b) Mean Energy 


Figure 13.11 


The relative populations are 


N 
—t =e [13.7] =e" 
i 


24,8 _2x9.274x10™ JT'xlOT 1.343 


= 2 B= eS = = 
ER MnO= Fae (1381xl0™ JK')T  T/K 


(a2) T=4K, —=e'™ =|0.71 


(b) T=298K, ~ = @143/28 — 19.996 


Inclusion of a factor of 1/N! is necessary when considering indistinguishable particles. Because of 
their translational freedom, gases are collections of indistinguishable particles. Solids are 
collections of particles that are distinguishable by their positions. The factor must be included in 
calculations on (a) | [He gas, (b) CO gas, and (d) | but not in (c) solid CO. 


Solutions to problems 


Solutions to numerical problems 


t t 
(a) W ee, ee 
N,IN,IN,! + 015101010! 


(b) We draw up the following table. 


0 ¢ 2 3€ 4de 5e We Wns 

4 0 0 0 0 1 5 

3 1 0 0 1 0 20 

3 0 1 1 0 0 20 

2 2 0 1 0 0 30 

a ok el ee 30 , 
1 3 1 0 0 0 20 

0 4 0 0 0 0 1 


The most probable configurations are |{2, 2, 0, 1, 0, O}} and|{2, 1, 2, 0, 0, O}}. 


P13.3 


P13.5 
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Listing all possible configurations for a 20-particle system would be very time-consuming and tedious 
indeed; however, listing representative configurations for a given total energy is manageable if done 
systematically. By “representative,” list only one configuration that has a given weight. 


For example, consider systems that have a total energy of 10¢ where € is the separation between 
adjacent energy levels. There are many distinct configurations that have 17 particles in the ground 
state and one particle in each of three different states, including configurations in which the singly 
occupied levels are (€ 26, 78), (26 36, 58, and (& 46 5é). Any one of these configurations is 
“representative” of all of them, however, because they all have the same weight, namely, 


N! 20! 


W =——_—__— {]3.|]= = 20x19x18 = 6840 
N,IN,IN,! - L7NAN1I1! 


So it is sufficient to enumerate just one of the configurations whose occupancy numbers are 17, 1, 
1, and 1 (to make sure that one such configuration exists consistent with the desired total energy). A 
systematic way of keeping track of representative configurations is to lower maximum occupancy 
numbers. The next set of occupancy numbers to look at would be 16, 4; then 16, 3, 1; 16, 2, 2; 16, 2, 
1, 1; and 16, 1, 1, 1, 1. We would eliminate 16, 4, because no such occupancy numbers yield a total 
energy of 10¢. 


Set up a spreadsheet to generate one of each kind of representative configuration, while keeping the 
total number of particles constant at 20 and total energy constant (at 10¢ for the moment). Again, 
the most systematic way to do this is to give the highest occupancy numbers to the lowest energy 
available states. (This rule also generates the most “exponential” configurations.) For example, out 
of several configurations corresponding to occupancy numbers of 16, 3, and 1, the one used is No = 
16, N, = 3, and Nj =i, 


Next examine systems of total energy 106 15¢, and 20¢. The most probable configurations and 
corresponding weights are 


20! 


10e: {No = 12, N; = 6, No = 2, N3 =0, ...} = ——— _ = 3527160 
12!6!2! 

1Sé: {No = 10, N, = 6, No = 3, N3=1, Ng =9, ...} w = —29'__ ~ 155195040 
° 0 9 4¥] 9 4V2 9 1¥3 9 i¥4 9 208 10161311! 

20€: {No = 10, N, = 4, No = 3,.N3=2, Ng=1, N5=0, ...} w -—2""__ ~ 2327925600 
° 0 9 4V] — FT, LV 9 1¥3 — 2, 1i¥4 9 45 g see 1014131211! 

id No = 9, N, = 6, N2 = 2, N3=2,N,g=1,N5=0 w =-— 9! __ - 2327925600 
an { O— 75 4¥] — Uy LYD m Ly V3 — 2, AVG mo 2S LYS ut ~ O1GIZIZNTT 


As the total energy increases, the most probable configuration has more occupied levels and 
occupancy of higher energy levels. 


The Boltzmann distribution would predict the following relative probabilities for equally spaced 
energy levels above the ground state: 


EL gOh gp in-i =-fije 

Po Po 
Thus, a plot of the natural log of relative probability vs. the ordinal number of the energy level (/) 
should be a straight line whose slope is —fe. Using the non-zero occupancy numbers from the 
configuration, the plots are indeed roughly linear. Furthermore, the value of # decreases with 
increasing total energy, corresponding to an increase in temperature. 


According to the “integral” approximation 


i ey 
A h 


q [13.15b] 
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and hence for an H atom in a one-dimensional 100-nm box, when gq’ = 10, 


T 74 
r-(+. }(2 
2amk x 
-34 : 
c 1 “=< Ee bs) 
22 x1.008x1.660510~” kg x1.381x10-° JK” 100x107? m 


= [0.030 K] 


The exact partition function in one dimension is 


: —(n’-1)h? Bi8mE hk B/8mi? —h? BI8mE \n? 
¢ =e ee rapa, 


n=] n=] 
For the H atom, 
WB i (6.62610 J sy’ 
8mL? 8 x1.0081.6605x10” kg x1.381x10-° J K' x 0.030 K x(100x107 m)’ 
= 7.9x10° 
and elt fieml A 79x10” = 1,008 , eo Bsmt’ S e779x10” = 0.992 


Then q" =1.008x }"(0.992)" =1.008x(0.992 + 0.969 + 0.932 +-+-) = 


n=! 
COMMENT. Even under these conditions, the integral approximation is less than 5% from the explicit sum. 


P13.7 If the electronic states were in thermal equilibrium with the translational states, then the temperature 
would be the same for both. The ratio of electronic states at 300 K would be 


—Ae/kT = yeaa veal ais cee - 0 23 


| 

i 
ees 

x 

o 


The observed ratio is er = 0.43 . Hence the populations are lnot at equilibrium], 


P13.9 (a) First, evaluate the partition function 
q= : ger! [13.9b]= > gee" 
j j 


1.43877 cm K 


= 4.041x 10% cm 
3560 K 


At 3287°C = 3560 K, hc = 


~{(4.0410% om)x(170em™)} ma Dem (4.04ba07 om )x(387.em™ )} 4 Je {(4.041x10~ om)x(6557cm™')} 


g=5+/7e 
=5+7 x (0.934) +9 x (0.855) + 3 x (0.0707) = 19.444 


The fractions of molecules in the various energy levels are 


— he, he Bv ; 
.€ & 
p 2A pat 
q 
ey. ES 30 _ (7)x(0.934) _ 
pC) ye =|0.257 pC) in ae 0.336 


9)x (0.855 3)x(0.0707) _ 
pCF,) = ORC) - 0,396 pth) = xe = 0.011 


COMMENT. pas p; =1. Note that the most highly populated level is not the lowest level. 
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P13.11 The partition function is 


q= 2 g om [13.9b]= a ger al > g, oe Mk 
j j F 


g is the degeneracy, given by 
g=2J+1 
where J is the level of the term (displayed as the subscript in the term symbol). 


xa ita hev, 1.43877 cmK xv, ct Be 
a ee ees x10™ xV, /cm 


=.) = -3 ~3 ; 
so q =]1+3e78? x557.1 4. §e~taeee x1410.0 + 5e7* 810 x7125.3 re ew soe «16367.3 sis 1.209 


_ hev. 1.43877 cmKxv. 
At 1000 K, ——- = ———____ 


_ r-3 Oat - 
UF 1000 K = 1.439x10 XV, /cm 


—1.43910x1410.0 —1.439x10°x7125.3 , 


—1.439x1073557.1 
+e 


—1.439x10°x16367.3 __ 3.004 


sO q=1+3e +Se +5e 


P13.13 = The partition function is 


f= oe (3 Sb)= pe 


hy ate heV, 1.43877cmK xv, ah an? ate 
—— SC oO |,” x XV. 
(a) K, 7 100K v,/cm 
so q fs 1+ e@0:0844x215.30 FD iesniatintiincensa  ealalihitertanall ee = 1.049 


heV, 1.43877cmKxV, 
(b) At 298 K, —4 = ——______+ 


=4. l =3 iy | 
iw TORK 4.83x10 xv, /com 


-4, 3213. —4.83x10?x 425.39 =A 3636.27 483x107? x845.93 
SO q=l+e 83x10 x213.30 4 6 83x10°x425.3 +e 83x10? x63 ie x10? x845 =|].548 


The fractions of molecules at the various levels are 


hed, /kT 
e 


- fe, 
p, = ——[13.8]= 
q 


Sop =2=(a)0.953), (b)l0.645 
q 


hev 


ae =(a)|0.044], (b)[0.230 


an 


P, = 


—heW,/kT = 
p, =*£ =(a)|0.002|, (b)|0.083 


q 


COMMENT. Eqn 13.24 gives a closed-form expression for the vibrational partition function, based on an 
infinite ladder of harmonic oscillator states. The explicit sum will deviate slightly from this number 
because an actual molecule has a finite number of slightly anharmonic vibrational states below the bond 
dissociation energy. 
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Solutions to theoretical problems 


P13.15 (a) The probability of finding a molecule in state / is 


VN. «™ 
p, =—2=—— [13.8] 
N 4 


Pi 


In the systems under consideration, € is both the mean energy and the energy difference between 
adjacent levels, so 


eife 
P =— 
Fa» ee 
which implies that 


~j Be = \n N;— In N+ In g and InN, = InN —Ing — jBe= na - = 
q 


Thus, a plot of In N; against j should be a straight line with slope —@kT . 
We draw up the following table using the information in Problem 13.2. 
e: 1 y) 3 
N; 4 2 2 1 [most probable configuration] 
InN; 139 069 069 0 


These are points plotted in Figure 13.12 (full line). The slope is -0.416, and since 7. = 50cm’, the 
Cc 


slope corresponds to a temperature. 


(50cm ') x (2.998 x 10'° cms") x (6.626 x 10™ Js) 
Lea eet Se on on ee 
(0.416) x (1.381x 10 JK“) 


(A better estimate, 104 K, represented by the dashed line in Figure 13.12, is found in Problem 13.16.) 


Figure 13.12 
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(b) Choose one of the weight 2520 configurations and one of the weight 504 configurations, and 
draw up the following table. 


J 0 1 2 3 4 
W = 2520 N; 4 3 i 0 
In N; 1.39 1.10 0 ~20 0 
W = 504 N; 6 0 1 i 1 
InN, 1.79 —o0 0 0 0 


Inspection confirms that these data give very crooked lines 


P13.17 | Mean values of any variable can be found by weighting possible values of the variable by the 
probability of that value. Thus, the mean of the square of energy is 


ef 
(e*)= ine; =e 
j i 
Note that 


2 
0 ——F 


df? 


ee =ee™) i= ge ™ 
j j 


df 


a) dm, 1d -e,_1d’g 
0) ag ee oa 


id’ 


Thus ey’ = 
(e*) (<4 


and Ae =((e?)-(e)*)!? = 


For a harmonic oscillator, we have a closed-form expression for the partition function, 


1 


| dq _ —hcve?*” dq _ (hevy ete”) 


SO — = ——__— d — 


dp (i-e?™”y oes df’ (i—-e Py’ 


1/2 


ei joa” 


(hcv)’ hod (1 +er" ) “3 pea Pur 
(1 -@ y’ 
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P13.19 


After some algebra, the expression becomes 


i-e” | |2sinh(Bhcv / 2) 


Basic thermodynamic relationships will be introduced in Chapters 14 and 15. Among the key 
quantities is the internal energy, U, where 


U =U(0)+(E) [14.1b] 


Here, U(O) is the value of the energy at T = 0. The relationship between the internal energy and 
other macroscopic thermodynamic functions is 


dU = TdS — pdV [15.54] 


where S is the entropy, a main topic of Chapter 15. Already we can see a connection between U and 
the canonical partition function, Q, on the one hand (via eqn. 13.46), and to macroscopic system 
variables like pressure and temperature, on the other. However, the thermodynamic function most 
directly related to Q is the Helmholtz energy, A, where 


A=U-TS [15.37] 


The relationship of A to system variables, therefore, is 


dd = dU — TdS -SdT = TdS — pdV — TdS —SdT = —pdV — SdT 


‘so (=) es, 
Fp aeaals 


The simple and direct relationship between A and Q is 


A= A(O) —kT In Q(15.38a] 


N 
er { 2 7) 
OV he 


~er[ UN Ingo - war{ 24) 
aV T,N OV Jaw 


The only contribution to the molecular partition function that depends on V is translation: 


V 
q=9 99 q° [13.14]= re ®q‘q* [13.18b] 


P13.21 


P13.23 
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t ey 2G 
oe p= war | 210 i ae , 
ov ai. 


R_V_E 3 
_ ver { Olin ¥ + Ing "g "gq" /A*)) - wer (287) 
oV i OV Jaw 


-—= or {pV =NkT =nRT 


Solutions to applications 


If the atmosphere were at equilibrium, then the Boltzmann distribution would apply, so the relative 
populations per unit volume would be 


phd ne ee 13.7 with B= — 
; kT 


What distinguishes the states and energies of molecules in a planet’s gravitational field is the 
distance r from the center of the planet. The energy is gravitational, measured from the ground-state 
energy. 


€(r) =V(r)-V(4,) = -GMm [2 -+| 


r ty 


(Note that the ground-state energy is literally the energy at the ground—or more precisely, at the 
lowest point of the atmosphere, 7.) 


go NO) 8 tre-rewar 
N(%) 


Far from the planet, we have 


lime(r) = “GM . | aioe 
ast N fi 


lim N(r) - gare 
rae VG) 


and 


Hence, if the atmosphere were at equilibrium, the farther one ventured from the planet, the concentration 
of molecules would tend toward a non-zero fraction of the concentration at the surface. This is obviously 
not the current distribution for planetary atmospheres where the corresponding limit is zero. 
Consequently, we may conclude that no planet’s atmosphere, including Earth’s, is at equilibrium. 


Each protein-binding site can be represented as a distinct box into which a ligand, L, may bind. All 
possible configurations are shown in the following table and the configuration count of i 
indistinguishable ligands being placed in n distinguishable sites is seen to be given by the 
combinatorial 


n! 
(n-1)! i! 


C(n, i) = 
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4! 


C(4,0) = ——_——_ = 1 confi tion 
(4,0) (4—0)!0! aie 
C(4, 1) = = 4 configurations 
sis db Fxg wi 
Cid ye eg hadourat 
, 2) = ———— = 6 con tions 
(4—2)12! igs 
(ey a Can ial 
3) = ———_ = 4 confi ions 
(4-—3)!3! aay 


4! , 
C(4, 4) = (4—4)14! =] configuration 


P13.25 (a) According to Impact /13.1, p;= q/q and 


4 ee A 
4 44, 95s ae +1} 113.30] 
qo (s—1) 


So po is just the reciprocal of this quantity. For J > 0, 


| -j +l)os' 
q/4o 
(Recall that i = 0 corresponds to the completely helical form, a form with only one possible 
configuration and the reference form, so there are no factors of 6, s, or m involved in counting its 


configurations.) The probabilities for the three different values of stability parameter s are plotted in 
Figure 13.13. 


Probability of Coiled Amino Acids 


Figure 13.13 


The fraction of molecules with i coiled residues depends dramatically on the value of s. When s < 1, 
low values of i are observed, but large i values are observed when s > 1. Thus, when s < 1, the 
polypeptide is largely helical, and when s > 1, it is more of a random coil. The same sort of 
distribution can be seen in Fig. 13.15 of the main text, but the smaller value of o there makes the 
completely helical form even more likely than it is here when s < 1. 
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(b) The mean value of the number of coiled residues is 
(i) = Doi, 
i=! 


This number is plotted against the stability parameter in Figure 13.14. (From left to right, the 
curves are for d= 0.05, 0.01, 0.001, and 0.0001, respectively. Plot symbols are shown at the s 
values specified in part (a), namely 0.8, 1, and 1.5.) The plot shows that for s < 0.5 the model 
polypeptide is helical and little changed as s is varied. At the other extreme, for s > 1.5 the 
polypeptide is largely a random coil that changes only slightly with variance of s. The mean 
number of coiled residues changes rapidly in the middle range of 0.5 > s > 1.5, giving an overall 
sigmoidal dependence on s. 


Mean Number of Coiled Residues 


20 


Figure 13.14 


D14.1 


D14.3 


D14.5 


D14.7 


1 Al The first law of thermodynamics 


Answers to discussion questions 


In physical chemistry, the universe is considered to be divided into two parts: the system and its 
surroundings. In thermodynamics, the system is the object of interest; it is separated from its 
surroundings, the rest of the universe, by a boundary. The characteristics of the boundary determine 
whether the system is open, closed, or isolated. An open system has a boundary that permits the 
passage of both matter and energy. A closed system has a boundary that allows the passage of 
energy but not of matter. Closed systems can be either adiabatic or diathermic. The former do not 
allow the transfer of energy as a result of a temperature difference, but the latter do. An isolated 
system is one with a boundary that allows the transfer of neither matter nor energy between the 
system and the surroundings. 


In thermodynamics, the state of a system is characterized by state functions, thermodynamic properties 
that are independent of the previous history of the system. In quantum mechanics the state of a system 
is characterized by a time-independent wave function. 


A state function is a thermodynamic property the value of which is independent of the history of the 
system. Examples of state functions are the properties of pressure, temperature, internal energy, 
enthalpy and, as well as the properties of entropy, Gibbs energy, and Helmholtz energy to be 
discussed fully in Chapter 15. The differentials of state functions are exact differentials. Hence, we 
can use the mathematical properties of exact differentials to draw far-reaching conclusions about 
the relations between physical properties and to establish connections that were unexpected but turn 
out to be very significant. One practical importance of these results is that we can obtain the value 
of a property we require from the combination of measurements of other properties without actually 
having to measure the required property itself, the measurement of which might be very difficult. 


When a system is subjected to constant pressure conditions, and only expansion work can occur, 
the energy supplied as heat is the change in enthalpy of the system. Thus enthalpy changes in the 
system can be determined by measuring the amount of heat supplied. The calorimeters used for 
measuring these heats and hence the enthalpy changes of the systems being studied are constant 
pressure calorimeters. A simple example is a thermally insulated vessel (a coffee cup calorimeter) 
open to the atmosphere: the heat released in the reaction is determined by measuring the change 
in temperature of the contents. For a combustion reaction, a constant-pressure flame calorimeter 
may be used, as illustrated in textbook Fig. 14.19 where a certain amount of substance burns in a 
supply of oxygen and the rise in temperature is monitored. The most sophisticated way of 
measuring enthalpy changes is to use a differential scanning calorimeter, described in detail in 
Impact 14.1. 


One can use the general expression for 7, proved in Section 15.7 (eqn. 15.58) to derive its specific 
form for a van der Waals gas as given in Exercise 14.29(a), that is, 7, =a/ y; . (The derivation is 
carried out in Example 15.7.) For an isothermal expansion in a van der Waals gas, 
dU,, =(a/V,,)’dV,,. Hence AU,, =—a(I/V,,,-1/V,,,). This derivation is given in the solution 
to Exercise 14.29(a). This formula corresponds to what one would expect for a real gas. As the 
molecules get closer and closer, the molar volume gets smaller and smaller, and the energy of 
attraction gets larger and larger. 


D14.9 


E14.1(a) 
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Equations of state can be thought of as expressions for the pressure of a gas in terms of the state 
functions, m,V,and 7. They are obtained from the expression for the pressure in terms of the 
canonical partition function given in eqn. 15.61 in Section 15.9(b). 


Partition functions for perfect and imperfect gases are different. That for the perfect gas is given 
by Q=q”" /N! with g=V/ A’ . There is no one form for imperfect gases. One example is shown in 
Self-test 15.5. Another example, which can be shown to lead to the van der Waals equation of state, is 


1 (2amkT \"”* 2 
o==_( mt (V —Nbye™ "7" 


For the case of the perfect gas there are no molecular features in the partition function, but for 
imperfect gases there are repulsive and attractive features in the partition function that are related to 
the structure of the molecules. 


Solutions to exercises 


Cy = + G+¥, +2v,)R [14.27] 


with a mode active if T > G. 


(a) v, =2, vy, =1 


Hence C,,,=7 5G +2+2xl)R= [experimental = 3.4R] and the energy is 


LRT = 48.314 JK~ mol! x 298.15 K =8671 J mol =|8.671 kJ mol” 


Note that I, has quite a low vibrational wavenumber, so 


a 1. 38110 JK" 


The temperature specified for this exercise is less than this but only slightly. Looking at Fig. 14.16 in 
the text suggests that the mode is closer to active than inactive when the temperature is even close to 
the vibrational temperature. Thus applying the equipartition theorem may not be adequate in this case. 


(b) v, =3, vy, =0 
Hence C,,, = at +3+0)R= [experimental = 3.2R] and the energy is 
E =3RT =3x8.314 J K~ mol x298.15 K =7436 J mol =[7.436 kJ mol 


(c) v, =3, v =4 


Hence C,,, = 5G +3+2x4)R =[7R] [experimental = 8.8R] and the energy is 


E=T7RT =8x8.314JK™! mol! x298.15 K=|17.35 kJ mol”! 


Note that data from G. H. Herzberg, Molecular Spectra and Molecular Structure II. Infrared and Raman 
Spectra of Polyatomic Molecules (Princeton, NJ: van Nostrand, 1945, pp. 364-365) give low vibrational 
wavenumbers for four modes of benzene; they are included above. There are 26 more vibrational modes 
we have neglected, taking them to be inactive. Slight activity from these modes accounts for the 
difference of about 1.82 in the heat capacity between the experimental value and our estimate. 
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E14.2(a) (a) Pressure, (b) temperature, and (d) enthalpy are state functions. 


E14.3(a) The physical definition of work is dw =—F dz [14.5]. 
In a gravitational field the force is the weight of the object, which is F = mg. 


If g is constant over the distance the mass moves, dw may be integrated to give the total work 
w=- [ Fae =~ [mgd =—mg(z,—z,)=—-mgh where h=(z, —z,) 
On earth: w=-(60 kg)x(9.81 ms”)x(6.0 m)=-3.5x10° J =|3.5x10° J needed 
On the moon: w=-(60 kg)x(1.60 ms~)x(6.0 m)=~5.7x10? J=|5.7x10" J needed 
E14.4(a) This is an expansion against a constant external pressure; hence w=—p,, AV [14.8]. 
p,, = (1.0atm) x (1.013 10° Pa atm™) = 1.01 x 10° Pa 


The change in volume is the cross-sectional area times the linear displacement, 


lm 
100cm 


3 
AY =(s0em?)x<1Sem)x{ ) =7.5x107% m’ 


so w=-(1.01x10* Pa)x(7.5x10%m’) =[-75J] as 1 Pam =14J 

E14.5(a) For all cases AU =0, since the internal energy of a perfect gas depends only on temperature. From 
the definition of enthalpy, H = U + pV,so AH = AU + A(pV) = AU + A(nRT) (perfect gas). Hence, 
AH =0 as well, at constant temperature for all processes in a perfect gas. 


(a) AU = AH=0 


w= -nterin{ 7 [14.12] 


i 


= —(1.00 mol) x(8.314] K™ mol") x(293K)x a 


= —2.68x10° J= ~2.68kJ 


q = AU —w [first law] = 0 + 2.68kJ =|+2.68kJ 
(b) AU = AH =0 


w=-p_AV [14.8] AV =(30.0-10.0)dm’ = 20.0dm° 


30.0dm? 
10.0dm?° 


Pex can be computed from the perfect gas law 
pV =nRT 


3 ~l =| 
_ ART _ (1.00mol)x(0.08206dm atm K mol ')x(293K) _ 9 go1atm 
V, 30.0dm 


pat re 


sO P« =P; 


3 
w=~(0.801atm)x «(20.0amn')»{ Sas 


10° dm? 
= —1.62x10° Pam? =—1.62x10° J =|-1.62kJ 
gq = AU —-w=0+1.62kJ =|+1.62kJ 
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(c) AU = AH =0 
Free expansion is expansion against no force, so and g=AU-w=0-0= (ol. 
COMMENT. An isothermal free expansion of a perfect gas is also adiabatic. 


229 J 


nh ui 
755K =89.8JK 


, = fe - 
E14.6(a) C, = 75 [14.33¢] = 
sO Cym = (89.8 J K')/(3.0 mol) = BO J K™ mol! 

For a perfect gas, Chm — Cym = R [14.35] 
Com = Coe, ~ R= (30-8.3)J K™ mol’ =|22J K™ mol” 
E14.7(a) For a perfect gas at constant volume, 


Pr 
7 


AR 
V 
400K 
p=(B xo, =( SEE pec. 00am = [33am 


AU =nC,,,,AT [2.166] = (n)x(3.8}x(400K ~300K) 


= =constant, hence 


Is 


m (1.00mol)x{ 3} (8.3143 K~ mol')x (100K) 


=1.25x10° J =[+1.25kJ 
[constant volume]  g = AU — w[first law] = 1.25kJ—0 =[+1.25kJ 


E14.8(a) (a) q=AH, since pressure is constant. 
Tt 
AH = ['dH, dH =nC, AT 
d(H/J) = {20.17 +0.3665(T/K)}d(7/K) 


T, B 
A(HIS) = [ (HIS) = J. £20.17 +. 0.3665(T/K)}d(T/K) 


323 
7 (20.17)x(373~298)+{ 23059 }.( F) 


= (1.513x10°) + (9.222 10°) =1.07x10* 


g = AH =|1.07x10* J{=|+10.7 kJ} for 1.00 mol 


w=-—p_AV [14.8] where p.x.=p 
w =~—pAV =—A(pV) [constant pressure] = —A(nRT) [perfect gas] =—nRAT 


= (—1.00 mol)x(8.314J K~ mol)x (373K — 298K) =|-0.624x10° J] =|-0.624 kJ 


AU =q+w=(10.7kJ) —(0.624kJ) =|+10.1kJ 
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(b) The energy and enthalpy of a perfect gas depend on temperature alone; hence it does not matter 
whether the temperature change is brought about at constant volume or constant pressure; AH and 
AU are the same. 


Under constant volume, w = . 
q = AU -w= 
E14.9(a) q, =C,AT [14.33c] =nC, AT =(3.0mol)x(29.4JK™ mol)x(25K) = 


AH = q, [14.29b] = 


AU = AH —A(pV) [From H =U + pV ]= AH — A(nRT) [perfect gas] = AH —nRAT 
= (2.2kJ) - (3.0mol)x(8.314J K™ mol)x(25K) = (2.2kJ) —(0.62kJ) = 


E14.10(a) The partition function is 
fe, 
q = > ge ‘ 
j 


with degeneracies g; = 2/+ 1 


SO q =4+2e" [gCP,,.)=4, g(P,,)= 2] 


Be 
U-U=- oa - 
dU _ 2R(efye” 
c,=|=| = N=N 
(#) - «8 3) (2+e%) (ase*) 3 


(a) Therefore, since at 500 K Be = 2.535, 


(2)x (2.535) oe - [0.236] 


Cy IR = (2 * e2: =) 


(b) At 900 K, when Je = 1.408, 


CUR = BIR ( ANS) sie") tated [0.193] 
Vem 


(2+e'*y 


COMMENT. Cyn is smaller at 900 K than at 500 K, for then the temperature is higher than the peak in 
the “two-level” heat capacity curve. 


E14.11(a) Assuming that all rotational modes are active, we can draw up the following table for C,, ee 
and y with and without active vibrational modes. 


Cy Cs Y Exptl 


NH,(v, =0) 3R 4Ro PBB 131 
NH, (vy =6) OR 10R ro bl 
CH, (¥, =0) 3R ‘ie faa 1S 


CH, (v, =9) 12R 13R 1.08 


E14.12(a) 


E14.13(a) 


E14.14(a) 


E14.15(a) 
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The experimental values are obtained from Tables 14.5 and 14.6 assuming C,, =C,,, +R. It is 
clear from the comparison in the above table that the vibrational modes are not active. This is 
confirmed by the experimental vibrational wavenumbers (see Herzberg, Molecular Spectra and 
Molecular Structure IT. Infrared and Raman Spectra of Polyatomic Molecules, Princeton, NJ: Van 
Nostrand, 1945) all of which are much greater than AT at 298 K. 


We need to calculate Ae” = (e*) —(e)*[14.25]. We assume that argon may be treated as a perfect 


gas and follow the results of Example 14.1. The root mean square deviation of the molecular energy 
is then 


-23 —] 
ie = Ay Se eae JK x298K is 291x107! J 


For reversible adiabatic expansion, 
I/e 
[, = HF] [14.37a] 
V, 


Crm _ Som 7® _ (20.786-8.3145) IK” mol” 


where c= =. = 
R R 8.3145 JK mol 


= 1.500 


so the final temperature is 


3 1/1,500 
a = @73.15K)x{ SOS) =|131K 


3.0 


In an adiabatic process, the initial and final pressures are related by (eqn. 14.40) 
Y Y 
PiVe_ = pi; 
=] -l =I 
eo oe C, +nR _ 20.8 JK +(1.0 mol)(8.31J K™ mol”) = 


c, i 20.8 JK" 
Find V; from the perfect gas law. 


nRT, _ (1.0 mol)x(8.31 JK" mol')x(300 K) ___latm 


Vy = __tatm 
op 4.25 atm 1.01310° Pa 


V, =5.79x10° m? 


4.25 atm 
2.50 atm 


l/y 
sO V, = r(2| =(5.79x107 myx 
Pp 


f 


1/1.40 — 
=|0.00846 m? 


Find the final temperature from the perfect gas law. 


pV; _ (2.50 atm)x (0.00846 m’) , 1.013x10° Pa 


fnR (1.0 mol)x(8.31 JK mol’) 1 atm 
T, =|257 
Adiabatic work is (eqn. 14.36) 


w=C,AT =(20.8 J K™)x(257—300) K =|-0.89x10° J 


Reversible adiabatic work is 


w=C,AT [14.36]=n(C,,, —R)X(T; -T) 
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where the temperatures are related by 


l/c 
V, : C, C m 
T.=7|—j| [14.37a] where c=—“=—“—— =3.463 
V, R R 


f 


1/3.463 


3 3 
( 500x10 dm? ) ait 


So 7, =[27.0+273.15)K]x| 


2.45 g I eos 
and =| ——————_ |x [(37.11-8.3145) JK mol” ]x (179 —300)K =/-194J 
% gets IC ) yoae i pK == 194J 


E14.16(a) For reversible adiabatic expansion, 


V? = pV” [14.40 = Mi ce 67.4kP 0.50dm’ ae 
PV, = pV; (14.40), wire any = (67. ode =|9.7kPa| 


E14.17(a) At constant pressure, 


q = AH =nA,,,H® = (0.75 mol)x(30.0 kJ mol") = 

and w=—pAV ~—pV,,,,, =—nRT =-(0.75 mol)x(8.3145 J K™ mof')x(250 K) 
w=-1.6x10? J =[-1.6 kJ] 
AU =w+q = -1.6+22.5 kJ =[20.9 kJ] 


COMMENT. Because the vapor is treated as a perfect gas, the specific value of the external pressure 
provided in the statement of the exercise does not affect the numerical value of the answer. 


E14.18(a) The reaction is 
C,H,C,H,() +20, (g) +8 CO,(g) + 5 H,O(1) 


A.H® =8A,H® (CO,,g)+5A,H® (H,0,1)—A,H® (C,H,C,H,,) 
= [(8)x(—393.51) + (5)x(—285.83) —(—12.5)] kJ mol’ 


= |-4564.7kJ mol” 


E14.19(a) First A, H[(CH, ),,g] is calculated, and then that result is used to calculate A, H for the isomerization. 


(CH,),(g) +2 O,(g) > 3CO,(g)+3H,O(0) A,H =-2091kJ mol" 
A,H[(CH,),.g]=—A,H +3A,H(CO,,g)+3A,H(H,0,g) 

= [+2091 + (3)x(—393.51) + (3)x(—285.83)]kJ mol 
(CH,),(g) >C,H,(g) AH =? 


A.H =A,H(C,H,,g)—- A, H[(CH, )3.8] 


= (20.42 —53)kJ mol =|-33kJ mol"! 


THE FIRST LAW OF THERMODYNAMICS 321 


E14.20(a) Because A,H* (H*, aq) =0, the whole of A,H® (HCI, aq) is ascribed to A,H® (CI, aq). Therefore, 


A,.H® (Cl ,aq) =|-167 kJ/mol}. 


E14.21(a) For naphthalene, the reaction is C,,H,(s)+120,(g) > 10CO,(g)+4H,O(I). 
A bomb calorimeter gives q, = nA,U © rather than q, =nA.H ©; thus we need 


A.U® =A,H® —An,RT [14.31], An, =-2mol 
A,H®? =-5157kJ mol" [Table 14.5] 


A.U® = (-5157kJ mol) —(—2)x(8.3x107 kJ K™ mol) x (298K) 
=|-5152kJ mol” 


3 
Jal=lal=1na.v° =| wer ae 


128.18g mol” 


4.823k] 
ca 14] _ 4.823kI =|1.58kIK~| 
AT 3.05K 


| When phenol is used the reaction is 


}ecsisa kJ mol) = 4.823 kJ 


C,H,OH(s) + 42.0, (g) > 6CO, (g)+3H,0(1) 
A.H® =-3054kJ mol” [Table 14.5] 
> ce 
A.U® =A,H® —An,RT, An, = 5 
= (~3054kJ mol") +(3)x@e.3 14x107 kJ K7 mol™)x(298K) 
= —3050kJ mol” 


ig) = 50x10 g 
° 94.12 ¢ mol 


~ tel 4.86kJ 
AT =—> = —— = |43.08K 
C * TaeK7 7 3.08K] 


x (3050 kJ mol) = 4.86 kJ 


COMMENT. In this case AU? and A,H® differed by about 0.1 per cent. Thus, to within 3 significant 
figures, it would not have mattered if we had used A.H® instead of A.U®, but for very precise work it 
would. 


E14.22(a) (a) reaction(3) = (—2) x reaction(1) + reaction(2) and An, =—1 
The enthalpies of reactions are combined in the same manner as the equations (Hess’s law). 


A_H® (3) =(-2)xA,H® (1)+.A,H® (2) 


= [(—2) x (-184.62) + (483.64) ]kJ mol 


=|-114.40k3 mol 


A.U*® =A.H® —An,RT [14.31] = (-114.40kJ mol) —(-1)x(2.48kJ mol‘) 


=|-111.92kJ mol” 
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(b) A,H® refers to the formation of one mole of the compound, hence 


A,H® (J) = meee 


J 


A,H® (HCL g) = kJ mol = 


—184.62 
2 


-92.31kJ mol” 
A, H® (H,0,g) = ABS.08 kJ mor" = |~241,82 kJ mol" 


E14.23(a) A,H® =A,U* +An, RT [14.31]; An, =+2 


= (-1373kJ mol) + 2 x (2.48kJ mol) = |-1368kJ mol” 


COMMENT. As a number of these exercises have shown, the use of A.,H as an approximation for AU is 
often valid. 


E14.24(a) (a2) AH? =) vAHe-)) vAH® [14.45] 


A H® (298K) =[(—110.53) — (-241.82)] kJ mol =|+131.29kJ mol” 


A,U® (298K) = A,H® (298K) —An, RT [14.31] 
= (131.29kJ mol) -(1)x(2.48kJ mol) = 
(b) A.H® (478K) =A,H® (298K)+(Z,-T,)A,C,° [Example 14.6] 
A.C,° =C,,,° (CO, g)+C, » (H,,8)-C,_ (C, gr)—-C,,,,” (H,9, g) 
= (29.14 + 28.82 —8.53—33.58)x107 kJ K™ mol!’ 
=15.85x10° kJ KK" mol" 


A.H® (478K) = (131.29kJ mol”) + (15.85x107 kJ K™ mol)x (180K) 
= (131.29 + 2.85) kJ mol =|+134.14kJ mol” 
A U® (478K) = A,H® (478K) -—(1)x(8.31x107 kJ K™ mol')x(478 K) 


= (134.14—3.97)kJ mol =|+130.17kJ mol” 


COMMENT. The differences in both A.-H® and A.U® between the two temperatures are small and justify 
the use of the approximation that A.C? is a constant. 


E14.25(a) For the reaction CH,(g) + 20,(g) > CO, (g) + 2H, O(g), 


A. H® =A,H®(CO,, g)+2xA,H° (H,0, g)—A,H® (CH,, g) 


To calculate the enthalpy of reaction at 500 K, we first calculate its value at 298 K using data in 
Tables 14.5 and 14.6. 


A H® (298 K) = -393.51 kJ mol’ +2x(-241.82 kJ mol”) —(-74.81 kJ mol) = -802.34 kJ mol” 


Then using data on the heat capacities of all the reacting substances, we can calculate the change in 
enthalpy, AH, of each substance as the temperature increases from 298 K to 500 K. The enthalpy of 
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reaction at 500 K could be obtained by adding all these enthalpy changes to the enthalpy of reaction 
at 298 K: 

A. H® (500 K) = A,H® (298 K)+AH(CO,, g)+2xAH(H,O, g)—AH(CH,, g)—2x AH(O,, g) 


However, we need not calculate each individual AH value. It is more efficient to proceed as follows 
using eqn. 14.47: 


500K. 
A. H® (500 K) = A,H® (298 K)+ | A.C,°dT [14.47] 
298K 


We will express the temperature dependence of the heat capacities in the form of the equation given 
in Problem 14.20 as data for the heat capacities of the substances involved in this reaction are 
available only in that form. They are not available for all the substances in the form of the equation 
of Table 14.2. 


) If C.. =a+fBT+y77" then A.C® =Aa+ABT+AjT? withAa = ¥ v,a,, etc. 
p,m ©” Pp - Hho | 
Using the data given in Problem 14.20, we calculate 
Aa = (26.86 +2x30.36—-14.16—2x 25.72) JK mol! =21.98 JK7! mot! 
, 
| AB = (6.97+ 2x9.61—75.50—2x12.98) mJ K~ mol! =-75.27 mJ K~ mol”! 


Ay =[-0.820+ 21.184 —(-17.99) —2x(—3.862)] uJ K~> mol! = 27.262 uJ K~ mol! 
Integrating eqn. 14.47 between 7,(298 K) and 7,(500 K), we obtain 


A.H® (500 K) = A,H® (298 K)+Aa(500 K —298 K)+ = AB(500 K)? —(298 K)*] 
+ A7{(500 K) —(298 K)’]=|-803.07 kJ mol! 
E14.26(a) Since enthalpy is a state function, A_H for the process (see Figure 14.1) 


Meg”*(g)+2Cl(g)+2e° > MgCl. (aq) 


is independent of path; therefore the change in enthalpy for the path on the left is equal to the 
change in enthalpy for the path on the right. All numerical values are in kJ mol. 


_-Mg?*(g) + 2Cl(g) + 2e(g) 
241.6 

Mg?*(g) + 2Clo(g) + 2e~(g) 
15.035 eV = 1450.7 
Mg*(g) + 2Chx(g) + eg) 
7.646 eV = 737.7 

Mg(g) + 2Cl2(g) 


| (2) x (-3.78 eV) = ~729.4 
Mg?*(g) + 2Ci(g) 


(2) x (383.7) = -767.4 


Mg?*(g) + 2CI-(aq) 


167.2 
Mg(s) + 2Clo(g) 


641.32 = ~ArH® (MgCh,s) Angas lf © 


MgClA(s) Anya © (Mg?*) = — 


150.5 = ~A,..H? (MgCh, aq) 


Figure 14.1 
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The cycle is the distance traversed upward along the left plus the distance traversed downward on 
the right. The sum of these distances is zero. Note that £,, = —A.,H. Therefore, following the cycle 
up the left and down the right and using kJ units, 


~(—150.5) — (—641.32) + (167.2) + (241.6) + (737.7 + 1450.7) 


+2x(-364.7) + 2x (-383.7)+A,,,4 (Mg) =0 


which yields A,, ,{(Mg”*) =|-1892 kJ mol}. 


E14.27(a) The Joule-Thomson coefficient 4 is the ratio of temperature change to pressure change under 
conditions of isenthalpic expansion. So 


= (37) [14.65] = lim (<2) ae, [4 constant over temperature range] 
op H 4p>0\ Ap H Ap 
—22 K 4 

Lu =|0.71 K atm 


~ —31atm 


E14.28(a) See Example 15.6 and Exercise E14.29(a). The internal pressure of a van der Waals gas is 
x, =a/V_.The molar volume can be estimated from the perfect gas equation. We will assume that 
the temperature of 298 K given in the statement of the exercise was a typographical error and 
instead do the calculation for 398 K. Water is not a vapor at 1.00 bar and 298 K. 


3 -1 =I 
y. _ xr “ 0.08206 dm’ atm K™ mol” x398 K ~ 33.09 dm? mol" 


P 1.00 bar (ee | 
1.013 bar 


i, = ee Te! = 4.99x107 wom = 15.06 tale 
"V2 (33.09 dm’ mol)” | 


m 


E14.29(a) The internal energy is a function of temperature and volume, U, = U,,(T, Vin), so 


or ov. 


m 


dU. (=) ar +(e dV, [z, =(0U,, /OV,,)r] 
Vo T 


For an isothermal expansion, dT = 0; hence, 


20am? mot! dy” 20.0 dm? mol 
AU, = “au, =[" Sav, =a[" A. ara 
i > ra .00 dm” mol a v= 1.00 dm? mol” 
eee eS ee a, aha = 0.950 a mol dm~ 


20.0dm’? mol! 1.00dm’? mol! 20.0 dm’ mol’ 


From Table 8.7, a = 1.352 dm° atm mol”. 


AU,, = (0.950 mol dm*)x (1.352 dm* atm mol”) 


= 3 5 7 , 
= (1.284 dm’ atm mot )x{ 2] x[ HOI Pe +1301 J mol” 


10 dm atm 


E14.30(a) 


E14.31 (a) 
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w=- | pdaV_ where p= ~ - a for a van der Waals gas. Hence, 
w=- oer. dV + ay. =—q+AU,, 
Vb Ve 
Therefore, 
20.0dm’ mol RT 20.0dm? mol 


—2 
= (8.314J] K”' mol)x(298K)x pal =|+7.5210° Jmol” 
1.00—3.9x10 
and w=-g+AU, =4{7.52x10° Jmol) + (130.1 J mol) =|-7.39x10° J mol 


1 =| , ( 1 \(%) 
a=|—||—| 114.58;  @,,, =|—— || — 
FS p * V0 oT p,320 


(=) = Vo) (3.910 / K + 2.96x10°T / K*) 
P 


(=) = Viyp (3.910% / K + 2.9610 x320/ K) = 1.3410 K”"Vgq, 
oT p,320 


Voy = Vagy {(0.75) + (3.9X10) x (320) + (1.4810) x (320)?} = (Vig) (1.026) 


. ox =( 2%) =| oe ec.at10? x V.) 
Vs20 oT p,320 1.026V 30 


* 4 3 yp -l 
Aap = WA xt er 


- 1.026 


COMMENT. Knowledge of the density at 300 K is not required to solve this exercise, but it would be 
required to obtain numerical values of the volumes at the two temperatures. 


The isothermal compressibility is 


1\(aVv 4 
aoe | ae Hf | ER, —| =-«V 
K; (F\%) 1 59] so a K, 


T 


At constant temperature, 
wv -(2) dp, so dV=-a«;Vdp or aemeng” 
op }. V 


Substituting V -s yields dV =F: einer oe 


Therefore, 2 = KO Dp. 
p 


5 -3 
For 2 =0.10x10" =1,0x10°, Sp = 10x10” - _1.0x10"__ [2.40 ata. 


Ky 4.96x10° atm” 
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E14.32(a) The isothermal Joule-Thomson coefficient is 


P14.1 


P14.3 


HT 
[ey = [a =—pC, ,, [14.69] = (-0.25K atm™)x(29J K™ mol) =|-7.2Jatm™ mol"! 
P Jr 


dH = He dp ey —nuC,, m dp 
op /, 


AH = ig (—npC,,,) dp =—nptC,, ,(P, - p,) [and C, are constant] 
P| 


AH =~-(10.0 mol) x(+7.2J atm™ mol™')x(—85 atm) = +6.1kJ 


so q(supplied) =+AH =|+6.1k]J]. 


Solutions to problems 


Assume that all gases are perfect unless stated otherwise. Unless otherwise stated, thermochemical 
data are for 298 K. 


Solutions to numerical problems 


The coefficient of thermal expansion is 


a * 4 wAV sg AV =eOVAT 
v\or), VAT 


This change in volume is equal to the change in height (sea level rise, Ah) times the area of the 


Ocean (assuming that area remains constant). We will use @ of pure water, although the oceans are 
complex solutions. For a 2°C rise in temperature, 


AV =(2.1x 107 K™') x (1.37 x 10° km’) x (2.0K) = 5.8 x 10° km’ 


so ah = AY = 1.6%10" km = [6m] 


Since the rise in sea level is directly proportional to the rise in temperature, AT =1°C would lead 
to Ah= and AT =3.5°C would lead to Ah =|2.8m]. 


COMMENT. More detailed models of climate change predict somewhat smaller rises but the same order 
of magnitude. 


To explore which of the two proposed equations best fits the data, we have used PSI-PLOT®. The 
parameters obtained with the fitting process to eqn. 14.34, along with their standard deviations, are 


given in the following table. 
bihO? KK! | c/10° K? 


The correlation coefficient is 0.99947. The parameters and their standard deviations obtained with 
the fitting process to the suggested alternate equation are as follows. 
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The Saha Be eae Tees coefficient is 0.99986. It appears that the alternate form for the heat capacity 


equation fits the data slightly better, but there is very little difference. 


P14.5 q° => ger! =2+2e", e=Ae=121.1cm" 
j 
dg* 2N,€¢e-F 
U,-U,(0)=-7h( Se) = =a = 
0) a ae 


C_ =k Y BY. [14.26] 


Let x = Be; then df = dade. 


2 —x 2 = 
Cra =-#{2} € 2 Rate ae |= _N kee «2 ( e |= xe , 
- ox\ 1+e~* (i+e7*) 


| Therefore, 


| Cy _/R= eee , x= fe 


We then draw up the following table. 


T/K 100 298 600 


(kTIhe) / cm"! 69.5 207 417 
x 1.741 0.585 0.290 
Crm! R 
Cym/ (I K™ mot") 3.20 0.654 0.171 


COMMENT. Note that the double degeneracies do not affect the results because the two factors of 2 in 
qg cancel when U is formed. In the range of temperature specified, the electronic contribution to the heat 
capacity decreases with increasing temperature. 


P14.7 The energy expression for a particle on a ring is 


: | 


B=" [Section 3.3] 
21 


Therefore 


— = ie = Bot 
ge yer a yy Bme?47? 121 


m=—co m=—oo 


The summation may be approximated by an integration. 


1/2 
bs —my a? /2IKT di 21kT tea a | 2a 1kT 1 21 
ins le in, = 7 | [e a= a ) - 12H) 
ding _ ?) 2aI N 1 - 
upp oN od apr cl prin en 
OB ap ue 2a) B 2 Saat 


U-U(0)=- : 


| 
| Ga -( Se) so 4.2K" mol” 
oj, 2 , 
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P14.9 The vibrational temperature is defined by k@, = hcv, so a vibration with @, less than 1000K has a 
wavenumber less than 
k@ 23 =| 
= OO ca JK ai) | = 695.2cm" 
he (6.626x10™" Js) x (2.998 x 10° cms”) 
There are seven such wavenumbers listed among those for Cgo: two Ti, a T,, a Gy, and three H,. 
The number of modes involved, v,,, must take into account the degeneracy of these vibrational 
energies. 
Vv, = 2(3) +1(3) + 1(4) + 3(5) = 
The molar heat capacity of a molecule is roughly 
Cy mn =F G+ +2v,)R [14.27] = 5G +3+2x28)R =31R =31(8.3145 J mol K*) 
=|258 J mol” K™ 
i) d nRT n'a ‘ 
P14.11 w=- i pdV with p= Spe ear [van der Waals equation] 


Therefore, 


w=-nRT | a a ee 
i V-—nb f 


This expression can be interpreted more readily if we assume that V >> nb, which is certainly valid 


at all but the highest pressures. Then using the first term of the Taylor series expansion, 
2 


In(l—x) =-4-=—- for |x | << 1 


In(V —nb) = inv +1n( 1-72) ~ rh eet 
V V 


and after substitution, 


w=-—nkRT In ey +n’ bRT ae —n’a Boe 
V, V, V, V, V, 
= —nRT In us" —n’(a-bRT) Les 
V, r Y, 


= +W, — n’(a—bRT ) [ 7] = perfect gas value + van der Waals correction 
2 I 


Wo, the perfect gas value, is negative in expansion and positive in compression. Considering the 


: l ; ’ 
correction term, in expansion V, > V, , so it s | < 0. If attractive forces predominate, a > bRT, and 
2 I 


the work done by the van der Waals gas is less in magnitude (less negative) than the perfect gas, the 
gas cannot easily expand. If repulsive forces predominate, BRT > a, and the work done by the van 
der Waals gas is greater in magnitude than the perfect gas, the gas easily expands. In the numerical 
calculations, consider a doubling of the initial volume. 
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(a) Ww =—nRTIn 7 = (-1.0mol™)x(8.314J K™ mol™)x(298 kta 


w, =-1.72x10° J =[-1.7kI 


(b) w= w, —(1.0mol)* x[0—(5.11x107 dm? mol™)x (8.314 K"'mol™')x(298K)] 
1 1 = 3 ag 3 
x} ———- - ——— | = (-1.72x10° J)- (63J) =-1.78 x10’ J =|-1.8k]] 
(som aa | : ae: aa 


: ] 1 
(c) w=W —(1 .Omol)’ x (4.2 dm° atm mol "x sat ad 


2.0dm? 
1.0dm? 


w= w,+2.1dm° atm 


(1.01x 10° Pa ) 
latm 


3 
a lm 

= (—1.72 x 10° J)+(2.1dm’ atm (tm) 5 
(-1.72 x10? J) +( atm) x | 


= (1.72 x 10° J)+ (0.2110 J) = 


Schematically, the indicator diagrams for cases (a), (b), and (c) would appear as in Figure 14.2. For 
case (b) the pressure is always greater than the perfect gas pressure, and for case (c) the pressure is 
always less. Therefore, 


fp dV(c)< jp dV(a)< [iP dV (b) 


2.0 


(a) 


_ 


(c) 


50 100 150 
Vid? Figure 14.2 


P14.13  Cr(C,H,),(s) > Cr(s)+2C,H,(g) An, =+2mol 


A.H® =A.U® +2RT, from [14.31] 


= (8.0kJ mol) +(2)x(8.314JK™ mol™)x (583K) =|+17.7kJ mol 


In terms of enthalpies of formation, 


A H® =(2)x A,H® (benzene,583 K)— A, H™® (metallocene, 583 K) 


or A_H™® (metallocene, 583K) = 2A, (benzene,583K) —17.7kJ mol” 
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The enthalpy of formation of benzene gas at 583 K is related to its value at 298 K by 
A, H® (benzene, 583K) = A,H® (benzene, 298K) 


+ (T, -298K)C,,,()+A,,H® +(583K -7,)C,,,(g) 


— 6X (583K —298K)C, ,, (gr) -3x (583K — 298K)C, ,, (H,,g) 


where 7, is the boiling temperature of benzene (353 K). We shall assume that the heat capacities of 
graphite and hydrogen are approximately constant in the range of interest and use their values from 
Table 14.6. 
A, H™® (benzene, 583K) = (49.0kJ mol) + (353— 298) K x (136. 1JK7 mol) 
+ (30.8kJ mol) + (583 —353)K x(81.67JK™ mol!) 
— (6)x (583 —298)K x(8.53J K™ mol”) 
— (3) (583-298) K x(28.82J K™' mol") 
= {(49.0) + (7.49) + (18.78) + (30.8) — (14.59) — (24.64)} kJ mol” 
= +66.8kJ mol" 


Therefore, A, © (metallocene, 583 K) = (2 x 66.8 — 17.7) kJ mol =|+116.0kJ mol}. 


(a) and (b). The table displays computed enthalpies of formation (semi-empirical, PM3 level, PC 
Spartan Pro), enthalpies of combustion based on them (and on experimental enthalpies of formation 
of H,O(1) and CO,(g), —285.83 and —393.51 kJ mol, respectively), experimental enthalpies of 
combustion (Table 14.5), and the relative error in enthalpy of combustion. ; 


Compound A.H® /kJ mol” A.H® /kJ mol’ (calc.) A.H® /kJ mol'(expt.) -% error 
C>H,(g) —75.88 —1568.63 ~—1560 0.55 
C;H,(g) ~98.84 —2225.01 —2220 0.23 
C,H jo(g) —121.60 —2881.59 —2878 0.12 
C5H,2(g) ~142.11 —3540.42 —3537 0.10 


The combustion reactions can be expressed as 


3n+ 


C,,H,,42(8) + ‘Jo, (g) > nCO,(g)+(n+)H,0() 


The enthalpy of combustion, in terms of enthalpies of reaction, is 
A,H® =nA,H® (CO,)+(nt+l)A,H® (H,0)-A,H® (C,H...) 

where we have left out A,H® (O,,) = 0. The % error is defined as 

A. H® (cale)— A, H® (expt.) 


= x 100% 
A_H™ (expt) 


% error = 


The agreement is quite good. 


(c) If the enthalpy of combustion is related to the molar mass by 
A.H® =k{M/(g mol”)]” 


then one can take the natural log of both sides to obtain 
InjJA.H®| = In|k|+7 In M /(g mol”) 


P14.17 


P14.19 


THE FIRST LAW OF THERMODYNAMICS = 331 


Thus, if one plots In |A,H®| against In [M// (g mol™')], one ought to obtain a straight line with slope 
n and y-intercept In |k|. Draw up the following table. 


Compound Mig mol!)  A,H/kJ mol" In Mg mol") In |A.H® / kJ mol’ 
CH,(g) 16.04 ~910.72 2.775 6.814 
C,H¢(g) 30.07 ~1568.63 3.404 7.358 
C3H,(g) 44.10 ~2225.01 3.786 7.708 
C4Hio(g) 58.12 -2881.59 4.063 7.966 
C5H)2(g) 72.15 ~3540.42 4.279 8.172 


The plot is shown in Figure 14.3. 


In| A,H°?/ kJ mol! 


In Mi(g mol!) Figure 14,3 
The linear least-squares fit equation is 
In |A,H® /kJmol™| =4.30+0.903In M /(gmol"') R? =1.00 
These compounds support the proposed relationships, with 


n= and k=-e**° kJ mol! =[73.7 KJ mol 


The agreement of these theoretical values of k and n with the experimental values obtained in 
P14.14 is rather good. 


We must relate the formation of DyCl; 


Dy(s) + 1.5C1,(g) — DyCl,(s) 


to the three reactions for which for which we have information. This reaction can be seen as a 
sequence of reaction (2), three times reaction (3), and the reverse of reaction (1), so 


A, H® (DyCl,s) = A H®(2)+3A,H® (3)-A.H° (1) 
A, H® (DyCl, s) = [-699.43 + 3(—158.31) —(—180.06)] kJ mol” 


=|—994,30 kJ mol™ 


(a) The probability distribution of rotational energy levels is the Boltzmann factor of each level, 
weighted by the degeneracy, over the partition function 


p®(T) = g(J)e"" ee, + Le heb s+p/er 
J =e 


J=0 


[13.19] 
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It is conveniently plotted against J at several temperatures using mathematical software. This 


distribution at 100 K is shown in Figure 14.4 as both a bar plot and a line plot. 


0.15 Ritatlanel distributions 


hNe 
of it lh, 


15 o» 25 30 35 40 
J Figure 14.4 


0 5 


The plots show that higher rotational states become more heavily populated at higher temperature. 
Even at 100 K, the most populated state has 4 quanta of rotational energy; it is elevated to 13 quanta 
at 1000 K. 


Values of the vibrational state probability distribution, 


py (T) =——— =e eT) [13.24] 
q 


are conveniently tabulated against v at several temperatures. Computations may be discontinued 
when values drop below some small number like 107. 


p, (T) 

v 100 K 300 K 600 K 1000 K 
0 1 1 0.095 0.956 

1 2.7710" 3.02x107 5.47x10° 0.042 

2 9.15x107° 3.01x10> 1.86x10° 
3 1.65x107 8.19x10> 
4 3.61x10° 
5 1.59x10”’ 


Only the state v = 0 is appreciably populated below 1000 K and even at 1000 K only 4% of the 
molecules have | quanta of vibrational energy. 


(b) The classical (equipartition) rotational partition function is 


ata | 
R(T) = —— = — [13.21b 
 ctassicat \ ) hcB 0. [ ] 


where & is the rotational temperature. We would expect the partition function to be well 
approximated by this expression for temperatures much greater than the rotational temperature. 


ni. hcB _ (6.626 x10™ Js) x (2.998 x 10" cm s')x (1.931 cm™) 
pean 1.381x107IK" 


6, =2.779K 


In fact & < T for all temperatures of interest in this problem (100 K or more). Agreement between 
the classical expression and the explicit sum is indeed good, as Figure 14.5 confirms. The figure 
displays the percentage deviation (q",_,.,— ¢")100/q* . The maximum deviation is about -0.9% at 
100 K and the magnitude decreases with increasing temperature. 
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Classical partition function error 


0 
—0.2 
S 
a 
S +04 
o 
= 
” 
op 
2 
—0.6 
- 
ae 
-0.8 
—| 


0 200 400 600 800 1000 
' ‘Temperature /K Figure 14.5 


(c) The translational, rotational, and vibrational contributions to the total energy are specified by 
eqns. 13.36(b), 13.37(b), and 13.39, respectively. As molar quantities, they are 


- 2 y  N,hev 

U = SRT, U =, Fi = Tei | 

The contributions to the difference in energy from its 100 K value are AU'(T)= 
U"(T)—U' (100K), and so on. Figure 14.6 shows the individual contributions to AU(T). Translational 
motion contributes 50% more than the rotational motion because it has 3 quadratic degrees of freedom 
compared to 2 quadratic degrees of freedom for rotation. Very little change occurs in the vibrational 
energy because very high temperatures are required to populate v = 1, 2, . . . states (see part a). 


Energy change contributions 


Translational 


AU 
kJ mot“! 


Rotational 


Vibrational 


oe ae ae 


Figure 14.6 


Cy (T) (22) -(4) (U'+U* +U") 


ar. “& dT 


The derivative dU’ / dT may be evaluated numerically with numerical software (we advise exploration 
of the technique) or it may be evaluated analytically using the equation for Cy in Example 14.2: 


V ~4,/2r..\)? 
. ene =f & ete 
° ae T \1-e*" 


334 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


P14.21 


where @, =hcv /k =3122 K. Figure 14.7 shows the ratio of the vibrational contribution to the sum 
of translational and rotational contributions. Below 300 K, vibrational motion makes a small, 
perhaps negligible, contribution to the heat capacity. The contribution is about 10% at 600 K and 
grows with increasing temperature. 


Relative contributions to the heat capacity 


T/K Figure 14.7 


To calculate the enthalpy of the protein’s unfolding, we need to determine the area under the plot of 
Cex against T, from the baseline value of C,,-, at 7), the start of the process, to the baseline value of 
Cpex at T>, the end of the process. We are provided with an illustration that shows the plot, but 
no numerical values are provided. Approximate numerical values can be extracted from the plot, and 


then the value of the integral AH = t C,,.4T can be obtained by numerical evaluation of the area 


under the curve. The first two columns in the table below show the data estimated from the curve; 
the last column gives the approximate area under the curve from the beginning of the process to the 
end. The final value, [1889 kJ mol”, is the enthalpy of unfolding of the protein. The four significant 
figures shown are not really justified because of the imprecise estimation process involved. 


8/°C Cye/kI K mol! A H/kJ mot" 


30 20 0 
AQ 23 215 
50 26 460 
54 28 567 
56 33 626 
37 40 663 
58 46 706 
59 52 on5 
60 58 810 
61 63 870 
62 70 937 
63 80 1011 
64 89 1096 
64.5 90 1141 
65 85 1185 
66 80 1267 
67 68 1342 
68 60 1405 
69 32 1461 
70 47 1511 
72 41 1598 
74 37 1676 


80 36 . 1889 
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THE FIRST LAW OF THERMODYNAMICS = 335 


Solutions to theoretical problems 


: REf98! 2 
We work with eqn. 14.26 in the form C, rs 3B |, with (€) given by (é) Se 


Differentiating this expression with respect to =e we obtain 


, which can be rewritten as 


ies Bt 


~ 
260" a Re } or — (6) +(e)? =—Ae’ 
q 


After substituting into the expression above for Cy, we obtain 


ae 
C,=- = ~Aé , which was to be proved. 
rae a pF aey= F 


We begin the derivation with the full expression for the molecular rotational partition function. 


Le 1) Lass +1) 


@ =TLOs+he co [13.19] =— serene? [6 =hcB/k] 


We first note that no single analytical expression for this summation can be obtained that is valid at 
all temperatures. The summation process must be continued until additional terms change the sum 
to less than some pre-defined limit of accuracy, say 0.2%. However, various approximate analytical 
expressions that are valid within certain temperature ranges can be derived. Taken together, these 
expressions can give values that are valid within small error limits over the entire temperature 
range. 


One of these approximations applies the Euler—Maclaurin summation ae to the expression for 


g*. We obtain an expression that is accurate to about 0.1% when hes =—<0.7. 


vies cs 
q = ae SS dp eenie| ate | San 
eh "37 slr)  315\T 


a rete ee ena 
o 3x Bx" 315%" 


ie 3 ' 

However, when — = a > 0.7, we must use the full summation expression forg®, but the first five 
x 

terms are usually sufficient for better than 0.1% accuracy. Fewer terms are needed as 1/x increases. 


q* = 4362? +506" +76?" 4.96720 4...) 
Oo 


The energy is calculated from U,, —U,,(0) = kT? one e| ; 
v 


or 


2 
and the heat capacity is calculated from C, ,, = -24r| 0 od +kT° E = 2 : 
V ¥ 
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The canonical partition function for a linear rotor is O" =(q*)”. Substituting this expression for 
O* into the expression for C,,, and performing the differentiations term by term, we obtain the 
final expressions for C,,,,: (1) using q* from the Euler—Maclaurin expansion, 


> 16 (A) 
—| | +——~} 4] + 
T) 945\T 


1 16 
et Fe tae eb 
- 45x? 945x° () 


(0.3% accuracy when i < 0.65, or > > 1.54), and (2) using q* from the full summation 
x R 


] 


R 


(0.2% accuracy when , > 0.65 or > $1.54). 
x 


R 
Examination of the data in Table 10.2 reveals that only in the case of H, and possibly the hydrogen 
halides is this latter expression, eqn. (2), needed. The case of H) is treated separately in Problem 
14.33. 


An alternative but equivalent approach would be to use the expression derived in Problem 14.32. 
Again a decision would have to be made as to when to terminate the summation in order to obtain 
the desired level of accuracy. 


To complete these calculations and to plot the heat capacity, a spreadsheet program such as Excel or 
a computer algebra system such as Mathcad is very useful. See Figure 14.8 for a plot of 


Cyn 2 T 
C(x) = : [eqn. (2) above] against x = = ; 
R 


x=T/0 Figure 14.8 
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The partition function for one dimension of vibration of a harmonic oscillator is 


qe a [13.24] -—ar- The energy is calculated from U,, —U,,(0)= er | ne 


with QY =(q")”. Performing the differentiation, we obtain U,, —U,,(0) = Nk@, las) The 
é —_ 


heat capacity is calculated from C,,, = | . Performing this differentiation we obtain 
¥ 


(e*? -1) 


crystalline solid, we multiply by 3 and set Nk=R, finally obtaining the Einstein formula 


6. 2 6G, /T 
Cy m = Nk (¢ | ory For three independent dimensions of oscillation as in one mole of a 


.The heat capacity C,,,/3R is plotted against x=7/0, in 


Figure 14.9. 


Cy (x) 


=T, | 
am sis, Figure 14.9 


(a) @ and @ are the constant factors in the numerators of the negative exponents in the sums 
that are the partition functions for vibration and rotation. They have the dimensions of 
temperature, which occurs in the denominator of the exponents. So high temperature means that 
T > 6 or &, and only then does the exponential become substantial. Thus @ and @ are 
measures of the temperature at which higher vibrational and rotational states, respectively, 
become significantly populated. 
_ hcB — (2.998x10"cm s“ )x(6.626x10™ J s )x(60.864cm™') _ 
eS es (1.381x10 JK7) tee 


hed (6.62610 J s ) x (4400.39 cm") x (2.998 x 10° cm s“') 
and 4, = eee ee eee = (630K 
Ae - (1.381x10 JK") 
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(b) and (c) These parts of the solution were performed with Mathcad and are reproduced on the 
following pages. 


Objective: To calculate the equilibrium constant K(T) and C,(T) for dihydrogen at high 
temperature for a system made with n mol H, at 1 bar. 


H,(g) = 2H(g) 


At equilibrium, the degree of dissociation, @ and the equilibrium amounts of H, and atomic 
hydrogen are related by the expressions 


ny = (l-@)n and n, =2an 
The equilibrium mole fractions are 
Xy, =(-@)n/ {(1-a@)n+ 2an} =(1-@)/(+@) 
X, =2an/ {-—a@)n+2an} = 2a@/(1+a@) 
The partial pressures are 
Pu, =(-@)p/(i+a@) and py =2ap/(1+a@) 


The equilibrium constant is 


(py / pp?) 2(p/p°’)_ 4a” 
K(T) = ——"——__ - 4a ——_——_— = 
@) (pevp™) . (l-@’) (l-a’) 


where p = p~ =1 bar 


The above equation is easily solved for @, 


a =(K/(K+4))? 


The heat capacity at constant volume for the equilibrium mixture is 

C, (mixture) = 1,,C, ,(H)+ My C, {8,) 
The heat capacity at constant volume per mole of dihydrogen used to prepare the equilibrium 
mixture is 


C, =C, (mixture) /n = {gC .,(H) + My, Cyn (H,)}/ 1 


=|2acC, ,,(H)+(1—a@)C, ,,(H,) 


The formula for the heat capacity at constant pressure per mole of dihydrogen used to prepare the 
equilibrium mixture (C,) can be deduced from the molar relationship. 


C pare yo> X 


pm 


C, ={iyC, m(H) +1, C, m(H,)} /n 
n ry, 

= Sr mH) +R} +O i (H,)+R} 

i My Cy oq (A) + My, Cy m CHL ) +e{” + Ny, 


n n 


=C,+R(1+a@) 
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Calculations 
J = joule s = second kJ = 1000 J 
mol = mole g = gram bar = 1 x 10° Pa 
h = 6.62608 x 10°“ Js c = 2.9979 x 10° ms™ k= 1.38066 x 10°° JK" 
R = 8.314513 K? mol Na = 60.2214 x 107 mot! p° =! bar 


Molecular properties of H., 


v=4400.39 cm B=60.864cem! D=432.1kJ mol" 


H mt m, = 2m, 
a, =“ , = 
Computation of K(T) and aT) 
N=200 i=0,..,N T, 500K +. x 5500 K 
pedi, h 
Oe oxmdaye = (Qam, kT)” 
l 


Wi = Ta Iu 5 


( A, ) Pra se! 
BP’ Gni bee 


See Figure 14.10. 
(a) | 
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Heat capacity at constant volume per mole of dihydrogen used to prepare the equilibrium mixture is 
(see Figure 14.11). 


zy 
26 
25 


24 


23 


Cy,/(SK7! mol!) 


22 


21 


20 
0 1000 2000 3000 4000 5000 6000 


T;/K Figure 14.11 


C, (A) = [52] 


A. eh2m) 7? 
Cy = 2a,C, (H)+(1—@,)C, (H, ) 


C, (H,, )=|2.5R |e 


j—e%% 


The heat capacity at constant pressure per mole of dihydrogen used to prepare the equilibrium 
mixture is (see Figure 14.12). 


C,, =Gy,, + RU+G;) 
42 
40 
38 
36 


34 


C,,/(JK~ mol!) 
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We are given g = Piha ,g= rs Be ew ,q= | Be, ye") . But note that the degeneracy factor, 
ji j 


g =(2J +1), should be included in these expressions. The energy level expression for linear and 
spherical rotors is €, = hcBJ(J +1). Inserting this expression and the degeneracy factor into the 
expression for g above, we obtain for the rotational partition function including the degeneracy 
factor 


J( J(J+}) 


, HB icy = —— 
qe = <2 +I)e * " ” [13.19], which at 298 K becomes g, =— (2 +1)e 72 
J oi “4 


The symmetry number for the molecule must be obtained from the point group of the molecule; it is 
equal to the number of distinct proper rotations of the molecule plus the identity operation. For HCl 
that is 1, but for CH, it is 12. For g* and g* we obtain at 298 K 


~— 


met > ee 
q* -1Y[ eeu +n arse 207.22 cm” 
O's 


J(J+1) 
207.22 cm 


~ 


2 B 
| B a ee 
=—)5 ee J (J 4 | 2) +e 20722 am 
es a =k ) ( ) 


J (J+1) 


22 cm 


(a) For HCl, B =10.593 cm™. When this value is inserted into the expressions above, the results of 
these summations are 


q® =19.899, g* =19.558, and g* =576.536 


(b) For CCl, B=5.797 cm”. When this value is inserted into the expressions above along with 
o = 12, the results of the summations are 


g® = 3.007, g® =2.979, and g® =118.5 


The partition functions for the ortho- and para- forms of H, are 


(J 


R hy +1) _ ‘ 
Pew =3 > (2S +e * [@, =hcB / k =87.6 K] 


J=1,3,5... 


Gai= >, (+e 


J=0,2,4... 


St 3(J41) 


To conform to the notation of Problem 14.32, we can rewrite these expressions as 


Yau =3 ), ser 
J=1,3,5 B 
—- with g(J)=2/+1 and e(J)=hcBJ(J +1) 
Gn = 5, apt? 


J=0,2,4... 


To simplify the summation process and in order to use the formulas derived in the solution to 
P14.32, we define a new quantum number K by J =2K +1 for the ortho- case and by J =2K for 
the para- case. Then 


g,(K)=4K+3 and ¢€,(K)=hAcB[(2K +1)(2K +2)] for ortho-hydrogen and 
g,(K)=4K+1 and €(K)= hcB[2K (2K +1)] for para-hydrogen. 
With these modifications the partition functions can now be rewritten as 


i =3 2 eke 


K=0,1,2... 


f= > eit 


K=0,1,2... 
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Now the final expression for Cy ,,/R derived in P14.32, with K in place of J, g(K) in place of 
g(J), and €(K) in place of e€(/), can be used to calculate the heat capacities. With these 
substitutions the expression becomes 


2 
cis a a g(K)pre (Kye * -E g(K)fe(K\e* | 


This expression needs to be evaluated separately for both the para- and ortho- forms of hydrogen. It 


is most easily evaluated with a spreadsheet program such as Excel or a CAS system such as 
Mathcad. 


G 
For the ortho- case, C, = ——" = +5 g ibe” -7(Der e” J [eqn. 1], in which 


R Gq. K 
an l T 
b, = Be, =—&-(2K +1)(2K +2) =—(2K +1)(2K +2) x=— 
r x A 
1 2 
For the para- case, C, = y 2,5, be? -4{¥ z,h,e° [eqn. 2], in which 
qp K 


Bo se fle. a +1] =—[2K (2K +1) x=T/O, 


In the Mathcad worksheet below the notation is as follows: x =7T/@,; for ortho-hydrogen, q, is its 
partition function, C,, and C,. are the first and second terms on the right in eqn (1), and C, = 
C,,/R s its heat eae in units of R. Similarly, for para-hydrogen, qg_ is its partition function, 
Gy "and C2 are the first and second terms on the right in eqn. (2), and C, =C,,,, /R is its heat capacity 
in rns of R 


1:=0..24 Xctart = 0.2 Xend = 5.0 


Xj = X gtart +(Xena a Xj — T/O 
24 
6 a's tas K+1)-(2-K+2) 
qd, = > (4 -K+3)-e 
K=0 


es (2-K +1)(2- K+] 0° os : 


as -(4}% (4-K +3) 
i d,, 


K=0 


2] LeKrye-K+2) 
C. = {2 x, (4-K+3)] —(2-K+1)(2-K+2)-e ' 
qo, Xj 


K=0| 
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— 

0.8 
0.6 
a. 
| 

0.4 

0.2 

0 = 
0 ; ; 
X; 
x= 1/0 


° 2 (2:K +1)-(2-K) 
q =) | 4Ktl)-e 
Py geo 


cn=(4} 3 C ‘K+ [Lex + N2K)] en ektnen | 


dp, K=0 


Ci, -(2] Slexof2 (2- K+1)(2- K): 5 asa 
7 qo, K=0Q 


C,, word Ci, tte 
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P14.35 The differential equation to be solved is ca ral 0. We differentiate this quotient with respect 


xa)” 


to L and obtain 
4(5)- 1de™) e&* dg 
di\q(B)) q dh gq? a 

In an adiabatic process, § changes with L. Thus 


de Ai de * df oe * dé, 


aL df dL de, dL 


i 


Performing the differentiations and using €, = a we obtain 


» 5 
dm pe BB, 2BE; om 
dL dl E 


Relative to the lowest level, g = -( ; 25 a L for a particle in a one-dimensional box. 


Differentiating g with respect to ZL while recognizing again that # changes with L, we obtain 
(omitting a couple of algebraic steps) 


i om Se 
dk L 2B dL 
Putting this all together, we have 
{eo lat com By 2Biem| Sole 2 oe 
Geamiiie,. dk -L g 12 288 
- oa 


By inspection we can see that this equals zero when —— 


Thus 7 = 2— and In 8 = 2InL+constant or In 8 =InL’ + constant, or nt = constant 


B 


1 
and hence a = constant. Since B= rr and recognizing that & is a constant, we finally obtain 


I 


i = 
ae constant or TZ’ = constant or LT? = constant. 


Q.E.D. 


P14.37 C, (=) 
V 


[derivatives may be taken in any order] 


= (5) 
ar av J, ) 


ar =0 for a perfect gas [Section 14.10] 
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oH 


Likewise, C, -(2 
oT /, 


4 =0 fora perfect gas 
Op |, 


FS) 
Hence, 2 | =0 
op ), 


P14.39 Using the Euler’s chain relation and the reciprocal identity [Mathematical Background 8}, 
(FF) 13), 
oT OV )\OT 
Substituting into the given expression for C, -C,, 
rd 
c,-G =) (FF) 
av ),\aT ), 


Using the reciprocal identity again, 


r(3r), 


adage eS 
MS 
dp }, 


For a perfect gas, pV = nRT, so 
() - mR) ov nRT 
a | Ss 
oT Pp op ), p 


2 
-1{ 28) 
SO CG, =<, =— LS =|ak} 


7 _nRT- 
p 
P14.41 (a) V= V(p,7); hence, dV = (=) ep+( | dT 
op ), oT ), 


Likewise p = p(V,T), so dp = (=) wv+(2) dT}. 


oVv oT 
av 1 \f oV 
b) W —| [14.58] and «x, =—}j — |] —| [14.50] and obtai 
(b) We use @= ee! | ] and K, Beal [ ] and obtain 


1 ov bf OF) od. 
d nv =—dV = -(3 |= ) eo+(5\(E) or -Eecaesaar 


op 


Likewise d np- 2-1/2 av++(%) dT 
P Pp r v 
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We express ge, in terms of Az: 
ov ), 


=I 
1{ oV op Op 1 
pe) oe Pt De node | 
4 aE (¥) | Re (FI KV 


We express (2) in terms of A; and @: 
oT }, 


op or ov ==-] §0 op __ VIET), _ a 
OT jy \ OV )p\ op = OT }y (OV /Op)y Ky 


: 
SO dInp=- ll 27 laar-F | ; 
pK,V Ky PKr V 
P14.43 y=(2) [14.65] 
op H | 


Use of Euler’s chain relation [Mathematical Background 8] yields 


(2 | 
op ), 
ae A P84 oF 
Ll C [14.67] 


p,m” 


(See eel Pe 

Op J, op |, op j, \OV, JA op }, op |, 

Use the virial expansion of the van der Waals equation in terms of p. Now let us evaluate some of 
these derivatives. 


du, -() =f, — [Exercise 14.29] 
WV, J, \W), Yn 


— oH) _| a RT ( a _ —aRT a 
Substitut ——|} =| — |x} -=— |+|b-——] = +|b-—— 
u stung (SH) (2. Ar | RT (pV. | RT 


m 


gf)... A ' 
Since | ——j; is ina Sense a correction term, that is, it approaches zero for a perfect gas, little error 
ti 


will be introduced by the approximation, (pV n)° = (RT). 
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P14.45 a= — (24) = I [Mathematical Background 8] 
dele 3 
V Pp 
ion 1 
a= er Ce i [Problem 14.44] 
= { 2ug )xe = 
am (RV’?)x(V —nb) 
(RTV’)—(2na)x he nby 
ae Baer) as 
Ky = 7 Op } = E E5 [reciprocal identity] 
OV }, 
De ee —— 14.44] 
Vo { _=nRT_ + 
(V —nby’ 
a V?>(V —nby 
nRTV? —2n’a(V —nby’ 
Then DE as foeae , implying that 47R = acV,, — b). 
a nR 


Alternatively, from the definitions of @ and x; above, 


{g) 
Kp \ OD Jr _ =! [reciprocal identity] 


= (=) [Euler chain relation] 
¥ 


ate [Problem 14.44], 
n 

eeZ=a 

n 
Hence, ‘7R = AV, — 5). 
P14.47 = (a) aris ae ~—s iz a —V_> [14.67 and Problem 14.43] 

ip), C, oT ), 

V gam T* so [Ss <4 oar 

te a J, 
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P14.49 


(2) - ie Ry NE -2at) 
oT V.-aT’ (V,-aT’y 


ne re ae ee i 


(RT/p) (RT/ py T R 


Therefore, 


c,=¢,-7|*+2ar |x| 2 ee 
P T R 
=C, ~AP (142007), 14227) 2) 
p R R T 


2 
Cc, =C, (14+ at) 


Solutions to applications 


(a) One major limitation of Hooke’s law is that it applies to displacements from a single 
equilibrium value of the end-to-end distance. In fact, if a DNA molecule or any other 
macromolecular chain that is susceptible to strong non-bonding intramolecular interactions is 
disturbed sufficiently from one equilibrium configuration, it is likely to settle into a different 
equilibrium configuration, a so-called “local minimum” in potential energy. Hooke’s law is a good 
approximation for systems that have a single equilibrium configuration corresponding to a single 
minimum in potential energy. Another limitation is the assumption that it is just as easy (or as 
difficult) to move the ends away from each other in any direction. In fact, the intramolecular 
interactions would be quite different depending on whether one were displacing an end along the 
chain or outward from the chain. (See Figure 14.13.) 


Figure 14.13 
Work is dw = —Fdx = +kp x dx. This integrates to 


a 
w= % k,xdx = 4k? = tix? 
‘ : 


= 


AL ial a a A 
Ane Se oes 
"San, 

Hiei 3 as Wie 


work 


-1 08 -0.6 -04 -0.2 0.2 04 06 08 1 
displacement Figure 14.14 
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(b) One obvious limitation is that the model treats only displacements along the chain, not 
displacements that take an end away from the chain. (See Figure 14.13.) 


(i) The displacement is twice the persistence length, so 


x=21,n=2, v=n/N=2/200 = 1/100 


—23 -1 
fobs == inf 2) ae JK ')(298 K) in = 91x10 N 


l-v 2x45x10° m 0.99 


(11) Figure 14.15 displays a plot of force versus displacement for Hooke’s law and for the one- 

dimensional freely jointed chain. For small displacements, the plots very nearly coincide. 

However, for large displacements, the magnitude of the force in the one-dimensional model 

| grows much faster. In fact, in the one-dimensional model, the magnitude of the force 

| approaches infinity for a finite displacement, namely a displacement the size of the chain 

itself (|v| = 1). (For Hooke’s law, the force approaches infinity only for infinitely large 
displacements.) 


lca} = 4 ah ole aie 
SCC Ee at iae 


force 


-1 -0.8-0.6-0.4-0.2 0 02 04 06 08 1 
displacement Figure 14.15 


(iii) Work is dw = -—F ia inf Nae =A in lay 
2/ l-v l-—v 


This integrates to 


ee jel in Ja - 5 [In(l+v)—In(l—v)]dv 
Rg l-v 


=" [(+v)Ingl+v)- -v+(l-v)Ind- 


7 SS ld+y,)in(l+¥,)+-v,)Ind=¥,)} 


(iv) The expression for work is well behaved for displacements less than the length of the chain; 
however, for 4% = +1, we must be a bit more careful, for the expression above is 
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P14.51 


indeterminate at these points. In particular, for expansion to the full length of the chain 


w= lim (( +v)In(i+v)+(1—v)In(l-v)} 


=| +1) ind +1) + lima - ~v)In(1- y]-AF| 202 +m nt ~ 


where we have written the indeterminate term in the form of a ratio in order to apply |’ Hdpital’s 
rule. Focusing on the problematic limit and taking the required derivatives of numerator and 
denominator yields 


lim In(@- v) eee, es ~(1-vy" 
v1 (i- vy)" v1 (d_- vy? 


Therefore w= = (21n2)= 


(c) For v<< 1, the natural log can be expanded: In(l+v) = vandIn(l-v) = —v. Therefore, 


= lim[—(1— v)}=0 


kT l+v kT 
F|=— Inj —— |=—[Ind+v)-Ind- 
T VkT nkT = xkT 
Be ge hone Mt NP 


(d) Figure 14.15 already suggested what the derivation in part (c) confirms: that the one- 
dimensional chain model and Hooke’s law have the same behavior for small displacements. 


Part (c) allows us to identify a as the Hooke’s law force constant. 
(a) q=nA.H® = Ee x (~5645k5 mol") = 
gm 


(b) Effective work available is ~ 25kJx0.25 =6.2kJ. 
Because w = mgh and m = 65 kg, 


3 
" 6.2x10°J : (9.7 m 


65kgx9.8lms~ 
(c) The energy released as heat is 


2.52 2 
=-A H =-nA_ H® =~—| ———=— |x«(-2808kJ mol =[39k)] 
a . ae | 


(d) If one-quarter of this energy were available as work, a 65-kg person could climb to a height h 
given by 


l q een 
moh SO f= ee ee | 15 
ys ban ee: 4mg 4(65kg)x(9.8ms7) 
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P14.53 (a) The Joule-Thomson coefficient is related to the given data by 


ft =~(1/C, (0H / dp), = -(-3.29x10° Jmol MPa™')/ (110.0) K™ mol”) 


=|29.9 K MPa 


(b) The Joule~Thomson coefficient is defined as 
= (AT /dp), =(AT/ Ap), 


Assuming that the expansion is a Joule-Thomson constant-enthalpy process, we have 


AT = pAp = (29.9K MPa“) x [(0.5— 1.5) 107! MPa] = |-2.99 K 


D15.1 


D15.3 


D15.5 


The second law of 
thermodynamics 


Answers to discussion questions 


We must remember that the second law of thermodynamics states only that the total entropy of both 
the system (here, the molecules organizing themselves into cells) and the surroundings (here, the 
medium) must increase in a naturally occurring process. It does not state that entropy must increase 
in a portion of the universe that interacts with its surroundings. In this case, the cells grow by using 
chemical energy from their surroundings (the medium), and in the process the increase in the 
entropy of the medium outweighs the decrease in entropy of the system. Hence, the second law is 
not violated. 


Everyday experience indicates that the direction of spontaneous change in an isolated system is 
accompanied by the dispersal of the total energy of the system. For example, for a gas expanding 
freely and spontaneously into a vacuum, the process is accompanied by a dispersal of energy and 
matter. It is easy to calculate the increase in the thermodynamic entropy that accompanies this 


process. For a perfect gas this entropy change is given by the formula AS = nin [eqn. 15.26], 

1 
which is clearly positive if V; is greater than V;. The molecular interpretation of this thermodynamic 
result is based on the identification of entropy with molecular disorder. An increase in disorder 
results from the chaotic dispersal of matter and energy, and the only changes that can take place 
within an isolated system (the universe) are those in which this kind of dispersal occurs. This 
interpretation of entropy in terms of dispersal and disorder allows for a direct connection of the 
thermodynamic entropy to the statistical entropy through the Boltzmann formula S$ =kInW, where 
W is the number of microstates, the number of ways in which the molecules of the system can be 
arranged while keeping the total energy constant. The concept of the number of microstates makes 
quantitative the more ill-defined qualitative concepts of “disorder” and “the dispersal of matter and 
energy” used above to give a physical feel for the concept of entropy. A more “disorderly” 
distribution of energy and matter corresponds to a greater number of microstates associated with the 
same total energy. 


It was demonstrated in Justification 13.5 that for distinguishable particles the relationship between 
the canonical, Q, and the molecular, g, partition functions is Q=q*. But if all the molecules 
are identical and free to move through space, we cannot distinguish between them and the relation 


N 
Q=q" is not valid. The correct relationship is instead Q opt This can be demonstrated as 


follows. Suppose that molecule 1 is in some state a, 2 in b, and 3 in c. Then one member of 
the ensemble of these three molecules has energy E=e€,+é,+¢€,. If the molecules are 
indistinguishable, this member of the ensemble is indistinguishable from one in which molecule 1 
is in state b, 2 in c, and 3 in a, or some other permutation. Altogether in this case there are 3! = 6 
indistinguishable such permutations, and in general for N molecules, there are N! such 
indistinguishable permutations. Hence the number of products of molecular partition functions that 
must be included in the canonical partition function is reduced by the factor 1/M! 


D15.7 


D15.9 


—EEE——————— EE 


D15.11 
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U—U(0) 
r 


In general, the entropy is given by S= +kinQ. For distinguishable particles using 


N 
Q =4q" the entropy becomes S = dat + NkInq. For indistinguishable particles, using O = _ , 


the entropy becomes 


2 U —-U(0) 


S + NkIng—kInN! 


See Justification 13.2 for the derivation from the Boltzmann distribution of the formula for the 
h 


partition function of a perfect gas, which is given by q = oe, with A= y 
A (2amkT)” 


. The general 


U -U(0) 
? 


expression for the entropy is S = +k\nQ [15.4]. For indistinguishable, non-interacting 


N 
particles, Q= 7° After insertion of this expression for Q, we obtain for the entropy [see 


Justification 15.1} S= oe a 


+ Nein [15.2b]. From this expression, we derive the Sackur- 


V e!? 
Tetrode equation, S,, = Rln}) “— 
NA 


[15.5a] , for the entropy of a perfect gas. See Justification 15.2 


for the derivation. Because the molar volume appears in the numerator, the molar entropy increases 
in proportion to the natural log of the molar volume. In terms of the Boltzmann distribution, this is 
natural: large containers have more closely spaced energy levels than do small containers, so more 
states are thermally accessible. Because temperature appears in the numerator (the denominator of A ), 
the molar entropy increases with temperature. The reason for this behavior from the point of view of 
the Boltzmann distribution is that more energy levels become accessible as temperature increases. 


Because solutions of cations cannot be prepared in the absence of anions and vice versa, in order to 
assign numerical values to the entropies of ions in solution, we arbitrarily assign the value of zero to 
the standard entropy of H* ions in water at all temperatures, i.e., S° (H* ,aq) =0. With this choice, 
the entropies of ions in water are values relative to the hydrogen ion in water; hence they may be 
either positive or negative. Ion entropies vary as expected to the degree to which the ions order the 
water molecules around them in solution. Small, highly charged ions induce local structure in the 
surrounding water, and the disorder of the solution is decreased more than for the case of large, 
singly charged ions. 


All the thermodynamic properties of a system that we have encountered, U, H, S, A, and G, can be 
used as the criteria for the spontaneity of a process under specific conditions. The criteria are 
derived directly from the fundamental relation of thermodynamics, which is a combination of the 
first and second laws, namely, 


—dU — p,,,dV +dwioooy +TdS 20 


The inequality sign gives the criteria for the spontaneity of a process; the equality gives the criteria 
for equilibrium. 


The specific conditions we are interested in and the criteria that follow from inserting these 
conditions into the fundamental relation are the following: 


(1) Constant U and V, no work at all 
dS,» 20 


(2) Constant S and V, no work at all 
dU,, <0 
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(3) Constant S and p, no work at all 
dH, , 0 

(4) Constant T 
dA, < dw 

(5) Constant 7 and V, only non-pV work 
Wy S dWaougy 

(6) Constant T and V, no work at all 
d4,, <0 

(7) Constant 7 and p, p = Pex 
dG, , S dW nov 

(8) Constant 7 and p, no non-pV work 
dG, , <0 


Solutions to exercises 
Assume that all gases are perfect and that data refer to 298.15 K unless otherwise stated. 


E15.1(a) All spontaneous processes are irreversible processes, which implies through eqn. 15.19, the 
Clausius inequality, that AS,, =AS,,+AS,,,>0 for all spontaneous processes. In this case, 


AS 


‘ot = 0. Therefore, the process is not spontaneous. 


E15.2(a) will have the higher standard molar entropy at 298 K primarily because AS,,, and AS,,, are 
greater for I,. At 298 K, I, is a solid in its standard state. 


E15.3(a) 5° =R in( S| [15.5b with p = p°] 
pea 
7 h ra 6.626x10™ Js 
~ QumkT)? — [(22)x (4.003) x(1.660510~” kg)x(1.381x10™ JK “Ty? 
_ 8.726x10"° m 
7 (T /K)!? 


5/2 ~23 -1 3/2 
S* =Rin Ce, or eel eh AR a {Z| = Rin(2.499x(T/K)) 
(1.013x10° Pa)x(8.726x10°'m) ) \K 


(a) 


T =298.15K, S° =(8.314JK™ mol")xin(2.499x(298)"”) 
=126 JK" mol" 


dss onesie date 3 —_ 6.626x10™ Js 
(2umkT)"? —[(2m) x (131.29) x (1.6605x107 kg)x(1.381x10 JK“T)}” 


_ 1.524x10"° m 
(T/K)”” 


Ss. = 


a (e°”)x (1.381x10 JK"'T) }( 


3/2 
x} —| =Rin(469.1x(7/K)*” 
(1.013x10° Pa)x(1.524x10 my 4 eee Ky) 


THE SECOND LAW OF THERMODYNAMICS = 355 


T =298.15K, S° =(8.314JK™ mol')xIn(469.1x(298)"7) 
=169 JK” mol” 
E15.4(a) From the solution to exercise E15.3(a) we have for helium 
S® = (8.314 JK mol™)x1n(2.499x(T)°”) = 169 JK™ mol. 


We solve for T: |7 = 2.35x10° K 


E15.5(a) The rotational partition function of a non-linear molecule is 


. ee eee 
~@  (ABC/em*)? 
a 1.0270 298°” 


q [Table 13.1] 


[o =2 from Table 13.3]= 


he( ABC)” 


The high-temperature approximation is valid if T>0,, where @ = ; 


1/3 
em hc(ABC) 


k 
_ (6.626x10™ Js)x(2.998x10"° cms ')x[(27.878)x(14.509)x(9.287)cm™ J? 


1.38x10° JK™ 
=|22.36K 


Thus the high-temperature approximation is valid. 
g* = 43.1 [Exercise 15.5(a)] 


All the rotational modes of water are fully active at 25°C [Exercise 15.5a]; therefore, 


US -UX(0)= EY =>RT 


R 
s* == + Ring" 


= =R+ Rin 43.1=|43.76 JK™ mol 


COMMENT. Division of g® by N,! is not required for the internal contributions; internal motions may be 
thought of as localized (distinguishable). It is the overall canonical partition function, which is a product 
of internal and external contributions, that is divided by N,! 


E15.6(a) We assume that the upper nine of the (2x2+1)=10 spin-orbit states of the ion lie at an energy 
much greater than AT at 1 K; hence, since the spin degeneracy of Co”* is 4 (the ion is a spin quartet), 
g =4. The contribution to the entropy is 


R Ing = (8.314 J K mol") x (in 4) = [11.5 JK™ mol 


V. 


1 


e [iS  \xa.4 1K" mol xin >? |= 313K" 


E15.7(a) AS =nR inf He [Example 15.1] 


44 g/mol 
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E15.8(a) The molar entropy of a collection of oscillators is given by | 


E15.9(a) 


- N,Aé 
S., = Ya Yo) 1 ging r15.4)=- NAME ping 
¥ T 
hev 0 l 
where (e) = Pac a = kat) [13.39], q= 1-e Per = 1-e*r [13.24] 


and @, is the vibrational temperature hcv/k. Thus 


S_= melt. Rin(l-e~°’) 

e -l 
The vibrational entropy of formic acid is the sum of contributions of this form from each of its nine 
normal modes. The table below shows results from a spreadsheet programmed to compute S,,/R at a 
given temperature for the normal-mode wavenumbers of formic acid. 


T=298K T= 500K 
$/om ByIK 1, SJR N16, SJR 

638 918.0 0.324635. 1.624247 0.544689 4.340205 
1033 1486.3 0.200501 0.341767 0.33641 1.769583 
625 899.3 0.331387 1.707377 0.556019 4.471129 
1105 1589.9 0.187436 0.254961 0.31449 1.500608 
1229 1768.3 0.168525 0.153044 0.28276 1.127318 
1387 1995.6 0.149327 0.079118 0.250549 0.779719 
1770 2546.7 0.117015 0.015427 0.196334 0.312684 
2943 4234.4 0.070376 8.53E-05 0.118081 0.016529 
3570 5136.5 0.058016 4.95E-06 0.097342 0.003239 
4.176032 14.32101 


(a) At 298K, S, =4.176R =|34.72J mol’ K™|. 
(b) At 500K, S,, =14.32R =|119.06 J mol” K"'}. 


COMMENT. These calculated values are the vibrational contributions to the standard molar entropy of 
formic acid. The total molar entropy would also include translational and rotational contributions, but 
without knowledge of the rotational constants, the total molar entropy cannot be calculated. 


(a) For H, we need to evaluate the expression for the rotational partition function term by term 
since B is a significant fraction of kT at 298 K; hence the high-temperature approximation is not 
valid at that temperature. 


J( 


1 _hcB J+l) 
m= J te 13.19], 6 =2 for H, 
J 


At 298.15 K, kT / hc = 207.22 cm“ and gp can be rewritten 


J(JF+1) 


B 
Gr = => (QJ - le 207.22 cm™ a => (27 sf ATs 
‘ fi 


gr as a function of J converges rapidly to the value 1.8794. 
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U_, —U,, (0) 


We can now use S_, = +kinQ [15.4]= +Ring, 


U, ~U,(9) 
T 
1 { 0q* 
U,, -U,,(0) = N,(eé*) = -4-( 25) 
q. \ op }, 
U,, -U (= ae AcBY (2J + [JJ + Jerre 
J=l 


U., =U (9) -— a1 2090x107! Ix) QJ +) J +) 


21.8794 Jal 
U, -U,,(0) =—4—x1.2090x10 Jx11.5162 = 2.2307 kI/mol™ 
2x1.8794 
* =f 
52 = Uae) , ping, = 2 i 8514 1K mol xin 87904 
T 298.15K 


= {12.73 JK” mol”! 


(b) For Cl, the high-temperature approximation is valid at 298 K and we can write 


— kT _ 207.22cm™ _ 207.22 cm™ 
ohcB 2B 2x0.2441 cm™ 


U,, —U,, (0) U_, —U,, (0) 
T T 


We can now use S, = +klnQ [15.4]= + Ring, with U,, -U,,(0) =2RT. 


Therefore, 


S. = + Ring, =2x8.314 JK" mol! +8.314 JK mol xin 424.5 =|66.94 JK” mol 


COMMENT. In the solution to part (a) above we have used the symmetry number approach in treating 
the case of H,. This effectively assumes that hydrogen is a 50/50 mixture of the nuclear ortho- and 
para- forms. If the calculation had been done separately for the para- and ortho- forms, the results 
would have been 


12.61UK™ mol” and12.86JK mol’ 


respectively. In actuality, equilibrium H, is not a 50/50 mixture of the ortho- and para- forms. Instead it is 
approximately a 3/1 mixture. See the solutions to Problems 14.26, 14.29, and 14.33 for further analysis 
of the H, Case. 


E15.10(a) Efficiency, 7, is work performed _ || 15.16) = 2 = 00. GE an, eal het engine we 
heat absorbed = q, 10.00 kJ 
have 7, =1-= [15.17] = 0300=1-—=— Solving for 7., we obtain |7. = 191.2 Kl] as the 


h 
temperature of the organic liquid. 


E15.11(a) Assume that the block is so large that its temperature does not change significantly as a result of the 
heat transfer. Then 


= f 14 ait se — Trev 
AS = [= [1s.10)=4 [ dq,., [constant T]=4 


| 100x10° J ae 100x10* J ; 


E15.12(a) Trouton’s rule in the form A,,.H® =7,x85JK™ mol'can be used to obtain approximate 


enthalpies of vaporization. For benzene, 


Kt = (273.2+80.1)K x85 JK™ mol” =|30.0 kJ/mol"! 
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E15.13(a) S_(7,)=S,,(F)+ (‘tear [15.30, with C, ,, in place of C,] 
If we assume that neon is a perfect gas, then Cy,, can be taken to be constant and given by 
Cy im = Cp m —R. 
Cm = 20.7865 K™ mol” [Table 14.6] 
= (20.786 — 8.314) JK™ mol” 
= 12.472 JK mol 


Integrating, we obtain 


p 
S,,(500K) = S, (298K) + C,,,, Int 


1 


= (146.22 JK7! mol) + (12.472J K™ mot") 500K) 


298K 


= (146.22 + 6.45) J K~ mol? =/152.67 J K~ mol 


E15.14(a) Since entropy is a state function, AS may be calculated from the most convenient path, which in this 
case corresponds to constant-pressure heating followed by constant-temperature compression. 


AS =nC,,,, if F) [15.30,at p,] +R mf Z| [15.24, at 7, ] 


1 


V. , 
Since pressure and volume are inversely related (Boyle’s law), 7 Be 23 . Hence, 
i f 


T, p 5 Kot 398K 
AS = nC —f£ |— Rin =f | = (3.00 mol)x2x(8.314J K™ mol) xin) —— 
n ral | n if 2) (3.00 mol) 5 ( ) if ee) 


oa 


a al 1 | 
(3.00mol)x(8.314JK™ mol dx pata 


= (18.04 -— 40.14) JK“ =-22.1JK" 
Though AS (system) is negative, the process can still occur spontaneously if AS (total) is positive. 
E15.15(a) For an adiabatic reversible process, g = grey = [ol]. 


f 
As= | —==(o] 


E15.16(a) Since the container is isolated, the heat flow is zero and therefore ; since the masses of the 
blocks are equal, the final temperature must be their mean temperature, 25°C. Specific heat 
Capacities are heat capacities per gram and are related to the molar heat capacities by 


C,, 
C22 1C,n = Crm = Cy] 


So nC = mC, [nM = m] 


AS = mC. if 7 [15.30] 


i 


i 3 =|] =} 298K Seri =| 
AS, = (1.00x10° g)x(0.385JK7 g px ee =-31.0JK 
AS, = (1.00x10° g)x(0.385JK7 ex aa |= 337 ro 
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Ws, =85, +45, -BT I 


COMMENT. The positive value of AS,., corresponds to a spontaneous process. 


28.02 2 mol!” 
) =[2.97K7] 


| AS(surroundings) = |—2.9J] K™'| [overall zero entropy production] 


E15.17(a) (a) AS(gas) = nR in £15.24) = (opts teas" mol)x(In 2) 


| 
AS(total) = lo] [reversible process] | 

(b) — AS(gas) = [S is a state function] 
AS(surroundings) = [o| [surroundings do not change] 
AS(total) = 

()  AS(gas)=[0] [¢,, = 0] 
AS (surroundings) = [0} [no heat is transferred to surroundings] 


AS(total) = [0] 


A H 3 -l 
) E15.18i8) @ A. S= 2 — eee eek mod 
v9 =p 334.88K ) 


b 


(b) If the vaporization occurs reversibly, AS,, =0, so AS. = ~87.8] K" mol 
p “s tot SUIT 


Af 
E15.19(a) AS = nC,(H,O, sje it 4p sie ae (H,0, Dinzt +p ee” (H,0, pin at 
‘ T; Teas 7 T, ee : T; 
10.0 g 


= 18.02 g mol = 0.555 mol 


va & Rl 6.008 kJ/mol 


| AS = 0.555 molx38.02 JK~™ mol x1n + 0.555 molx 
15 273.15 K 


373.15 
273.15 


= 
+0.555 molx eR mON 40.555 molx33.58 JK" mol xin 22845 


373.15 K 373.15 
AS =92.2 JK"! 


+ 0.555 molx75.291 JK” mol! xI1n 


COMMENT. This calculation is based on the assumption that the heat capacities remain constant over 
the range of temperatures involved and that the enthalpy of vaporization at 298.15 K given in Table 14.3 
can be applied to the vaporization at 373.15 K. Neither assumption is strictly valid. Therefore, the 
calculated value is only approximate. 
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E15.20(a) In each case, S, = R In s where s is the number of orientations of about equal energy that the 
molecule can adopt. Therefore, 


(a) Sp=RIn3=8.3145 J K™ mol” xIn3=9.13 J K™ mol 
(b) Sn p=RIn5=8.3145 JK" mol’ xIn5=(13.4J K™ mol” 
(Cc) Sm=RIn6=8.3145 JK" mol’ x In 6 ={14.9 J K™ mol’ 


E15.21(a) Ineach caseA,.S® = )) vSP- )) vS2[15.32] 


Products Products 


with §,, values obtained from Tables 14.5 and 14.6. 
(a) AS = 28° (CH,COOH, 1)-—2S° (CH,CHO, g)— 52° (O,, g) 


= [(2x159.8)—(2x 250.3) — 205.14]JK™ mol =|-386.1JK™ mol™ 


(b) A.S*® =2S° (AgBr, s)+ S° (CL,, g)—2S° (AgCl, s)—S® (Br, 1) 
= [(2x107.1) + (223.07) —(2x96.2)—(152.23)]JK™ mol! | 


= +92 6JK™ mol” 
(c) A S* ae S° (HgCL, s)— S° (Hg, l)-S? (Cl,, g) 


= [146.0 — 76.02 — 223.07] JK™ mol™ =|—153.1JK™' mol"! 


E15.22(a) In each case we use 
A.G® =A,H® -TA.S® [Example 15.6] 
along with 


AH® = >) vA,H®- > vA,H?[14.43b] 


Products Reactants 
(a) A H® =2A,H®(CH,COOH, 1)-2A,H®(CH,CHO, g) 
=[2x(—484.5)— 2x (—166.19)]kJ mol” = —636.62 kJ mol”! 
A_G® =-636.62kJ mol’ —(298.15K)x (—386.1J K“ mol”) =|-521.5kJ mol 


(0) A H® =2A,H®(AgBr, s)—2A,H®(AgCL s) 
=[2x(-100.37)—2x(-127.07)]kI mol” = +53.40kJ mol” 


A.G® =+53.40kJ mol —(298.15K)x(+92.6)JK™ mol” =|+25.8kJ mol” 


(c) A.H® =A,H® (HgCl,, s) =-224.3kJ mol 


A.G° =-224.3kJ mol — (298.15K) x (-153.1J K™ mol”) =|-178.7kJ mol’ . 


E15.23(a) Ineach case AG® = }) vA,G?- >) vA,G°[15.51] 
Products a 


Reactants 


with A.G*(J) values from Tables 14.5 and 14.6. 
(a) A,G* =2A,G* (CH,COOH, l)-2A,G® (CH,CHO, g) 


=[2x(-389.9) — 2x (-128.86)]kJ mol = |—522.1kJ mol" 
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(b) A G® = 2A,G° (AgBr, s)- 2A,G® (AgCl, s) =[2x(-96.90) —2x(—109.79)] kJ mol” 
T f f 


=|+25.78kJ mol 
(c) A.G° =A,G° (HgCl,, 8) =|-178.6kJ mol 


COMMENT. In each case, these values of A,G*® agree closely with the calculated values in Exercise 
15.22(a). 


E15.24(a) A,G® = A,H® -TA,S® [Example 15.6] A,H®° = }) vA,H®- )) vA,H® [14.43b] 


Products Reactants 


AS°= } V5, my, Pig gea2] 


Products Reactants 


A.H® =2A,H® (H,0, 1)—4A,H® (HI, g) = {2x (—285.83) — 4x (+26.48)} kJ mol” 
= —677.58kJ mol! 


AS =2S° (1,, s)+ 25° (H,0, l)-4S° (HI, g)—S? (O,, g) 
=[(2x116.135)+(2x69.91)—(4x 206.59) —(205.14)]JK7' mol 
= -659,41 JK mol! =-0.65941kJK™ mol” 


A.G® =-677.58kJ mol —(298.15K)x(—0.65941kIK™ mol”) =|-480.98kJ mol 


Question. Repeat the calculation based on A,G data of Table 14.6. What difference, if any, is there 
from the value above? 


E15.25(a) The formation reaction for ethyl] acetate is 
4C(s) + 4H, (g)+0,(g) ~ CH,COOC,H, (I) 
A,G? =A,H® —TA,S® [Example 15.6] 


A.H® is to be obtained from A.H® for ethyl acetate and data from Tables 14.5 and 14.6. 
Thus 


CH,COOC,H, (1) +50, (g) > 4CO, (g)+4H,O() 

A.H® =4A,H® (CO,, g)+4A,H® (H,O, l)—A,H® (CH,COOC,H, (1) 

A, H® (CH,COOC,H, (1) = 4A,H® (CO,, g)+4A,H®(H,0, l)-A,H® 
=[4x(-393.51) + 4x (-285.83) —(—2231)]kJ mol”! 


= ~-486.4kJ mol”! 


AS = > Ve, oe fissz 
Products 


Reactants 


AS = Sn (CH,COOC,H, (I) - 4S° (C,s)- 4S° (H,,g)- Sn (O,,8) 


=[259.4-(4x5.740) —(4x130.68) —(205.14)]JK~ mol” 


=—491.4JK™ mol” 


Hence A,G® =-486.4kJ mol” —(298.15K)x(—491.4JK™ mol”) =|-340 kJ mol 
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E15.26(a) CH,(g) +20, (g) > CO, (g)+ 2H,O() 


AG? = } wA,G?— > vA,G?[15.51] 
Products 


Rectants 
A.G° =A,G° (CO,, g)+2A,G®(H,0, l)-A,G® (CH,, g) 


= {—394.36 + (2x —237.13) —(—50.72)}kJ mol = —817.90kJ mol™ 


Therefore, the maximum non-expansion work is |817.90kJ mol since|w,,,|=|AG}. 


E15.27(a) AG = nRT in 2) [15.66] =nRT inf [Boyle’s law] 
f 


1 


600 


AG = (2.5x107 mol)x(8.314 J K7 mol )x (300 Kyxin( ) = 


E15.28(a) (2) =-—§ [15.60]; hence (So. =-S,, and 3 =-S. 
P P P 


E: _ (dG aG,\ _ {a%G,-G) 
ssrA oe) ae) er), 


T 
" -2{-#5.4054 36.51xF | 


E15.29(a) dG=-SdT+V dp [15.59]; at constant 7, dG = V dp; therefore 
AG = I "'Y dp 
Pi 


The change in volume of a condensed phase under isothermal compression is given by the 
isothermal compressibility (eqn. 14.59). 


K --7(%) = 76.8x10° atm™ [Table 14.7] 
op ), 


This small isothermal compressibility (typical of condensed phases) tells us that we can expect a 


small change in volume from even a large increase in pressure. So we can make the following 
approximations to obtain a simple expression for the volume as a function of the pressure: 


rg 7 {| : -3{=4) so V=V(I-K,p) 
V\ p-P, Ae 


where V; is the volume at 1 atm, namely, the sample mass over the density, m/ p. 


ac=[ ok) dp 


2 an Or) 
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= — 8 (2999 atm —(76.8x10~ atm™)x(9.00x10° atm?) /2) 
.789 g cm 


3 
= 44em’>{ sa x 2653atmx(1.013x10° Pa atm”) 


=1.2x10*J =|12kJ] 


E15.30(a) AG = nV. Ap [15.65] =V Ap 


3 
| AG =(1.0 dm )x{ xs atm)x(1.01310° Pa) =10 kPa m? = 


mi, Pr — mf i 100.0 \ | = 
E15.31(a) AG, = RT In [15.66] = (8.314 J K" mol )x(298K)xin{ 2° = 


E15.32(a) In each case the contribution to G is given by 
G-—G(0)=—nRT Ing [15.40; also see Comment to the solution to Exercise 15.5a] 
Therefore, we first evaluate g® and q’ 


x 0.6950 T/K 
os Bicem 
_ 0.6950x (298) _ 
~ (2)x(0.3902) — 


, -( (4S) 5) [Table 13.1] 
: i-¢7 l=¢" l=“ ; 


[Table13.1,o0 = 2] 


with 
He (1.4388) x (1388.2) 2 6.702 
| 298 
| — (1.4388) x (667.4) 4 3.999 
298 
= (1.4388) x (2349.2) o 11.34 
298 
Hence 


1 fats OF . ecay - 
Vv 
- ee 1—-e67™% + ae) a J—e 134 = 1.086 


Therefore, the rotational contribution to the molar Gibbs energy is 
—RT ing® =-8.314J K™ mol'x298 K xIn 265 


=|-13.8 kJ mol” 


and the vibrational contribution is 


~RT Ing’ =-8.314 J K™ mol x 298 K x In 1.086 = |-0.20 kJ mol 


E15.33(a) The partition function is 


fe, 
q=Dige - 
J i 


with degeneracies g;= 2/+ 1 
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re) q=4+2e[e(P,,)=4, g?P,,) =2] 
(a) AtS5O0 K 

7 , 

yee (1.4388cm K)x(881cm™) _ a at 


500K 
Therefore, the contribution to G,, is 


G,,—G,,(0)=—-RT Ing [15.40; also see the Comment to Exercise 15.5(a)] 


—-RT Ing =-(8.314 J K™ mol™)x (500K)xIn(4+2xe~**) 


=— (8.314 JK™ mol™)x(500K)x (In 4 +0.158) =|-6.42 kJ mol 


_ (1.4388cmK)x(881cm™") 
900K 


(b) At 900 K, 


Be = 1.408 


Therefore, the contribution to G,,, is 


G_-G,(0)=-RT Ing 


—-RT Ing =-(8.314 JK” mol)x(900K)xIn(4+2xe") 


=— (8.314 JK mol)x(900K)x(In 4 + 0.489) =|-14.0kJ mol™ 


Solutions to problems 
Solutions to numerical problems 


P15.1 The absorption lines are the values of differences in adjacent rotational terms. Using eqns. 10.6, 
10.7, and 10.8, 


F(J+))-F(J)= = 2B(J +1) 


E(J +1)-E(J) 
he 

for J= 0, 1, .... Therefore, we can find the rotational constant and reconstruct the energy levels 

from the data of Problem 13.12. To make use of all of the data, one would plot the wavenumbers, 

which represent F(J + 1) — FV), versus J; the slope of that linear plot is 2 B . However, in this case, 

plotting the data is not necessary because inspection of the data shows that the lines in the spectrum 

are equally spaced with a separation of 21.19 cm’, so that is the slope: 


slope=21.19cm!=2B8 andhence B=10.595 cm™ 


The partition function is 
— -BE(J) = 
q=> (2 +e where E(J) = he B KJ + 1) [10.6] 
J=0 


and the factor (2/ + 1) is the degeneracy of the energy levels. Making these substitutions into the 
partition function g, we obtain 


J( ( 


_hcB J+1) Ay J+) ~ 
qe=>) QJ+le * [13.19J=} (2 +e * [@, =hcB/k] 
J J 


For HCl, 6, =hcB/k =15.244 K. Defining x= oa , g* can be rewritten 


R 


q* as > (27 + eV 
J 
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At temperatures above about 30 K, the high-temperature approximation for g* would be adequate to 
calculate the molar entropy, but at lower temperatures the summation needs to be performed. 


The molar entropy is calculated from S_, = aa" +kinQ [15.4]= oe + Ring* and 


the molar energy from 


1 (aq® 
U,, ~U,, (0) = N,(€") = -+( | 
A 7 3B ; 
fra eg 7 N,hcBY (2J +1 J(J+))e7"” or since hcB = kb, 
J=l 
Um — Um (O)= ae RG YI+ NU T+De 
J=1 


Substituting into the expression for the entropy we obtain 


1) 


S, = RY Qs+)U+e + Ring® 
q X j=l 


Sm and q* are best evaluated with a spreadsheet program such as Excel or a CAS system such as 
Mathcad. Here we have used Mathcad. See the Mathcad worksheet that follows. S,,/R is plotted as a 


function of x= - in Figure 15.1. 
R 


i=0...47 


Xueq = 0.2 Xeng = 9.6 
1 
ee aS as a a7 x, =T/O 
6 
q, =Y]@-s+1-67* | q=q7 
J=0 


ur(2]23[esenrasnet®] U,=U,/RT 


i i j=0 


S,=8314(U,+Inq,)) S,=S,R/R 


Figure 15.1 
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2C aT hh atbT T, 
P15.3 a 29] = | eit aL. : 
3 As, = ['—*=—[15.29] ii : Jar on( 2] +00, T) 
a=91.47]K'mol', b6=7.5x107? JK? mol” 


AS. =(91.47]K" mol") xin{ 3 - = }+(0075 3K mol)x (27K) 


=110.71K7~ mol” 


P15.5 First, determine the final state in each section. In section B, the volume was halved at constant 
temperature, so the pressure was doubled: pp = 2pp;. The piston ensures that the pressures are equal 
in both chambers, so pas = 2p; = 2p,;. From the perfect gas law, 


r V 2p. .)x(3.00dm? 
it a ea oo eke SP so Tas=900K 


T,;  Pa¥as (Pq) X(2.00dm*?) 


T. V 
(a) AS, =nCy inf | [15.30] +nR inf "Js. 24 
Aj 


Aj 
AS, =(2.0mol)x(20J K™ mol) x 1n3.00 
c bs 3.00dm? 
+ (2.00 mol) x(8.314J]K™ mol™)x In| ———- 
( x SA oer | 


oT" 


V, 3 
AS, =nRin| —* | =(2.00mol)x(8.314K" mol")xin| LO0da_ 
Va 2.00dm 


SSTEST SI 


(b) The Helmholtz free energy is defined as A = U — TS [3.29]. Because section B is isothermal, 
AU =0 and A(7S)= TAS, so 


AA, =—T,AS, = —(300 K)(-11.5 JK") = 3.46 x 10° J =|+3.46 kJ 
In section A, we cannot compute A(7S), so we cannot compute AU. AA in both 


magnitude and sign. We know that in a perfect gas, U depends only on temperature; moreover, U(7) 
is an increasing function of T, for 7 = C (heat capacity), which is positive; since AT > 0, 

AU > Oas well. But A(7S}) > 0 too, since both the temperature and the entropy increase. 

(c) Likewise, under constant-temperature conditions, 


AG = AH -TAS 
In section B, AH, =0 (constant temperature, perfect gas), so 


AG, = -T,AS, =—(300K)x (-11.53K“) =|3.46 x 10°J 


AG, is in both magnitude and sign. 
(d) AS(total system) = AS, + AS, = (50.7 -11.5)JK™ =/+39.2 JK™ 


If the process has been carried out reversibly, as assumed in the statement of the problem, we can 
say 
AS(system) + AS(surroundings) = 0 


Hence, AS(surroundings) = |-39.2J K™ 


Question. Can you design this process such that heat is added to section A reversibly? 
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P15.7 q w AU =AH AS AS... AS... 
Path(a) 2.74kJ -2.74kJ 0 ,31°. 31K" 0 
Path(b) 1.66k3  -1.66kJ 0 9133K' -553JK' 3.60JK" 


Path (a) 


w = —nRT inf {14.12]=—nRT in( 2) [Boyle’s law] 


i f 


= ~(1.00mol)x(8.314JK7 mot")x(300K)xtn{ =~2.74x10?J 


- Ta 


3.00 atm 
1.00 atm 


AH =AU = [o| [isothermal process in perfect gas} 


gq = AU — w=0-(-2.74kJ) =|42.74kJ 
tat 2.74 10° J a 
AS = —= th }] = —————_ = |49.13 JK 
z sahara) = 27221 


AS oe = [o| [reversible process] 


AS = AS. = AS, — AS =0-9.133K™ =|-9.13 JK" 


Path (b) 


v=-pall,-W)=-Pal kT }=-ner{2=—2e 
Ps P; Pp iP, 


1.00 atm 3.00 atm 


=~1.66x10° J =|-1.66 kJ 
AH =AU= [o] [isothermal process in perfect gas] 


q = AU - w= 0-(-1.66kJ) =|+1.66)] 


Frev 


2.74x10°J = 
thermal] = =—————- = 49.13 JK 
=: [isothermal] = 


(Note: One can arrive at this by using g from Path (a) as the reversible path, or one can simply use 
AS from Path (a), realizing that entropy is a state function.) 


Gar —G _ —1.6610°J 7 
AS = Son = 4 _ AORN = /-5.53 1K 
sur rg ta 300 K [-5.533K7| 


AS = 


AS, = AS +AS_ =(9.13—5.53)JK™ =|+3.60J K™ 
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P15.9 AS depends on only the initial and final states, so we can use AS = nC m In [15.30]. 


1 


; q Rt 2 
Since q=nC, (7,-T,), T, =T,+ =T.+ [g=ItV =I° Rt] 
nd ; ; NC on : nC on 


2 
Thetis, AS = ne Whi 
sae a rl 


Since n= oo SUR = 7.87 mol 
63.5 g mol” 


AS = (7.87 mol)x(24.4] K* mot) xn nl 


= (192 JK™)x(in1.27) =|445.4 JK7 


[I J=1 AVs =1A2Q 5] 


(1.00 A)’ x(1000 Q)x(15.0 s) 
(7.87) x(24.4 J K7)x(293 K) 


For the second experiment, no change in state occurs for the copper; hence, AS(copper) = 0. However, 
for the water, considered as a large heat sink, 


2 2 
AS( water) = g = YR — (1.00 A)" x(1000 Q)x (15.0 s) =1+51.2 J Kk” 
Se 293 K 
P15.11 | Consider the temperature as a function of pressure and enthalpy: 
T=T(p,H) so dT= cl ep+() dH 
op )},, OH ), 


The Joule-Thomson expansion is a constant enthalpy process (Section 14.11). Hence, 
ar =(2) ap= pap 
op} ,, 
AT = es Lidp= Ap [yz is constant] 
= (0.21 K atm™)x(1.00 atm —100atm) = 
T, = T, + AT = (373-21) K = 352K [Mean T = 363K] 


Consider the entropy as a function of temperature and pressure: S = S(T, p). 


Therefore, dS = ( 28) ae + ( as) ® 


ar), (3),--Gzr) 
() T a 0 ar }, {Table 15.5] 


THE SECOND LAW OF THERMODYNAMICS = 369 


C 
Then dS, = 2" a7 —4 (1+ Bp) dp 


hs 
ea 
or dS. = + d7 pe? RB dp 


On integration, 


2 
as, = (as, =C,,, In| 2 |-Rin| 2 |- Ra(p, -p,) 
mare et P, 
5 cl oe 1 ( 0.525 ta 
=2 RiIn| ——~ |-Rin| — |—R| —9242-28— |x (99 atm 
2 4 (5 ae) Sey 
=|+35.9]K™ mol! 
cr ae 
P15.13 S(T) =S.(0)+ [ =a — [15.29] 
From the data, draw up the following table. 
TIK “3 te 15 | 30 50 
“= /(3K? mol) 0.28 0.47 0.540 0.564 0.550 0.428 
TIK 70 100 150 200 250 298 


“2/(3K? mol!) 0.333 0.245 (0.169 (0.129 0.105 0.089 


Plot C,./T against T (Figure 15.2). This has been done on two scales. The region 0 to 10 K has 
been constructed using Chm = aT’, fitted to the point at T= 10 K, at which Com = 2.8 J K" mol", so 
a=2.8x10°JK™~ mol". The area can be determined (primitively) by counting squares. Area A = 
38.28 JK"! mol”. Area B up to 0°C = 25.60 J K' mol’; area B up to 25°C = 27.80 J K" mol". 
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T/K Figure 15.2 


(a) —— S_(273K) = S_(0) + 63.883 K* mol 
(b) —- S_ (298K) = S_ (0) + 66.085 K~ mol 
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P15.15 


S_(T)=S_(0)+ : 


Perform a graphical integration by plotting C,_/T against T and determining the area under the 
curve. Draw up the following table. (The last two columns come from determining areas under the 


curves described below.) 


T/IK 


0.00 
10.00 
20.00 
30.00 
40.00 
50.00 
60.00 
70.00 
80.00 
90.00 

100.00 
110.00 
150.00 
160.00 
170.00 
180.00 
190.00 
200.00 


Plot C,m against T (Figure 15.3a). Extrapolate to T=0 using Cpm = aT ° fitted to the point at T= 
10 K, which gives a = 2.09 mJ K~ mol”. Determine the area under the graph up to each 7 and plot 


i 


p,m 


JK" mol” 


0.00 
2.09 
14.43 
36.44 
62.55 
87.03 
111.00 
131.40 
149.40 
165.30 
179.60 
192.80 
237.60 
247.30 
256.50 
265.10 
273.00 
280.30 


C 
pm 


Am against T (Figure 15.3b). 


(a) 


(C, (TMI K-? mot) 


Figure 15.3 


dT 


JK~ mor! 


[15.29] 


ed F 


0.00 
0.21 
0.72 
1-21 
1.56 
1.74 
1.85 
1.88 
1.87 
1.84 
1.80 
LZ 
1.58 
1.55 
1.51 
1.47 
1.44 
1.40 


Sv —S* (0) 
JK" mol” 


0.00 
0.80 
5.61 
15.60 
29.83 
46.56 
64.62 
83.29 
102.07 
120.60 
138.72 
156.42 
222.91 
238.54 
253.79 
268.68 
283.21 
297.38 


-—- 
oo: 
= 


(0) K~! mot!) 


(S(T) 


He - He (0) 
kJ mol"! 


0.00 
0.01 
0.09 
0.34 
0.85 
1.61 
2.62 
3.84 
5.26 
6.84 
8.57 
10.44 
19.09 
21.52 
24.05 
26.66 
oro 
32.13 


P15.17 


P15.19 


THE SECOND LAW OF THERMODYNAMICS 371 


The molar enthalpy is determined in a similar manner from a plot of C,,, against T by determining 
the area under the curve (Figure 15.4). 


300 
250 


200 


Cy m/( K-! mot) 


Figure 15.4 
200 K. 
H® (200K) - H® (0) = [ C,,, 47 = [32.1 kJ mol 


The entropy at 200 K is calculated from 


00K CAT 
S°(200 K)=S° (100 K)+ | pa. 
00 K T 


The integrand may be evaluated at each data point; the transformed data appear below. The 
numerical integration can be carried out by a standard procedure such as the trapezoid rule (taking 
the integral within any interval as the mean value of the integrand times the length of the interval). 
Programs for performing this integration are readily available for personal computers. Many 
graphing calculators will also perform this numerical integration. 


TIK 100 120 140 150 160 180 200 

C,m /(IK™ mol”) 23.00 23.74 24.25 2444 2461 2489 25.11 
C, 

oe lie K* mol) 0.230 0.1978 0.1732 0.1629 0.1538 0.1383 0.1256 


Integration by the trapezoid rule yields 
S® (200 K) = (29.79 +16.81) JK” mol = 
Taking C,, constant yields 
$2 (200 K)= S®(100 K)+ C,,,, In (200 K/100 K) 
= [29.79+24.44 In(200 /100 K)] JK~ mof™ = 


The difference is slight. 


The Gibbs—Helmholtz equation [15.62b] may be recast into an analogous equation involving AG 
and AH since 


(or ),-(ar) Car) 
ar), \ar), \ar), 
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2A A jT* 
aes [2 T T? 
P 
8 Aa H? 
o{ 2 }-(2 se dT [constant pressure] =-"" dT 
P 
al Geof oe ar 
T Tr 
T 
~—A H® [ or 7 AH® (4-1) [A,H® assumed constant] 
Therefore, 
A,G°(T) _A,G*(T.) ef 4.4 
Ce ae haa 


S0 6°r)=La,o°r)+{1-F Jann) 
=n,G°(T,)+(1-D)A,H°(T,.) where T= = 


For the reaction N,(g)+3H,(g) > 2NH,(g), A,G°? =2A,G°(NH,,g). 


At 500 K, r= 200 ~ 1.678 
(a) 298 


sO A.G® (500K) = {(1.678) x2 x (—16.45) + (1—1.678)x 2x (—46.11)}kJ mol™ 
1000 : 

b At 1000 K, r= 22% = 3.356 

ms "298 

so A.G® (1000K) = {(3.356)x2x(-16.45) +(1—3.356)x 2x (—46.11)}kJ mol” 


+107kJ mol 


P15.21 The molar entropy is given by 


gs = Ua Ual) |p in ~] Hite fae O oa _ -y,/ 228) 
T My, T op ), 
sie dlng Ge, _ 4" 
where Gaal af 288.) and NaN qq" 


The energy term U_ —U_ (0) works out to be 


U,, ~U,,(0)= N, Ie") + (e*) +(e") +(e) 
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Translation: 


Te 
ae = 2.561x107(T /K)*? x(M /gmol™)*? [Table 13.1] 


A 


= 2.561x107 x(298)*” x(38.00)"? = 9.20x10° 
and (e") = SKI 


Rotation of a linear molecule: 


. 0.6950 T/K 
o B/cem 


[Table 13.1] 


The rotational constant is 


4 h 
B i 52 
4ncI AncuR 
(1.0546x10™™ Js)x(6.022x10” mol”) 


= 0.4915cm™ 
sO x _ 9.6950 298 | 5107 
2 0.4915 
| 
Also (e*) = }T 
Vibration: 
ae Ae ed Re 
er ~1.4388(7/em™) ) ~1.4388(450.0 
‘ 1~exp —1.4388(V/cm™ ) l—exp —1.4388(450.0) 
T/K 298 
=1.129 
(ev _ he —_ (6.626x10™ Js)x(2.998x10"" cms”')x(450.0 cm™) 
| exp ( 1:4388(450.0) | _, 
Pl 98 


=1.149x107' J 
The Boltzmann factor for the lowest-lying excited electronic state is 


xp| —Ll:609eV)x (1.60210 TeV") | _ 6 g-28 
PL (1.381x10™ J K~)x (298K) 


so we can take g® to equal the degeneracy of the ground state, namely 2, and (e*) to be zero. 
Putting it all together yields 


- -21 
onal) = Pa Sar + 41.149x10 p Se ee 
T T\2 "I 
= (2.5)x (8.3145 Jmol K~!) 4 (6:022%10" mol) x (1.149107 J) 
oe 298K 


= 23.11Jmol™ K™ 


A 


r{ nde = (8.3145J mol K“)x {In[(9.20x10°)x (210.7) x (1.129)x(2)]-1} 


=176.3Jmol'K™ and S° =|199.4Jmol™ Kk” 


374 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


P15.23 


P15.25 


P15.27 


Wie mx =A,G [15.49b] 


A.G® (37°C) =1 A,G°(T.)+(1-1)A,H°(Z) Problem 15.19, r= r| 


c 


310K 


_( 310K 
298.15K 


—— |x(-6333kJ mol) +| 1- 
298.15K 


}xcsr97ea mor) 


= —6354kJ mol” 


The difference is 


A_G® (37°C) —A,G® (T,) = {-6354 — (-6333)} kJ mol =|—21kJ mol" 


Therefore an additional 21 kJ mol” of non-expansion work may be done at the higher temperature. 


COMMENT. As shown by Problem 15.18, increasing the temperature does not necessarily increase the 
maximum non-expansion work. The relative magnitude of A.G® and A,H® is the determining factor. 


In effect, we are asked to compute the maximum work extractable from a gallon of octane, 
assuming that the internal combustion engine is a reversible heat engine operating between the 
specified temperatures, and to equate that quantity of energy with gravitational potential energy of a 
1000-kg mass. The efficiency is 


STM een 1222 _ lanl 1-2. 
n ia (ee ran] = 1 T. [15.17] so |w=|AA| 1 T, 


3.00x10° gy 1 mol 
1 gal 114.23 g 


|AH| =5512x10° J mol x1.00 galx =1.44x10° J 


so fuf=1.448x10" Ix{ 1-2 |= 1.643107 J 
2273 K 


If this work is converted completely to potential energy, it could lift a 1000-kg object to a height h 
given by |w| = mgh, so 


> 7 
na 7.64210" zy agp m =|7.79 km| 


Solutions to theoretical problems 

The partition function for a two-level system with energy separation ¢ is 
q=ltee™ =14+e 

The entropy is calculated from 


$==+NkIng=kBE+Nking 
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N dg Ne 
Sie an eed 
qdB it+e* 
5 = Nk| a +n +e") 
I+e 


. E 1. RE 
We now plot —=— (forN=N,) against x = Be =—and against y = — = —. These plots are 
oie oa ( 4) ag B a g dele ge p 
shown in the following Mathcad worksheets. 
x :=-10,-—9.95 ... 10 y =-10,-—9.95 ... 10 


x 
I+e* 


S(x) -( 


+m (i+e™) 


x = Be Figure 15.5(a) 


S(y)=S/R 


y = l/Be=kTle Figure 15.5(b) 
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P15.29 


P15.31 


Physically, the increase in entropy for T > 0 corresponds to the increasing accessibility of the upper 
state, and the decrease for T < 0 corresponds to the shift towards population of the upper state alone 
as more energy is packed into the system. 


Let us write Newton’s law of cooling as follows: 


dT 
—=-A(T-T 
dt (7 -T,) 


where A is a constant characteristic of the system and Ts is the temperature of the surroundings. The 


= —Adt, and 


negative sign appears because we assume that 7 > 7s. Separating variables 


s 
integrating, we obtain In(7 —7,) =—At+K, where K is a constant of integration. 


Let 7; be the initial temperature of the system when ¢ = 0. Then 
K =In(T; -%,) 


Introducing this expression for K gives 


—T, 
nf 7 - J=-4 or T =T, +(T, -T, )e“ 
Foy, 


ee Ch -4 (Cnr) 
i yh it 


From the above expression for T, we obtain In T = In 7, — At In(7, - 7, ) . Substituting In ¢, we obtain 


“ =—CA In(T, -T,)|, where now 7; can be interpreted as any temperature T during the course of 


the cooling process. 


The Otto cycle is represented in Figure 15.6. Assume 1 mole of air. 


Figure 15.6 


|W ete 
= ——— [15.15 
lq, | 


Woe = W, tw, = AU, + AU, [g, = 9, =9)=C,(7, -T,.)+ 6,7, -%) [14.36] 


cycle 
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q, = AU, =C, (7, -7,) 


_la7% +1, ~Te | -1-(2-4) 


nN 
[7 -T, | I, —T, 
We know that 
He lic 
V, 
i= te and = (F) [14.37] 
I, Vs c D 
T, if 
Since Vg=Vc and Vya=V, wh =e or T= _ 
B c 5 
UR 
ay Ve 
Z, i T. V 
then n=1-—# =|-— or n=1-(72 
I, -f, B A 


2/5 
For 7a =10, n=1- a] =|0.47 
B 10 
AS, = AS, = AS, = AS. = (o| [adiabatic reversible steps] 
T, 
AS, = Cy mn in 7 
T, Pc 
At constant volume, | — {=| — |=5.0. 
qT, Ps, 
AS, = (F)x@3 143K" mol™)x(in5.0) =|+33JK" 
AS..2 = ~AS, = —33JK" 
ee + 
AS, =—AS, E = a =|-33JK"| 
D A 


454 = 85, = 


; @ 2 @f/2r 2 
P15.33 Einstein solid: Cy mn (T) = 3Rf, (T) ts (T) = (2) 5 =) 


Sa = [ (Cy_/T)AT =3R fi f(T)! TAT 


r 6. 2 1 eT 
(5) (laser 
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Set x= 0, /T, then dT =—T’ dx / 6, ; hence ce i" > |dx .This integral can be evaluated 
3R ‘T) d-e*) 


x 


x 


_— 


7) 
analytically. The result is 2 = —In(l-e~* | with x = a 


A more instructive alternative derivation starting from the partition function follows. The partition 
function or one dimension of vibration of an harmonic oscillator is 


aii. tee im | 
1 nee Te ett 
The energy is calculated from 
U_, -U,,(0) =kT’ ae with OY =(q*)* 
a, |, 
Performing the differentiation we obtain 
0) = RO 
U,, —U,, (0) = RA, AP 4 


We have used N = N, and N,k =R. The molar entropy is calculated from 


5 ee 


m : 


+kinQ (15.4]=2 72 + Ring’ 


Substituting for U,,—U,,(0) and q” and multiplying by 3 for the 3 dimensions of vibration in a 


S a) 
crystal, we obtain — -| = = In(l—e™ | with x = = . Note that this is the same expression 
é _ 
: ‘ Pi) oF 
obtained above. We now plot this result against y =— = a 
x E 


y=l / 0, Figure 15.7(a) 
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3 
: if IT 
Debye solid: C, ,(T)=3RA, (7) fy (7) =3 (Z) te @-p 


S,=[ (Cy_/T)AT =3R[ Lf (T)/TMT 


The function f(T) can be integrated only numerically, not analytically, the integration yielding a 
table of numbers, one for each value of = . The entropy requires a second integration, which would 


be the area under a plot of C, , against 7. This double integration can certainly be accomplished 
rather easily with available software such as Mathcad, and we do this below. However we could 
again proceed as we did in the alternative derivation of the entropy equation for the Einstein 
solid, starting from the partition function for the Debye solid. This derivation is complex, but in 
essence it is conceptually the same as the calculation above for the case of the Einstein solid. The 
derivation finally yields an equation for the entropy that involves only a single numerical 
integration. 


<-3 {| = ~In(=e'*) Pa with w= 
e -! 


3R wv if 
: ne Po tT. 
In Figure 15.7b, we plot this function against y=— = a7 
u D 
S(y) = S_/3R 
y 
y=T/9) Figure 15.7(b) 


The entropy can be calculated by double integration of the equation 
1 


Su. [3 4 p x‘e* 
aR | dey 


The plot obtained in Figure 15.7(c) is identical to the one in Figure 15.7(b). Also note that the 
Debye plots are not much different from the Einstein plot. It is a little steeper at low values of y. 
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P15.35 


P15.37 


y=T/O, Figure 15.7(c) 


H=U+ pV 


dH =dU + pdV +V dp=TdS — pdV [3.43]+ pdV +V dp=TdS+V dp 


Since # is a state function, dH is exact, and it follows that 


(as), (Gs) “UB 
ds }, dS), \op), 
Similarly, A =U -TS 
d4=dU-TdS-S dT =T dS — pdV [3.43]—T dS —SdT =—pdV —SdT 


Since dA is exact, 


( a5) -(2| 
wv, \aT), 
If S=S(T, p) 


os as 
th =| — | d7+} — 
en dS tak {F] a 


os os 
TdS =T| —| dT+T| — 
ai “ (F) 


aS\ _(aS\(oH)\ _1 oH 
- Dd See ee gs — | =T, Problem 15.35 
se &3 Fle T P ( os ) roblem | 
( = {*) [Maxwell relation] 


P 


Hence, Td5=C,a7-1{) dp =[C,aT—a¥ oy] 
P 
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For reversible, isothermal compression, 7d.S = dg,ey and dT = 0; hence 


dq,,, = - TV dp 
c= & —aTV dp =|-aTV Ap| [@ and V assumed constant] 
For mercury, 


Qey = (-1.82x107 K")x (273K) x (1.00107 m™)x(1.0x10* Pa)=|—0.50kJ 


P15.39 (a) U-U(0)=- 8 2 £ ee”! — a = nar 4) 
q op 4q q q 


S = =O + ning +1) =|nR (4+ 10¢e9) 


Note that division of g by N in the expression for the entropy is not required for internal degrees of 
freedom; division of g by WN is required only for the total molecular partition function, which 
includes translational degrees of freedom. 


(b) At 5000K, = 3475cm'. We form the sums 
Cc 


q= > ees! = | +e 71850/3475 4 3.4-21870/3475 | My 0167 
j 


Ps of =e ge Fi 
g= 
ype ee 


(sas) {0+ 21850671845 +. 3x 21870745 +. A} = 0.1057 


2 
(sas) x {0+218507 e7" +. 3x 21870? 7 + A} = 0.6719 


The electronic contribution to the standard molar entropy is 


S.=R (4+ inceq)}=8.314 1K" mol? -(¢ <b 
q 1.0167 


+1n(2.71828 x1 0167) 


= [9.316 JK~ mol 


P15.41 —_—_ Begin with the partition function of an oscillator (Table 13.3). 


1 


: x= = hed = hap 


—-x 


The molar internal energy, molar entropy, and molar Helmholtz energy are obtained from the 
partition function as follows: 


Nynwe™* | Nn@ 
df l-e* |e -1 


U- -u=-*{ 34) er ee eee ee 


op 
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P15.43 


P15.45 


= + ning = — Nk In(l-€™*) 
—¢ 


- = -in(l-e)) 
\e~! 


A- A(0) = G- G(0) =-nRT Ing=|NAT In(1-e*) 


The functions are plotted in Figure 15.8. 


[U — U(0)|/Nhw 


Figure 15.8 


We evaluate 8 by comparing calculated and experimental values for thermodynamic properties. The 
calculated values are obtained from the theoretical formulas for these properties, all of which are 
expressed in terms of the parameter f. So there can be as many ways of identifying # as there are 
thermodynamic properties. One way is through the energy, as shown in Section 13.1. Another is 
through the pressure, as demonstrated in Section 15.9. Another yet is through the entropy, Section 
15.2, and this approach to the identification may be the most fundamental. 


When plotted against T in model systems such as a two-level system, gq and U show sharp 
discontinuities on passing through 7’= 0. Only S is continuous. However, when plotted against £, all 
three are continuous on passing through £ = 0. See the solution to Problem 14.48. Hence 8 seems a 
more natural variable than 7. Another way of looking at this is to consider t, defined as t = 1/8 = kT, 


to be the fundamental temperature, and then the “fundamental” constant & appears merely as a scale 
factor. 


Solutions to applications 
S =k In W [also see Exercises 15.20(a) and (b)] 
SO S=kin4” = Nkin4 


= (5x10*)x(1.38x10 J K")xIn4=|9.57x10-83 K~ 


Question. Is this a large residual entropy? The answer depends on what comparison is made. 
Multiply the answer by Avogadro’s number to obtain the molar residual entropy, 5.76 x 10° J K™ 
mol", surely a large number—but then DNA is a macromolecule. The residual entropy per mole of 
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base pairs may be a more reasonable quantity to compare to molar residual entropies of small 
molecules. To obtain that answer, divide the molecule’s entropy by the number of base pairs before 
multiplying by Na. The result is 11.5 J K™' mol”, a quantity more in line with examples discussed 
in parts (a) and (b) of Exercise 15.20. 


P15.47 (a) At constant temperature, 
A H-AG 


AG=AH-TAS so AS= 7 


af ate.> ~l 
and AS = POT CSD mol 40.035 kT K™ mot" = [435 1K" mot" 


310K 
(b) The power density P is 
fi Ie 
V 


where n is the number of moles of ATP hydrolyzed per second 


N 10° s" 


W_ = 602x102 mol” = 1.66x107" mol s! 
A a O 


n= 

and V is the volume of the cell 
£3 ff oe ae a 
yaar = 3 *(10x10 m) = 4.19x10 m 


3 ei Z 18 ott 
Thus pu lA.Gl# _ GlLxl0 J mol”) x (1.66 10™ mol s ) fa wm?! 


V 4.19x 1075 m? 


This is orders of magnitude less than the power density of a computer battery, which is about 


3 
att { 4 =(1.5x10° Wm? 


battery 100 cm? \ 1m 


(c) Simply make a ratio of the magnitudes of the free energies. 


14.2 kJ (mol glutamine)" _ 0.46 mol ATP 
31 kJ (mol ATP)" ‘moi glutamine 


P15.49 The Gibbs—Helmholtz equation is 


so for a small temperature change, 


a e re e H® 
aj aS | = = rsa SRS geet ee > — AT 
T T ‘2 x T 
o 6 eo a 
sO faoo =- s. Eod and AG AG sane | 
Tr Ti90 Ty Tis 220 


A.G* =AGS Tso AT? ( -fa| 


T20 


384 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


For the monohydrate, 


A,G®, = (46.2kIm or'yn( OK} {27s mot)x{1- oe 


220K 


For the dehydrate, 


A.G®, =(69. sksmot)x{ OOK} sshd mor) 1- So 


For the trihydrate, 


A,G®, =(93.2kIm otyx{ 2) +(237k mar (1-208) 


220K 
A.G®, =|112.8kI mol" 


D16.1 


D16.3 


D16.5 


Physical equilibria 


Answers to discussion questions 


Vapor pressure curve of water 


Exploration > 
path p(T) ehhh 


221.2 bar 


647.4 K 


Figure 16.1 


Refer to Figure 16.1 above and Fig. 16.6 in the text. Starting at point A and continuing clockwise on 
path p(7) toward point B, we see only a gaseous phase within the container with water at pressures and 
temperatures p(T). On reaching point B on the vapor pressure curve, liquid appears on the bottom of 
the container and a phase boundary or meniscus is evident between the liquid and the less dense gas 
above it. The liquid and gaseous phases are at equilibrium at this point. Proceeding clockwise away 
from the vapor pressure curve, the meniscus disappears, and the system becomes wholly liquid. 
Continuing along p(7) to point C, at the critical temperature no abrupt changes are observed in the 
isotropic fluid. Before point C is reached, it is possible to return to the vapor pressure curve and a 
liquid-gas equilibrium by reducing the pressure isothermally. Continuing clockwise from point C 
along path p(7) back to point A, no phase boundary is observed even though we now consider the 
water to have returned to the gaseous state. Additionally, if the pressure is isothermally reduced at any 
point after point C, it is impossible to return to a liquid—gas equilibrium. 


When the path p(7) is chosen to be very close to the critical point, the water appears opaque. At 
near-critical conditions, densities and refractive indices of the liquid and gas phases are nearly 
identical. Furthermore, molecular fluctuations cause spatial variations of densities and refractive 
indices on a scale large enough to strongly scatter visible light. This is called critical opalescence. 


The fundamental equation of chemical thermodynamics (eqn. 16.5) is a general expression that 
describes how the Gibbs energy changes with conditions (i.e., with pressure, temperature, and 
composition). Although eqn. 16.5 is general with respect to the behavior of the Gibbs function, the 
Gibbs function is only an indicator of spontaneous change under conditions of constant temperature 
and pressure. Under those conditions, the behavior of the Gibbs function is given by eqn. 16.6. At 
constant temperature and pressure, a system’s Gibbs function decreases when the system undergoes 
spontaneous change, and it remains constant when the system is at equilibrium. 


The Clapeyron equation (eqn. 16.12) is exact and applies rigorously to all first-order phase 
transitions. It shows how pressure and temperature vary with respect to each other (temperature or 
pressure) along the phase boundary line, and in that sense, it defines the phase boundary line. 


The Clausius—Clapeyron equation (eqn. 16.14) serves the same purpose, but it is not exact; its 
derivation involves approximations, in particular the assumptions that the perfect gas law holds and 
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D16.7 


D16.9 


D16.11 


E16.1(a) 


that the volume of condensed phases can be neglected in comparison to the volume of the gaseous 
phase. It applies only to phase transitions between the gaseous state and condensed phases. 


Eqn. 16.13 is an exact corollary of the Clapeyron equation for a first-order phase transition, for it 
substitutes A,,H/T for A,,S, quantities that are equal when two phases are at equilibrium. Enthalpy 
of transition and temperature are quantities easily measured in the laboratory. 


Mathematically, the reason is clear. The dependence of chemical! potential on pressure, expressed in 
eqn. 16.10, follows from the chemical potential’s status as a molar Gibbs energy and from the 
dependence of the Gibbs energy on conditions as expressed in the fundamental equation of 
chemical thermodynamics (eqn. 16.5). 


The question implies that the dependence of chemical potential on pressure is not intuitive for an 
incompressible phase. Perhaps the dependence is more comprehensible for a compressible phase, 
because increasing pressure does work on a compressible phase. In that case, one can imagine a 
compressible phase (a vapor, for example) in equilibrium with an incompressible phase (say, a 
liquid) in a closed container. As the pressure increases, the chemical potential of the vapor 
increases, yet the chemical potentials of the two phases in equilibrium remain equal; therefore, the 
chemical potential of the liquid must also increase with pressure. 


A regular solution has excess entropy of zero but an excess enthalpy that is non-zero and dependent 
on composition, perhaps in the manner of eqn. 16.32. We can think of a regular solution as one in 
which the different molecules of the solution are distributed randomly, as in an ideal solution, but 
have different energies of interaction with each other. The parameter ¢ is a measure of the 
difference between A-B interactions and A-A interactions. If ¢ < 0, A-B interactions are 
energetically more favorable than A-A interactions; in that case, mixing is exothermic and even 
more spontaneous in all proportions than for an ideal solution. If, on the other hand, ¢ > 0, A-B 
interactions are energetically less favorable than A-A interactions. In this case, mixing is 
endothermic. If € is not too large, mixing can still be spontaneous in all proportions. If ¢ is larger, 
mixing is only spontaneous when one component dominates the composition. (See eqn. 16.33.) 


Phase: a state of matter that is uniform throughout, not only in chemical composition but also in 
physical state. 

Constituent: any chemical species present in the system. 

Component: a chemically independent constituent of the system. It is best understood in relation to 
the phrase “number of components,’ which is the minimum number of independent species 
necessary to define the composition of all the phases present in the system. 

Degree of freedom (or variance): the number of intensive variables that can be changed without 
disturbing the number of phases in equilibrium. 


Solutions to exercises 


See Figure 16.2. 


Liquid A and B 
Solid B 


peecerrrpesnnccnn pocecccedecreence dpecesnedponcrnceheoresserpenccens + 
a 4 4 ’ 
Solid A 
’ " 
' Solid AB 
4 e 
Apnea ncet nsemannat 


, ¢ 
fnwnwnnnntunnnnnebarnasenafem 
7 
i * 


Solid B 
Solid AB t 


ee ee 
ul 


Figure 16.2 
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E16.2(a) Refer to Fig. 16.50 of the text. At the lowest temperature shown on the phase diagram, there are two 
liquid phases, a water-rich phase (xg = 0.07) and a methylpropanol-rich phase (xp = 0.88); the latter 
phase is about 10 times as abundant as the former (lever rule). On heating, the compositions of the 
two phases change, the water-rich phase increasing significantly in methylpropanol and 
the methylpropanol-rich phase more gradually increasing in water. (Note how the composition of 
the left side of the diagram changes more with temperature than does the composition of the right.) 
The relative proportions of the phases continue to be given by the lever rule. Just before the isopleth 
intersects the phase boundary, the methylpropanol-rich phase (xg = 0.8) is in equilibrium with a 
vanishingly small water-rich phase (xg = 0.28). Then the phases merge, and the single-phase region 
is encountered with xg = 0.8. 


E16.3(a) At equilibrium, the chemical potential of a substance is the same throughout a sample, regardless of 
how many phases are present [Section 16.3(b)]. Thus 


fy (S) = My (1)} and 


E16.4(a) The Gibbs-Duhem equation relates changes in the chemical potential of a mixture’s components to 
the composition: 


du, =-—“du, [16.8] 
n 


E 


For a small macroscopic change, 


Ou, =" Gy, 2® 0.25 J mol! =|-0.38 J mol 
E 


——X 
n 0.40 


E16.5(a) The temperature dependence of the chemical potential is given by 


OM 1 ie 
( a] = S, [16.9] 


For a small macroscopic change, 


Out = -S,, OT = (69.91 J mol’ K~') x (5 K) =|-3x10? J mol 


E16.6(a) The pressure dependence of the chemical potential is given by 


(2 =V. [16.10] 
op }, 


Sn ui 100 ~(%| rae fr ae =p 


-O bar op 7 .O bar 


3 3 3 5 
_ 180g. cm | lm ) 99 kbar 1070 7 1.79x10° Jmol|, 


mol 0.997g (100 cm 1 kbar 


E16.7(a) The Clausius-Clapeyron equation gives the variation of vapor pressure with temperature if the vapor 


is a perfect gas. 
—— =——— [16.14] so {dinp= |—*—dT 
wT" ov RT? J “i j RT’ 


Assume that A,,,H is independent of temperature. 
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R ¥ 1 P 8.3145 JK" mol! e (es) 


l 
T AH p, 297.25K  28.7x10? Jmol" 53.3 


vap 


=3.247x10°K", 


T, =———____—_—_ = 308.0K =|39°C 
*, ATi 


E16.8(a) The Clapeyron equation relates the pressure and temperature of phase boundaries to state functions: 


dp A,S 
= = i Ws 
7 paar Rl 


trs 


dp Ap 
SO A,,.9 = Ant x{ $2 a A,.V XT 


where the approximation holds if Aj S and Ag,,V are independent of temperature. 
A,,.5 =[(163.3—-161.0)x(10~ m)’ mot 
=|+45JK"' mol | 


A,.ff = T;Aq,S = (350.75 K)x(45JK™ mol") 


=|+1.59x10* Jmol] =/+15.9kJ mol’ |. 


E16.9(a) The Clausius-Clapeyron equation gives the variation of vapor pressure with temperature if the vapor 
is a perfect gas. 


(100-1) atmx (1.013x10° Pa atm”) 
(351.26 —350.75)K 


A if 


AH & 
sO din p= |—*—dT and In p = constant -——— 
Jainp = | P RT 
Therefore, AyapH = (1501.8 K) x R = (1501.8 K) x (8.3145 J mol” K™) 
AvapH =1+12487 J mol} =}+12.487 kJ mol! 
E16.10(a) Use eqn. 16.13(a) and assume that Ay,,/7 and A¢,,V are independent of temperature: 


dp _ Agf _ Ap 
dr TA Vv Ar 


TA. 
Th AT = —_—Sx 
us AH Ap 


Because the change in molar volume upon fusion (melting) is 


3 
dul = (18.11 gmot)x{ sisicew Pt = 


0.879 gcm? 0.891gcem?} \100 cm 
=1.20x10° m’ mol” 
the change in melting temperature is 
_ (278.65 K)x(1.20x10* m’ mol”) 0° Pa 
10.59x10° J mol 
= 31.5 K. 


Therefore, at 10.0 kbar, 7, = (5.5+31.5)°C = 


AT x (10.010? —1) barx_ 


PHYSICAL EQUILIBRIA 389 


E16.11(a) Assume perfect gas behavior. 


af anny =e so rey ad 
M RT 


where V=4.00mx4.0mx3.0m=48 m 


3 3 -l 
(a) _— (3.2x10° Pa)x(48 m )x(18.02 g mol i> ‘1x10’ gl =[L1 ke 


(8.3145 JK™ mol)x(298.15K) 


3 3 —] ! 
0) p= L13:1x10? Pa) x(48 m?)x(78.11 gol!) _ oxi" g)= [30k 


(8.3145 JK mol!)x(298.15K) 


E16.12(a) (a) According to Trouton’s rule (Section 15.3b), 
A, pH =(85JK7 mol™)xT, =(85JK™ mol™)x(76.8 + 273.15) K 


~|/2.97x10* Jmol | =(29.7kJ mol” 


(b) The Clausius-Clapeyron equation [16.14] integrates to 
Inf? = aati - t) [Exercise 16.7(a)] 


Let 7, be the normal boiling temperature, 350.0 K; then p; = 1 bar. Thus at 25°C, 


ted 3 7! 
ihe 2.97 x10 = — |x aS 1776 
bar (8.3145 JK™ mol 350.0K 298K 


te P2= 
At WC he (ee sat K -az) — 
= pP2= 

E16.13(a) AT = Fe Ang! xAp [Exercise 16.10(a)], 


A, 


3 
where A,.V =(18.02 g mol™”)x vas amen f aowe same x( = } 
100gcem~™ 0.92 gcm 100 cm } 


=-—1.57x10* m? mol” 


1 S7y1N* m3 -1 5 
os. ape tet 1.5710 m’ mol) 59-1) parxto_P# - 0.35 K 
6008 J mol 32 
Therefore, at 50 bar, 7;= = (273.15 - 0.35) K = 272.80 Kl 
E16.1 4(a) AmixG = NRT(xa In Xa + Xp In Xp) [16.18]. 


The mole fractions are equal, so x4 = xg = 0.50. Because the gases are perfect, pV = nRT. Therefore, 


A..G = (pV)x(0.50 In 0.50 + 0.501n 0.50) = p¥ In0.50 


5 
=(1.5 bay Pe) 100x(00" m)° x (In 0.50) = -1.04x10? J =[-1.04 kJ 


bar 
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—AnixG __ —1.0410° 
A. iS =—nR(x, Inx, +X, In x,) [16.20] = 46 x 04x10° J 


a 298K 
=|43.5 JK" 
E16.15(a) AmixG = NRT(x, In Xa + Xp In xp + Xc In xc) [16.18 with three components] 
We need to determine mole fractions from the given mass percentages. Assume a 100-g sample: 
Ny aN zl tty mol No geet of e973 mol 
28.02 g mol 32.00 g mol 
lg 
= 0.03 mol and Mota = 3.46 mol 


1,.>=—— 
“39.95 g mol! 


Thus xy = My / Mota = 2.71 / 3.46 = 0.78; similarly x, = 0.21 and xa, = 0.007, and for 1 mole of air at 


298 K, 
AnixG = (8.3145 J mol K) x (298 K) 
x (0.78 In 0.78 + 0.21 In 0.21 + 0.007 In 0.007) 
AnixG = = 
A. S = oe [Exercise 16.14(a)] = ae = 
For a perfect gas, [no intermolecular interactions before or after mixing]. 


E16.16(a) Hexane and heptane form nearly ideal solutions, therefore eqn. 16.20 applies. 
Fi eh, = —NR(Xa In Xa +Xp In Xp) 


(a) To maximize A,,;.5, differentiate the equation with respect to xa and look for the value of x, 
which makes the derivative vanish. Since xg = 1 — x4, we need to differentiate 


Ani = —nR{xa In 2 (1 — Xa) In (1 — xa)} 


This yields 
ait” = aR} Inx, +24 —In(l—x,)- | = nin 
dx, Xa (1—x,) I-x, 


which is zero when x, =|—|= x,. Hence, the maximum entropy of mixing occurs for the preparation 


of a mixture that contains equal mole fractions of the two components. 


(b) An equimolar mixture still maximizes the entropy of mixing; we only have to express the 
concentrations by mass fraction rather than mole fraction: 


na =p SO 
Solve for ma in terms of Mota1: 


sy ty meets wells: 
Re A, oe 


But my / Mixa 1S Just the mass fraction of A (hexane, say). So the mass fractions are 


mM, 86.17 g mol”! Mey ? 
x 8 0.4624] = and 392 = 1-0.4624 = [0.5376 
Min (86.17 +100.20) g mol” Maeva 
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E16.17(a) Check whether puc; / Xac) is constant; if so, that is the Henry’s law constant [16.26a]. 


xa 0.012 0.019 
(Puc. /kPa)/Xycq.| 6.4x10° | 6.4x10° 6.4 x 10° 


Hence, Kp = 6.4x10? kPa. 


E16.18(a) The vapor pressures of components A and B may be expressed in terms of their compositions in the 
liquid (mole fractions x, and xg) or in the vapor (mole fractions ya, and yg). The pressures are the 
same whatever the expression; hence the expressions can be set equal to each other and solved for 
the composition. 


Pa=Jap = 0.350p = xapa’ =X, X (76.7 kPa) 
Ps = yap = (1 —ya)p = 0.650p = xgpp’ = (1 — xa) X (52.0 kPa) 


Therefore, 247 = 7APa_ 
YaP *pPp 
Hence 9.350 _ 76-7 


0.650 52.0(I—x,) 


which solves to x4 = and xg = 1-x,= 0.732. 


Also, since 0.350p = Xap » 


= X,Pa__ (0.268) (76.7 kPa) ~ [586 kPa 


E16.19(a) In Exercise 16.17(a), the Henry’s law constant, Kz, was determined for concentrations expressed in 
mole fractions. To use that value, Kp = 6.4 x 10° kPa, we must express the molality given here as a 
mole fraction. For convenience, assume a sample with 1 kg solvent (GeCl,). Thus 


n(GeCl,) = — oe = 4.663 mol and n(HCl) = 0.15 mol 
214.44 g mol 


0.15 mol -0.031 
0.15 mol + 4.663 mol 


Puci = (0.031) x (6.4 x 10? kPa) = 2.0 x 10° kPz 


E16.20(a) We assume that the solvent, benzene (A), is ideal and obeys Raoult’s law; then 


Therefore, X50, = 


=e, and x, == 
ia tas A ng tny 
nN, Dy 
Hence p, = APA. which solves to 
A Te 
_m,(P, — Pa) 
nN, = 


Pr 


Then, since nm, = a. , where mg is the mass of B (solute) present, 


M, 
MyD,  _ MyM Py 


. n(P, Ps) m,(P, — Pa) 


From the data, 


_ (19.0g)x(78.11 g mol™')x(51.5 kPa) _ $ 
ies (500g)x(53.3—51.5) kPa ge h. 
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E16.21(a) With concentrations expressed in molality, Henry’s law is pg = bgKg [16.26b]. 


Solving for b, the solubility, we have 5, = 3 


B 


(a) igiiecn eee a = LOL RES Te xt mol kg"! 
3.01x10° kPa kg mol 


1 atm 


Qyptee yd be seas Mitnges 29 OLR iy mol ke 
3.01x10° kPa kg mol 1 atm 


E16.22(a) The best value of the molar mass is obtained from values of the data extrapolated to zero 
concentration, since it is under this condition that the van’t Hoff equation applies. 


R 
BL 6oe) ao Tn eeeE. where =m 


IT =(B|RT = 
[BIRT = = re 


At the same time, the osmotic pressure is the hydrostatic pressure: 


IT=pgh, so n= (RL Je 


Figure 16.3 

Thus, a plot of / against c should be a straight line with slope gor Figure 16.3 shows the plot. 
B 

The slope of the best-fit line is 


-2 
RT é sh é Soe 22% = 7854x102 m! eo 
peM, gdm (10° kg)x(10' m) 


Therefore, 


oe 4 
(pg)xslope 


(8.3145 JK mol™)x(298.15K) 5 
” erat ee ee TD be re 
(1.004 «10° kg m~)x(9.807 m s”)x(2.854x10" m* kg~’) 


B 


E16.23(a) (a) The number-average molar mass is 


eT a - 
= — — 


i a gl a: Lea ew 
M, M, M 1 M. 2 
Assume 100 g (a convenient sample size for mass percent information). 


Sys 100 g a4 
M, = [18 kg mol” | ke mol 
30 g }e{ 70 g : 


30 kg mol’ ) (15 kg mol” 
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(b) The weight-average molar mass is 


— _mM,+m,M, _(30)x(30) + (70)x(15) 1 -I 
Bd a es Sele el oe 7 ee kg mol 20 kg mol 


m +m, 


Mw 20 
(c) The heterogeneity index is = =< = 1.1]. 


n 


E16.24(a) The excess enthalpy in a regular solution is 
HP = n€RTxpxp = nERTxa(1 — xa) 


The maximum value occurs at the composition where x,(1 — x,) is at a maximum. That maximum 
occurs at x, = xg ='/, . Now we can find ¢ 


ie pw 700 J mol 
~ RTx,x%, (8.3145 JK™ mol! )(298 K)(0.500)’ 


Phase separation occurs if > 2, so occurs at this temperature. 


E16.25(a) For A (Raoult’s law basis; concentration in mole fraction), 


=|1.13 


a = P16 Be eae a= 0833] y, = = 2833 [0.93 
A 


For B (Henry’s law basis; concentration in mole fraction), 


25 25Torr 


= 26, . 
p64 = sto 


_ My _ 0,125 _ 
=[0.125 pa oa 1.25 


For B (Henry’s law basis; concentration in molality), we use an equation analogous to 16.42 but 
with a modified Henry’s law constant K, : 


with pg = bg K,, analogous to pp = xpKp 


Ki, and Kg are related by equating the two expressions for px: 


X,K, _ 0.1xX200 Torr 


4 502 hele” = 9.0 Torr kg mol" 
q 


Pp=bgK, =x8Kp so K, = 
25Tor _ ee 


cE eT mane 8” hg SB? B22 


COMMENT. The two methods for the “solute” B give different values for the activities. This is reasonable 
since the reference states are different and therefore the chemical potentials in the reference states are 
also different. 


Question. What are the activity and activity coefficient of B in the ideal solution (Raoult’s law) 
basis? 


E16.26(a) Activities and activity coefficients on the ideal-solution (Raoult’s law) basis are defined by 


a, = Pa and VY, = “a 
Pa Xp 
So we need partial pressures. Dalton’s law relates the vapor-phase mole fractions to partial 
pressures. 
y, =—Pa_ = Pa _= 0516 


Pxt+Py 101.3 kPa 
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So pa = 0.516 101.3 kKPa=52.3kPa and = py = (101.3 — 52.3) kPa= 49.0 kPa 


P, _ 52.3kPa Py  49.0kPa_ rf 
—£A —~"“~— =|0.498 = = ~~ =|0.667 
Ga p. 105kPa = Out p,, 73.5kPa : 
a, _ 0.498 0.667 
=A — =|1.24] — 2m _ 0.667 _ [7 7] 
© ie 0.400 te X, 0.600 


E16.27(a) The excess enthalpy in a regular solution is 
H® = nERTxaxp = nERTxa(1 — xa) 


The maximum excess enthalpy occurs at x, = xg = a [Exercise 16.24(a)]. 


. in 


RIX ,%p 


800 J mol"! 


~ (8.3145 JK~ mol)(293 K)(0.500)” 


The Margules equations [16.45] give the natural logarithms of activity coefficients: 


Iny, = x5 


and Iny, = 6X, 


Because x4 = Xp, In % = In % = 1.31 x (0.500)* = 0.328 and % = % = 1.39. 
Finally, an = Xa“ = 0.500 x 1.39 = = ap. 


1 
E16.28(a [=-- b./b®)z? [16.57 
(a) Pa )z? [16.57] 


For a salt of formula M,X, , by = pb and by = gb, 


l b 
so [= 5 (Pz + qz" ‘(5 


KKC)=Fx1+1x0 |= 


Beuso Douso 
Z(CuSO, )= (1x2 + s( Sp 9 “ug. ) af Mo 


b 


KCl 


b? 


b? 


b 
I = I(KCl)+J(CuSO,) = al al 0.15+4x0.35 =[1.55| 


E16.29(a) The ionic strength of the original solution is (KNO3) = 0.250 [b/b® for a singly-charged salt]. So 


the added salt must contribute an additional ionic strength of 0.200. 


b 


(a) 1(Ca(NO, ),) =p (2? +2xP) = 358 = 0.200 


0.200 


6 SS eR b® = 0.0667 molkg™ 


and m(Ca(NO),) = 0.0667 mol kg”! x 0.800 kg x 261.32 g mol! =|8.75 g 
(b) An additional 0.200 mol NaCl must be added per kilogram of solvent, so 
m(NaCl) = 0.200 mol kg™ x 0.800 kg x 58.44 g mol = 9.35 g 


E16.30(a) The solution is dilute, so use the Debye—Hiickel limiting law. 
log % =-|z,z_| Al’? [16.56] 


1=354(2 
=[0.0190| 


b, 
b? 


)-3 — (2? x0.0050) + (1x 0.00502) + (1x 0.0040) + (1x0.0040)} 
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CaCl: log % =-2 x 1 x 0.509 x (0.0190)! =-0.140 so %= 
NaF: log %=-1x 1 x 0.509 x (0.0190)! =-0.070 so %= 
E16.31(a) The extended Debye—Hiickel law (eqn. 16.59), with the parameter C set equal to zero, is 


Ale 2: [e— 


OB Y= 


Solve for B. 
ow eee ] 0.509 
B 7. “a | > e 1/2 + 
I 08 ¥, (b/b®) log 7, 


Draw up the following table. 


ee ae ee 
ae es ee ae 


The values of B are constant, illustrating that the extended law fits these activity coefficients with B = B.o1} 


Solutions to problems 


Solutions to numerical problems 


P16.1 The data are plotted in Figure 16.4. From the graph, the vapor in equilibrium with a liquid of 
composition (a) xy = 0.25 is determined from the tie line labeled a in the figure extending from xy = 
0.25 to bw = 0.36, (b) Xo = 0.25 is determined from the tie line labeled 6 in the figure extending 


from xy = 0.75 to by = 0.81) 


1.26 gg $n 


arc 


i ee et ea a er Sr amen f 


n=Gine «apie an fais ob eis, oe 
ee 'x(methylbenzene) = ™. 


0 0.25 0.5 0.75 


Mole fraction of methylbenzene Figure 16.4 


P16.3 The phase diagram is shown in Figure 16.5. Point symbols are plotted at the given data points. The 
lines are schematic at best. 


Liquid 


Liquid 
+ solid 


0 01 02 03 04 O05 06 07 08 O09 1 
x(ZrF4) Figure 16.5 
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P16.5 


P16.7 


P16.9 


At 860°C, a solid solution with x(ZrF,) = 0.27 appears. The solid solution continues to form, and its 
ZrF, content increases until it reaches x(ZrF,) = 0.40 at 830°C. At that temperature and below, the 
entire sample is solid. 


The phase diagram is drawn in Figure 16.6. 


Rh ap 8 ee ee ae "iy: lela Sah! sar 


t ' 
\ t 
t i 
Spoor ee ee Oe Se q=—-bies 
‘ i : 
t : : 
93 we ---j-- ea -- 
I { L 
1 ' ; 
eee 
=| i t (| 
t t : 
i 
Of. =ese ne Se Sle x = bse ede Se 


ee ee 


fs ow bs of es ue 


wo phase 


ees [ee alien a, ae eae 
' ‘ 
1 


wee nee Ae ee ee 


85 


83 ; 
0 (CE) | Figure 16.6 


pS ULE eR pape ae 
(380K)x (13.5107 — 1.20x10~*) m? mol” [+4.33x10° PaK™| 


(b) The Clausius-Clapeyron equation is 


dinp _ 


H 
—=— [16.14], 
dT jalan 


A H 5 3 
of a a Te (10 A al .0x10° Jmol”) = +1.83x10? Pak"! 
dT RT (8.3145 JK” mol')x(380K)’ 


The percentage error is (0.7 percent, 


The Clausius-Clapeyron equation, 


din p _ Ait 
dT 


yields upon indefinite integration 


vap 


In p = constant — 


Therefore, plot In p against 1/7 and identify —A,,,H / R as the slope of the best-fit line. Construct the 
following table. 


ri {mo _a0_/_2a0_[|_ay_1_at_/_300_| 330 
393 | 


P16.11 
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6 paansesaennenyparsn — jceaiemisn neanicanasnsaneqpari-oesoraman vimana wnertetortnoere Acca AO ORNAN _— 
5 | 
4 | 
ee Fi 
a] 
2 2 | 
~— 
& 14 
2 0 | 
2 
: | In (p/kPa) = 8800 K/T + 31.9 
abled skh Spelt dF cite 
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(a) The points are plotted in Figure 16.7. The slope is —8800 K, so 


AvapH = -8.3145 J mol K™ x (-8800 K) = }+7.32 x 10* J mol”']=1-73.2 kJ mol’ 


(b) The normal boiling point occurs at p = 1 bar = 100 kPa. Solving the equation of the best-fit line 
for T yields 


_ . SRK iy BRI Sa 
31.9-In(p/kPa) 31.9—In(100) 


Refer to Example 16.3, using eqn. 16.29 with [J] = e/M and /7= pgh: 


IT al B RT RTB 
— =—| 1+—c+--- }=—+ c+ 


M MM 


where c is the mass concentration of the polymer. Therefore, plot /7/ c against c. The y-intercept is 
RT/ Mand the slope is RTB / M’ . The transformed data to plot are given in the following table. 


2 


kat et ee eee 


2D.g — - - | 
0 2 4 6 8 10 


c/(mg cm”) Figure 16.8 


The plot is shown in Figure 16.8. The y-intercept is 20.1 Pa mg! cm’. The slope is 1.98 Pa mg” 
cm°. Therefore, 


Y RT _ 8.3145 JK" mol'x303K 10° g -{ lem ) 
20.1 Pamg™ cm’ 20.1 Pamg™ cm” 1 mg 


=|1.25x10° gmol™ 


107 m 
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2 
B= M’x1.98 Pamg” cm® = --“4_x1.98 Pamg” cm® 


RT RT 
Gr) 
_ 1.25x10° g mol x1.98 Pa mg” cm° 
~ 20.1 Pa mg™ cm’ 


i. 
=1.23x10"gmol™ mg? em?x— 2 (9 on =|1.23x10* dm® mol 


10° g | lem 


P16.13 The partial pressure of a solvent is related to its activity by 
Pa=aapa [16.35] = Yaxapa’ [16.37] 


Pe. _ Jar 
XxaPa* XsPa* 
(Note: Here x and y are mole fractions. In the table in the statement of the problem, x and y are mole 
percentages.) 


sO fax 


Sample calculation at 80 K: 


0.11x100kPa  760Torr 


0.34x225Tor *101.325kPa 


MO0,,80K) = 


Summary: 


r/K{773| 78 | 80 | 82 | 94 | 86 | 88 | 902| 
Oo] = [0x7 0m] aon [o03 a5 [ose 


To within the experimental uncertainties, the solution appears to be ideal (y ~ 1). The low value at 
78 K may be caused by non-ideality; however, the larger relative uncertainty in y(OQ,) is probably 
the origin of the low value. A temperature—composition diagram is shown in Figure 16.9(a). The 
near ideality of this solution is, however, best shown in the pressure-composition diagram of 
Figure 16.9(b). There the liquid line is essentially straight, as predicted for an ideal solution. 


x(0,) or y(O2) 4(02) or (O02) 
(a) (b) Figure 16.9 
P16.15 (a) Ona Raoult’s law basis, the following relations apply to both components: 
P; 


Ps = aypy [16.35] = yxpy [16.37] so ¥, = 
*;P;* 


The vapor pressures of the pure components are given in the table of data. py is the value of py at 
xy = 1: pp = 47.12 kPa and p,* = 37.38 kPa. 


(b) On a Henry’s law basis, the following relations apply to the solute (in this problem, 
iodoethane): 


= a ew 
a, = ¥. [16.42] SO Vp yA 
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(The solvent activity remains based on Raoult’s law, so ¥% would remain as in part a.) Henry’s law 
constants are determined by plotting the data and extrapolating the low concentration data (i.e., the 
best straight line in the neighborhood of xg = 0) all the way across the plot to xg = 1. The data are 
plotted in Figure 16.10, which also displays py , pa’, Kj, and K, . Ky = 64.4 kPa. 


70 ponenenrennmmnnnerreeanasrannanantisnsanannaneeyn Nii tits Gi sinner senannramannantnanaannaninansdied $8: AAI ie wArnemraeoretneiANeAeaaenanestn nents \pneennre mn AneReNTen cre mehENerANNANNaAAnAReaaRANRANerE ABSA ee a veneer en SARRnORReRA PROSE S 


x1 Figure 16.10 


| 1.008 


PalkPa_ | (Raoult) | ~%(Raoult) 


(is le aM Sa a 277 iat al tas 
| 0.0579 | 3.73 | 35.48 | 1.367 | 1.008 | 1.000 _| 
| 0.1095 | 7.03 | 33.64 | 1.362 | 1.011 | 0.997_| 
| 0.1918 | 

| $0,967, =) >91:030 _| 


| 0.2353 | 14.05 | 29.44 


ra 


0.1918 


1.267 1.030 0.927 


| 0.8253 | 39.58 | 888 | 1.018 | 1.360 | 0.744 
| 0.9093 | 43.00 | 5.09 | 1.004 | 1.501 | 0.734 _| 
a a ee a eee ae 


+ Value of ps* tValue of p;* 


Question. In this problem both I and A were treated as solvents, but only I was treated as a solute. 
Extend the table by including a column for ~(Henry). 
(a) The volume of an ideal mixture is 
Vigeal = Vin. + 22Vin2 
so the volume of a real mixture is 
V = Vise + V* 


We have an expression for excess molar volume in terms of mole fractions. To compute partial 
molar volumes, we need an expression for the actual excess volume as a function of moles. 


V® =(n,+n, WV = [a,+ 22) 


n, +n, n, +n, 

fyi, a,(n, — 1, ) 

SO V =nV., +nV,., +———| 4 + 
" A +N, nn, 


The partial molar volume of propionic acid is 


2 


2 
V |=) =V.+ se bem a, (3n, —n, ny 
On, 


(n+n,) (m+n, 
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The partial molar volume of oxane is 


} 2 2 
= Ving + Ay% +4, (% — 3x, )x 


(b) We need the molar volumes of the pure liquids 


=| 
_ Mh _ 08g mol 96.23 em? mol" 


mip, 0.97174 gcm” 


_ 86.13 g mol” 


noes -- = 99.69 cm’ mol" 
“0.86398 g cm 


and 


In an equimolar mixture, the partial molar volume of propionic acid is 
V, = 76.23 + (—2.4697) x (0.5) + (0.0608) x {3(0.5) —0.5}(0.5)? cm? mol” 
= [75.63 cm? mol’ 
and the partial molar volume of oxane is 
V, =99.69 + (—2.4697)x 0.5)" + (0.0608) x {0.5 —3(0.5)}«(0.5)? cm?’ mol 


—|99.06 cm? mol™ 


According to the Debye—Hiickel limiting law, 


1/2 
log y, =-0.509|z,z_ | I"? [16.56] = -0.509{ “ 


ee 


We draw up the following table: 


6 / (mmol kg™) 1.0 2.0 5.0 10.0 20.0 
Fe 0.032 0.045 0.071 0.100 0.141 
y,(calc) 0.964 0.949 0.920 0.889 0.847 
¥,(exp) 0.9649 0.9519 0.9275 0.9024 0.8712 
log %(calc) 0.0161 -0.0228 -0.0360 -0.0509 0.0720 
log %(calc) -~0.0155 -0.0214 -0.0327 -~0.0446 0.0599 


The points are plotted against /'” in Figure 16.11. Note that the limiting slopes of the calculated and 
experimental curves coincide. We use the extended Debye—Hiickel law (eqn. 16.59) with C=0. A 
sufficiently good value of B in the extended Jaw may be obtained by assuming that the constant A in the 
extended law is the same as A in the limiting law. Using the data at 20.0 mmol ke™ we can solve for B. 


foe Ce eee eer eee Pee eee eee cece eer ee ee eee Serer ss 


setovaetharever Ge Og Autos teesebrererebserecrereragubranese® 


4 . 


log y+ 


Serer serene nnd oer sae P hes Rhone eensabar ev abanrseuteescanel 
- 
Experiment : 


—).04 abe cate Tle ee fe A Pe 
er: - ke a er 
-0.06 i”, Tee 5505 eo Bore 2 ak 
0 0.04 0.08 0.12 0.16 
PP Figure 16.11 
A l 0.509 l = 
= —-—_ — — = — —_—___ —- ——_ = 1 405 


logy, IF? (0.0599) 0.14) 


P16.21 
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Thus, 


0.5097" 


08 7514057 


To determine whether or not the fit is improved, we use the data at 10.0 mmol kg™ 


_~(0.509)(0.100)_ 9 agg 


18%: = G+. (.405)x(0.100) 


which fits the data almost exactly. The fits to the other data points will also be almost exact. 


Solutions to theoretical problems 


Consider two phases @ and ff, in mechanical contact with each other, constituting an isolated 
system. Making the system isolated allows us to confine ourselves to interactions between the 
phases and to neglect any surroundings external to those phases. The general condition of 
equilibrium in an isolated system is dS = 0. Hence, 


(a)  dS=dS,+dS,=0 


Energy may be transferred between phases and the volumes of the phases may also change; 
however, U,+U, =constant and V, +V, =constant. Hence, 


(b) dUz;=—-+1U, 
(c) dVz=—-dVy 
For each phase, eqn. 15.54 applies: 


so dS, =—ay,+2Zeay, 
T T 


a a 


Using this result for both phases as well as conditions (b) and (c), condition (a) becomes 


ds=|1- dU, + Pa _ Po dv, =0 
ee r 1s 


a B a 


The only way in which this expression may, in general, equal zero is for 


= Age and —f ==) 
ee? az A 


Therefore, |7,, =7, and p, = Pz}. 


The barometric formula gives the variation of pressure with height: 


pth) = poe """ [Problem 13.20] 


In Exercise 16.7(a), we obtained from the Clausius-Clapeyron equation 
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so, letting 7, be the normal boiling point 7,, so p; = 1 bar, we have an expression for the variation of 
vapor pressure with temperature: 


As Hf 
p(T) = pre , where x = ater’ 


In this expression, let 7}, be the boiling temperature at altitude 4. Boiling occurs when the vapor 
pressure is equal to the ambient pressure, that is, when p(h) = p(7;,). Setting the two expressions 
equal to each other, with pp = p; = 1 bar, implies that 


It follows that ata Bey Aa where T is the ambient temperature and M the molar mass of the 
fd thf 


air. For water at 3000 m, using /= 29 g mol", 


11, 29x10*kg mol x9.81m s~ x3.000x10" m 
i a7 9K 293K x40.7x10° J mol” 
t= 2.75x10" K" 


= HS 
373K 1.40x10°K 


Hence, 7, =363 K (90°C) |. 


P16.25 The question asks us to express derivatives of the chemical potential in statistical thermodynamic 
terms, so we start with the chemical potential itself, which is the partial molar Gibbs function. 


G = G(0)- RT int [15.40] 


dG dG(0) q =| 4 
=|—| =——-— RT In—-—nRT—| n— 
= F (= ). on dah on\ N 


How does q/ N depend on n (at constant p and T)? N= nNg. g depends on molecular parameters and 
temperature and (in the translational partition function) volume. Recall that 


¥ 


Pee weak se Me 


where we used the perfect gas law in the form pV = NkT in the last step. Thus, for a perfect gas, the 
partial derivative of In g/ N with respect to n at constant p and T vanishes, and 


On } yr 


on N 
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(a) We are to show that eqn. 16.9, 


a) 
oT 


is consistent with eqns. 15.40 and 15.2, 


U-U(0) U —U(0) 


Sa + Nkin = = +nR+nRin— 
N N 


We differentiate our statistical-thermodynamic expression of the chemical potential: 


ex = 3 (20. ~RTIn 4) --(int}-ar Sin] 
OT ),, OLT\ on N N oT\ Nj), 


pn 


= Unis -rr{ 284) 
N ae 


We must show that this equals S/n. To bridge the gap between our expressions, we need a 
statistical-thermodynamic expression for internal energy. For a collection of independent particles, 


U-U(0) = Ne) = 4 [13. ssh] =—v( St) (5) 


og 


Note that what is held constant here is volume, not pressure as in the chemical potential derivative, 
so we need the following property of partial derivatives based on eqn. MB 8.3: 


(264 (2s) p dlng (2 
Fry, oT /, op ),\ OT jy 
R q° q° 
)+ oO ty REA 4 2(=) 
>» (op ph? eV ji, 


ee eee ner ( 284) —nR 
T oT ), 


which allows us to identify our statistical-thermodynamic expression for d4/dT: 


oul q U-U(0) s 
Sy a pty 2 ees pe eg 
fam N nT n 


(b) We are to show that eqn. 16.10 


ei) 
dp Tn 
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P16.27 


P16.29 


is consistent with statistical thermodynamic results based on eqn. 15.40. So we differentiate 


oe 
dp ),, Op\ on N 


= -rr{ 2 (Ing -in¥)) 
dp 


Tin T,n 


--rr{ 224) =-rt>{-1}-" 7) 
Op ),, p) on 


G® = RTx(1—x) {0.4857 —0.1077(2x-1) + 0.0191(2x-1)*} 


A regular solution is defined by S® = 0. Thus, a solution is regular if G’ = H® . Because an ideal 
solution has zero enthalpy of mixing, H® = A,,;,/7; therefore, H® is readily measured experimentally 
by calorimetry. Thus, the test of whether the solution is regular amounts to measuring A,j,/7 and 
determining how closely it matches the expression for G*. 


To test whether the given expression is consistent with the regular solution model given by eqn. 
16.32, we must compare the above expression for G> with the model expression for HP: 


H® = ERTx(x - 1) 


Begin the comparison by plotting G'/RT against x, shown as the solid curve in Figure 16.12, which 
resembles the curves shown in Figs. 16.38 and 16.39 of the text. The resemblance suggests that the 
given G™ is consistent with the model regular solution. To make the comparison more salient, plot 
the model H*/RT against x on the same graph, selecting & so that the two curves have the same 
maximum. The maximum in the model function is 4/4, and it occurs at x = 0.5. So let €= 4G*(max) = 
4x 0.123 =0.497. 


x Figure 16.12 


G_ is reasonably consistent with the model regular solution, over the entire range of composition. 


The analogous integral is 
7 (47) 
V, (;)—V, (0) =~ [dV 


We should now plot x;/(1 — x7) against V; and estimate the integral. We must integrate up to x; = 0.5, 
which corresponds to x7/(1 — x;) = 1. So draw up the following table including all data points with x; < 
0.5 and one point beyond so as to define the plot of the integrand over the interval of integration. 


iy oon Paes | asso | 
[xv(i-x,) | 0 | _ 0.241 | 0.626 | 1.266_| 


P16.31 
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The points are plotted in Figure 16.13. To estimate the bed fae limit, we draw a smooth curve si 
the data points. The value of V; where x; = 0.5 is 77.1 cm* mol”. 


1.4 > 


73 74 75 76 py 78 
V/(cm* mol’) Figure 16.13 


The integral is the area under the curve. Applying the trapezoid rule yields 1.39 cm* mo! for the 
integral, so 


Ve(x7 = 0.5) = Vo(x_= 0) — 1.39 cm? mol! 


We need V (x7 = 0), that is, the partial molar volume of propanone in a “mixture” containing no 
trichloromethane. Vp(x7 = 0) is the partial molar volume of pure propanone, i.e., the molar volume 
of propanone. 


l | 
V_(propanone) = 2 es = ae = 73.92 cm’ mol! 
p 0.7857 g cm” 


Ve(x7 = 0.5) = (73.92 — 1.39) cm?® mol ={72.53 cm? mol 


Retrace the argument in Justification 16.3. Exactly the same process applies with a, in place of x,. 
At equilibrium, 


Hy (Pp) =, (a,,pt+1T) 
which implies that, with “= u° +RT Ina for a real solution, 
p+ it 
} V_ dp =—RT Ina, 
p 


For an incompressible solution, the integral evaluates to //V,,, so JV, =—RT Ina,. 


Thus, the osmotic coefficient ¢, defined in Problem 16.30 as = —(x,/xp) In aa, 


ITV., ="® ORT ==. gRT 


A ny 


For a dilute solution, n,V_,,=V, so JV =n,@RT, 
i : 
, with [B]=—2, |J7 =@[B]RT}. 
and therefore, with [B] 7 


At the boiling point of the solution (7,) the chemical potential of the liquid solvent is equal to that 
of the solvent vapor: 


Hal, 7p) = Ha, 7p) 


Substituting the ideal-solution expressions for these chemical potentials yields 


Mx (LT) + RT, Inx, = Hy (g,T,)+ RT, In(p, / p®) 
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P16.35 


P16.37 


P16.39 


The last term vanishes because pa = p°® at the boiling point of the solution. We are interested in 
comparing 7, to 7, , the boiling point of the pure solvent, so we apply eqn. 16.9 to both pure- 
substance chemical potentials: 


=) =-S, so Ty)=MT.)-(Ts-Te)Sm if Ty — Tis small 
Pp 


Thus we can express chemical potential at the boiling point of the solution (7,), in terms of 
differences from the chemical potential at the boiling point of the pure substance (7, ): 
ue LT, )-(Z, -T, Sy) + RT, Inx, = 12 (8,7, )-(f, -T, Sq (8) 


Now uy (7, )=H2(g,7, ) [pure liquid and vapor are in equilibrium at 7,'], so eliminating them 
from the equation and gathering the entropy terms on the left, we have 


(Ty— Ty ){Sm(2) — Sm(1)} =-RT, In xg =—RT, In (1 — xp) = RTpxp [xp small] 


The differences on the left side of the equation are simply AZ, and A,,,S, so we have 


RT, zig RT, 


oe Bee 


R(T, y 
A. off 


vap 


x{%, ~7,)= Xp fAyplt =T, ApS] 


Solutions to applications 


In this case it is convenient to rewrite the Henry’s law expression as 
mass of N, = py, mass of H,O x Ky, 
At 4.0 atm air, Py, = 0.78x4.0 atm =3.1 atm 


so mass of N, =3.1 atmx100 g H,Ox0.18 wg N, /(g H,O atm) = |56 wg N, 


At 1.0 atm air, py = 0.78 atm and mass of N2 = 14 wo No. 


In fatty tissue the increase in N, concentration from 1 atm to 4 atm is 


4x (56-14) ug N, =|1.7x10? yg N, 


(1) Below a denaturant concentration of 0.1, only the native and unfolded forms are stable; the 
‘molten globule” form is not stable, 

(ii) At a denaturant concentration of 0.15, only the native form is stable below a temperature of 
about 0.65. At temperature 0.65, the native and molten-globule forms are at equilibrium. 
Heating above 0.65 causes all native forms to become molten-globules. At temperature 0.85, 
equilibrium between molten-globule and unfolded protein is observed, and above this 
temperature only the unfolded form is stable. 


(a) The phase boundary is plotted in Figure 16.14. 


p/MPa 


80 100 120 140 +=3=160 180 200 
T/K Figure 16.14 
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(b) The normal boiling point is the temperature at which the liquid is in equilibrium with the 
standard pressure of 1 bar (0.1 MPa). Interpolation of the plotted points gives |7, = 112 Ki. 


(c) The slope of the liquid—vapor coexistence curve is given by 


dp AH 
dp _ Ave [16.13b], so A A ATA. 
dT TA,V AY oY 


The slope can be obtained graphically or by fitting the points nearest the boiling point. Then 
dp / dT =8.14x10° MPaK""', so 


“ 3 ait 
AH = (112K) x{ C8 Re a mer) c@.14kPaK) =|8.07kJ mol” 
m 


By the van’t Hoff equation [16.28], 
=(Byr7T =ck&L 
17 =[B]RT = 2 


Division by the standard acceleration of gravity, g, gives 


TT _A(R/ g)T 
, pala 


(a) This expression can be written in the form 
T7’ = cR’T 
M 


which has the same form as the van’t Hoff equation, but the new “osmotic pressure,” /7; has the 
dimensions of /7/ g: 


force area~! _ (mass length time™)(area™') __ mass 
length time” length time * area 


This ratio can be specified in units of g cm”, as specified in the problem. Likewise, the proportionality . 
constant, R’, would have the dimensions of R/g: - 


energy temperature amount’ _ (mass length’ time™*)temperature' amount" 
length time~ length time” 
- 


= mass length temperature” amount”. 


This result may be specified in units of ' 


(b) pe kic 8.31447JK™ mol” 
g 9.80665 ms” 


, oh nt apie cm 
= 0.847840kgmK™ mol” x - x 


10° m 
-184784.0gemK~ mol 


We will drop the primes, giving 


_ cRT 
a M 


and use the /7units of g cm™ and the R units of g cm K™ mol . 
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Polyisobutylene in chlorobenzene 
at low concentrations 


Intercept: 230 gcm~?/gem7? 


450 


2 &§ 
aA 
So 


S 


(I/e)/(gem~ /g cm-*) 


250 


200 = 
0.000 0.010 0.020 0.030 0.040 
c/(gem~) Figure 16.15(a) 


We extrapolate the low-concentration portion of the plot of /7/ c versus c to c = 0 (in effect, employing 
the virial analogue of the van’t Hoff equation, eqn. 16.29, as in Example 16.3). The y-intercept is 230 g 
cm” /g cm” (Figure 16.15a). In the limit of small c, the van’t Hoff equation is valid so 


RT _ intercept, 


M 
y= RT (84784.0gemK~ mot" )<(298.15K) 
intercept — (230gcem™)/(gcm™) 


=|1.1x10° ¢ mol” 


(c) The plot of /7/ c versus c for the full concentration range (Figure 16.15b) is highly nonlinear. 
We can conclude that the solvent is good due to the nonpolar nature of both solvent and solute. 


and 


CH; 


O- 1 


Polyisobutylene in chlorobenzene 


0 
0.00 0.050 0.100 0.150 0200 0.250 0.300 
cata?) Figure 16.15(b) 
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(d) The virial analogue to the van’t Hoff equation (eqn. 16.29) rearranges to 
IT /c=(RT/ M)+ B’c+ Cc’ +-+’) 


Since RT / M has been determined in part (b) by extrapolation to c = 0, it is best to determine the 
second and third virial coefficients by a linear regression fit. 


{(T /c)/ (RT M)}~1_ 
Cc 


That is, call the left side of this expression f/7, c) and plot it against c. The best linear fit in the 
resulting plot (Fig. 16.15c) gives and |C’ = 212 cm® g¢7. The plot shows a fair 


amount of scatter. 


B’+C'c 


Fe 


pele +34. |. 
R? = 0.96 


ful,ec) 
ra 


0 0.05 0.1 0.15 0.2 0.25 0.3 
c /(g cm”) Figure 16.15(c) 


(e) Using 1/4 for g and neglecting terms beyond the second power, we may write 


EOE ry Ped A 
Cc M 4 M 2 


1/2 ee P2 
2 (=) -(2) [1+ a 
M ; a 


We can solve for B’ and then evaluate g(B’)’ = C’. 


i/2 
pr a2 lc z 
c|\ RT/M 


RT / Mhas been determined above as 230 g cm” / g cm™. We analytically solve for B’ from one of 
the data points, say, /7/ c= 430 g cm”/g cm” at c= 0.033 g cm”. 


= 3 \W2 
R= f 430 gcm*/gcm 2143 29;7 cng 
0.033 gem” }\ 230 gem” /g cm™ 


and C’ = g(B’Y’ =0.25x(22.1cm’ g'y’ =123 cm® g” 
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W/2 


Better values of B’ and C’ can be obtained by plotting [we against c. This plot is shown in 


Figure 16.15(d). The slope is 14 cm? g™ 
B’=2 x slope= and C’= g(B’) =[196 em’ g” 


6.0 


5.0 


1.0 


0.0 + . * « 
0.00 0.05 0.10 0.15 0.20 0.25 0.30 


c/(gcm~*) Figure 16.15(d) 


The intercept of this plot should theoretically be 1.00, but it is in fact 0.915 with a standard 
deviation of 0.066. The overall consistency of the values of the parameters confirms that g is 


roughly 1/4 as assumed. 
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7 Chemical equilibrium 


Answers to discussion questions 


The position of equilibrium is always determined by the condition that the reaction quotient, Q, 
must equal the equilibrium constant, K.If the mixing in of an additional amount of reactant or 
product destroys the equality, then the reacting system will shift so that equality is restored. That 
implies that some of the added reactant or product must be removed by the reacting system and the 
amounts of other components will also be affected. These adjustments restore the concentrations to 
their (new) equilibrium values. 


See Justification 17.2 for a derivation of the general expression (eqn. 17.17b) for the equilibrium constant 
in terms of the partition functions and difference in molar energy, A,Eo, of the products and reactants in a 
chemical reaction. The partition functions are functions of temperature, and the ratio of partition 
functions in eqn. 17.17(b) will therefore vary with temperature. However, the most direct effect of 
temperature on the equilibrium constant is through the exponential term e~*”*’*”, The manner in which 
both factors affect the magnitudes of the equilibrium constant and its variation with temperature is 
described in detail for a simple R = P gas phase equilibrium in Section 17.3(b) and Justification 17.3. 


(1) Response to change in pressure. The equilibrium constant is independent of pressure, but the 
individual partial pressures can change as the total pressure changes. This will happen when there is 
a difference, An,, between the sums of the number of moles of gases on the product and reactant 
sides of the balanced chemical reaction equation: 


An, = Bs “oor > |v, 


J=product gases J=reactant gases 


The requirement of an unchanged equilibrium constant implies that the side with the smaller number 

of moles of gas is favored as pressure increases. To see this, we examine the general reaction equation 

0= Yv,J [17.8] is in the special case for which all reactants and products are perfect gases. In this 
J 


case, the activities of eqn. 17.12 equal the partial pressure of the gaseous species, and therefore 
Ts (gas) — Py ips = x,p/ p° 


where x; is the mole fraction of gaseous species J. Substitution into eqn. 17.12 and simplification 
yield a useful equation: 


x-(T]2 | -(TIs (p!p°)” | 

! equilibrium J 

-(T1» | TI» *)] -(II"] (p/p°)* 
equilibrium equilibrium J equilibrium 


equilibrium 


J 


= K, (p / p° te where K,= es 
J 


equilibrium 


K,, is not an equilibrium constant. It is a ratio of product and reactant concentration factors that has a 
form analogous to the equilibrium constant K. However, whereas K depends on temperature alone, 
the concentration ratio K, depends on both temperature and pressure. Solving for K, provides an 
equation that directly indicates its pressure dependence. 
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D17.7 


D17.9 


K,=K(p/p°) ” 


This equation indicates that, if An, = 0 (an equal number of gas moles on both sides of the balanced 
reaction equation), K, = K and the concentration ratio has no pressure dependence. An increase in 
pressure causes no change in K, and no shift in the concentration equilibrium is observed upon a 
change in pressure. 


However this equation indicates that, if An, < 0 (fewer moles of gas on the product side of the 
balanced reaction equation), K, =K(p/ p°). Because p is raised to a positive power in this 
case, an increase in pressure causes K, to increase. This means that the numerator concentrations 
(products) must increase while the denominator concentrations (reactants) decrease. The 
concentrations shift to the product side to reestablish equilibrium when an increase in pressure has 
stressed the reaction equilibrium. Similarly, if An, > 0 (fewer moles of gas on the reactant side of 


the balanced reaction equation), K,=K(p/ nr” Because p is raised to a negative power in this 


case, the concentrations now shift to the reactant side to reestablish equilibrium when an increase in 
pressure has stressed the reaction equilibrium. 


(2) Response to change in temperature. Equation 17.26(a) shows that K decreases with increasing 
temperature when the reaction is exothermic; thus the reaction shifts to the left, the opposite occurs in 
endothermic reactions. See Section 17.5(a) for a more detailed discussion. 


Failure of Le Chatelier’s principle is very unusual. The expected response to pressure may prove 
wrong should the gas components be non-perfect, real gases. Should the gases of the reaction side that 
is favored by Le Chatelier’s principle strongly repel while the gas molecules of the other side strongly 
attract, a compression may shift the reaction in the direction opposite to that expected for perfect 
gases. This is reflected in the analysis of eqn. 17.12 for the special case in which all products and 
gases are real gases having activity coefficients that do not equal 1. Coefficients greater than 1 are 
observed when intermolecular repulsions dominate, and they are less than 1 when attractive forces 
dominate. In this case,a,.. =¥,p,/ p” = ¥,x,p/ p© where y; is the activity coefficient of gas J. 


J(gas) 
Substitution and simplification yields 


K,=K(p/p°) */K, where K,=||7 
J 


If An, < 0 (fewer moles of non-perfect gas on the product side of the balanced reaction equation), a 
pressure increase will not shift the reaction equilibrium toward the products, which is predicted by 
Le Chatelier's principle, provided that the pressure increase causes K, to increase to the extent that 
the ratio (p/p®) “*/K, decreases. 


A galvanic cell uses a spontaneous chemical reaction to generate a potential difference and deliver 
an electric current to an external device. An electrolytic cell uses an external potential difference to 
drive a chemical reaction in the cell that is by itself non-spontaneous. In their essential features, 
these two kinds of cells can be considered opposites of each other, in the sense that an electrolytic 
cell can be thought of as a galvanic cell operating in the reverse direction. For some electrochemical 
cells, this is easy to accomplish. We say they are rechargeable. The most common example is the 
lead—acid battery used in automobiles. For many other cells, however, this kind of reversibility 
cannot be achieved. A fuel cell, like the galvanic cell, uses a spontaneous chemical reaction to 
generate a potential difference and deliver an electric current to an external device. Unlike the 
galvanic cell, the fuel cell must receive reactants from an external storage tank. See the text on 
engineering, /mpact 17.2, Fuel cells. 


The electrochemical series lists metallic elements and hydrogen in the order of their reducing power as 
measured by their standard potentials in aqueous solution (see Table 17.3). It is used to quickly 
determine whether one metal can spontaneously displace another from solution at 298 K. Application 
rule: A low element in the series will displace the cation of a high element in the series. For example, 
zinc is lower than hydrogen in the series, so zinc will spontaneously react with the hydronium cation, 
H’(aq), to form the zinc cation and hydrogen gas: Zn(s) + 2H*(aq) > Zn’**(aq) + H)(g). 
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D17.11 Eqn. 17.41, 


eo 
A.H® =F Be 7) [17.41] 


provides a non-calorimetric method for measuring A,H®. E%, must be measured over a range of 
temperatures so that the temperature derivative, dE2,/d7 , may be evaluated by curve fitting the 
E®(T) data. Substitution of the E%, and dE2,/d7 values into eqn. 17.41 yields the standard 
reaction enthalpy. The procedure is illustrated in text Example 17.5. In the special case for which 
dE“, /dT is negligibly small, we may conclude that A,S? =0(see eqn. 17.40) and A.H® = 
A.G°? =-vFE®,. 


Solutions to exercises 


E17.1(a) Eqn. 17.12 provides equilibrium constants in terms of activities for part (i) with the activities of 
pure solids and liquids being equal to 1. For part (41), substitute doje = YeoluteDsotute/> ° and assume 
perfect gas behavior with the substitution a,,5= p,,,/P”. 


(a) (i) K= Acocig) 4c) (ii) Ki= PooaP Ci 
Foi) cr, «e) PcooPa, 
2 2 6 
(b) (i) K=——*# — “804 (ii) K = ch _ ” 
Aso, ¢) 70, (2) Pso, Po, 
a 
(c) (i) K= FeSO, (8q) (ii) K+ y FeSO, x Beso, 
Gpyso, (aq) Yppso, SO, 
a. 2 @ 
(d) @)K= HCKaq) (ii) K = FeicaayOHCK0a) eke : 
Gy, @) Pu, @) (o° ) 
a ot 
() @K=——" (iy x 27S. So 
Acucieg) Tous Beuct 


E17.2(a)  v 


Hg,Cl, =-1, vy, = “1, Vag = 2 Vyg = 2 (An, =-l) 


E17.3(a) Let B=borneol and I=isoborneol; B= I. 


A.G=AG°+RTInQ [17.9] where Q= + [17.5°] 


Ps, 


0.15 mol 
= 9 pe Tet = 160 Tore 2 pam. = 400 Tor 
Pa ~*sP~ 0 15 mol +0.30 mol Pi = P~ Pp 


_ 400 Torr _ 
200 Torr 


A. G = (49.4 kJ mol) + (8.314 J K7 mol™)x(503 K)x(In 2.00) =[+12.3 kJ mol 


OQ 2.00 


This mixture reacts spontaneously to the left (toward the formation of borneol). 


414. STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


E17.4(a) The formation reaction is 2Ag(s) + 4% Oo(g) = Ag,O(s). 


1/2 
K= am = (=) (Gyo) = Ay, o@ = 1, and assuming perfect gas behavior, Ao, = Po, Ip®*.) 
0, 


10° Pa ) 
= = 91.86 
te =| 


A.G? =-RTInK [17.13] 
= —(8.3145 J K™ mol ')x(298 K)x (In 91.86) 
=|~11.20 kJ mol! 
E17.5(a) The reaction equation is PbO(s)+CO(g) = Pb(s)+ CO, (g). 
Vy he Weg FT Mag SRL Mag eal 
(a) A,G® = }iv, A,G® (J) [17.10b] 
J 


A.G® =A,G® (Pb, s)+A,G* (CO,, g)—A,G* (PbO, s, red)— A,G* (CO, g) 
= (-394.36 kJ mol’) —(—188.93 kJ mol’) —(—137.17 kJ mol”') 


he 


3 | 
[17.13] = ——168.26x10 Jmol” _ 97.55. K =[9.2x10" 


In K = = aes 
(8.3145 JK" mol')x(298 K) 


RT 
(b) A H® =A,H*(Pb,s)+A,H*(CO,, g)—A,H* (PbO, s, red)—A,H® (CO, g) 


= (-393.51 kJ mol”) —(—218.99 kJ mol) —(-110.53 kJ mo!) 


=|-—63.99 kJ mol” 
In K(400 K) = In K(298 K-32 (mx) [17.28] 
. R \400K 298K 


3 | _ = 
=27.55 ~(=S3.20x10 mol” (8,557 x10" K~) = 20.96 


8.314JK" mol! 
K(400 K) = 
A.G* (400 K) =—RT In K(400 K) [17.13] = -(8.3145 JK" mol™')x (400 K)x (20.96) 


=-—6.97x10* J mol?! =|— 69.7 kJ mol 


E17.6(a) CaF, (s) =* Ca?*(aq)+2F (aq) K =3.9x10™" 


A.G° =-RT InK 
=~(8.3145 JK™ mol')x (298.15 K)xIn(3.9x10™) = +59.4 kJ mol’ 
= A,.G® (CaF,,aq) —A,G® (CaF,,s) 

A,G® (CaF, ,aq) = A,G® +A,G® (CaF,,s) 


= [59.4-1167] kJ mol” =|—1108 kJ mol" 
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E17.7(a) Draw up the following equilibrium table for the reaction equation: 2A +B = 3C+2D. 


A B C D Total 
Initial amounts/mol 1.00 2.00 0 1.00 4.00 
Stated change/mol +0.90 
| Implied change/mol —0.60 —0.30 +0.90 +0.60 
Equilibrium amounts/mol 0.40 1.70 0.90 1.60 4.60 


Mole fractions 0.087 0.370 0.196 0.348 1.001 


(a) The mole fractions are given in the table. 


(b) K,=]]x,” 


3 2 a 
K. = WEY XE 29395 ed 
(0.087) x (0.370) 
(c) Pp, =%p |. pel bare p? = bbar 


Assuming that the gases are perfect, a, = p, / p~. Hence, 


) x Pc! PY Y XP! PP 


(p,/ py X(pa/ P°) 
x x . 
= 22, | =K, when p =1.00 bar =[0.33] 
X Xp 
(d) A.G® =-RT InK =-(8.3145 J K7 mol)x(298 K)x (In 0.326) =|+2.8 kJ mol” 
E17.8(a) ATP* (aq) + H,O(1) — ADP* (aq) + HPO,” (aq) + H,O* (aq) 


The biological standard state applies to the state where a,, = 10°’ and all other activities are 1 
(i.e., the biological standard state, ®, has pH = 7). Hence Q® =1x107. 


A.G® =A.G° +RT InQ® [17.9] 


=10 kJ mol + (8.3145 JK™ mol™')x(298 K)xIn(1x10°’) 
=|~—30 kJ mol! 


E17.9(a) For the chemical reaction I,(g) — 2 I(g), we use eqn. 17.19a with X =I, X2 = Ih, and A,Fy = Do(I-]1) 
where D,(I-I) is the dissociation energy of the I-I bond. 


=| 
Do a 1 alse — 10 en 
Z leV 


= ].2331x10* cm! =1.475x10° J mol” 


Boa 
T, pial A 


OO 2 
Ko{ Gr wm [17.19a] 


=O, M=4 


Gi, m = Im, )q* (1,)q" ,)4° (1), 9°.) =1 
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T 
= = 2.561x107(T/K)"? x(M/gmol')”” [Table 13.1] 
A 


= 2,561x107 x1000*? x 253.8°” = 3.2710" 


q.(D 2 5/2 3/2 9 
“2 = 2.561x10™ x1000"° x126.9°° =1.16x«10 


gC,) = ore, TK -1x0.6950x 1000 = 9316 
oO Bicm 0.0373 
~ =| 
ajc Dy garda 
[-¢" T/K 
. e357 


= —1.4388x214.36/1000 
l—e 


aes __1.16x10"x4)? 7 }475x10° /8.3145/1000 _ 3.70x10" 


~ (3.27x10°)x(9316)x (3.77) 


E17.10(a) For the reaction H,CO(g) > CO(g) + H2(g), An, = 1. 


Assuming that all reactants and products are perfect gases, the activities of eqn. 17.12 equal the 
partial pressure of the gaseous species, and therefore, 


Bi(gas) — Py /p° = x, p/p? 


where x; is the mole fraction of gaseous species J. Substitution into eqn. 17.12 and simplification 
yield a useful equation: 


e(ne)__-(gewrr) 


equilibcium 


“(ile )__ (ee?) eee 


J 


equilibrium 


=K,(p/p°)* where «,-(I]*"] 
J 


equilibrium 


K, is not an equilibrium constant. It is a ratio of product and reactant concentration factors that has a 
form analogous to the equilibrium constant K. Therefore, 


—An, 
a Pp 
“: (£5) 


Since K depends on temperature alone, 


KO) _KG,fp?) * - (2) " 


K,(p,) K(p,/ p®) 


K, (3.0 bar) _ (32 bar oe 
K,(1.0 bar) \ 1.0 bar 


Thus, |K, is reduced by 67% when the pressure is increased from 1.0 bar to 3.0 bar. This is 


quantification of the Le Chatelier principle that the equilibrium shifts to the left (side that has 
smaller number of gas moles) to reduce the stress of increased pressure. 


CHEMICAL EQUILIBRIUM 417 


E17.11(a) At 1280 K, A.G® =+33x10°J mol”; thus 


eB 3 -] 
bi i cz ky 4s ie ee ee 
RT ‘(8.3145 JK~ mol) x(1280 K) 
K, =[0.045 
@ 
bX, SdnRiphertie sl | TT 
Rustpead 


We look for the temperature 7, that corresponds to In K, = In(1) = 0. This is the crossover 
temperature. Solving for 7, from eqn 17.28 with In K, = 0, we obtain 


1 _ Rink, , 1 _{ 8.3145 JK~ mol™)x(-3.10) ( 1 
ie. 224x10° J mol” } \1280K 
= 6.66107 K7 
T, =|1500 K 
5 2 
E17.12(a) Given tn Kp LOY oe Pe 
a @ 
and since nA = ou [17.26b] , 
d(1/T) R 
ae: oe 5 172 
AH? _ jogs x + (2)%G-51x10° K?) 
R T 
Then at 450 K, 


5 2 
A.H® = [1088 K ~ 3.02210) (8.3145 JK7™ mot") =|+3.47 kJ mol” 


a pre 
1.044 1088 K _1.5]410 i. 


A.G® =-RTInK 17.13]= R7x{ ; 
T 


5 2 
= (8.3145 J K” mol )x (450 K)x! 1.044 1088 K _1.51x10° K" | _ 41915 ky mot 
{ ee 450K (450K) 


=A.H® -TA.S® [15.50] 


mF es <A -1 -1 
Therefore, A.S® = aoe . 4.47 kl mol — 10.15 kLmol” =(-1483K" mot". 


@ 
E17.13(a) nga (td) 117.28] 
I 2 1 
K, 
rl 3 | 


Therefore, A.H° =—- 


T, = 308 K; hence, with the substitution K,/K, = x, 


-1 -i 
_ (8.3145 JK” mol” )x(In x) 763 anole 


A. H® = 
308K” 298K) 
308K 298K 
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E17.14(a) 


E17.15(a) 


E17.16(a) 


Therefore, 


(a) K=2, A.H® =(76.3 kJ mol')xIn 2 =|+53 kJ mol” 
(b) r= 7 A.H® =(76.3 kJ mol)xIn+ =|—53 kJ mol” 


The decomposition reaction is CaCO, (s) = CaO(s) + CO, (g). 


For the purposes of this exercise we assume that the required temperature is the temperature at 
which K =1, which corresponds to a pressure of 1 bar for the gaseous product. For K =1, nK =0 
and A G® =0. 


A.G? =A.H® -TAS® =0 when A.H® =TA,S° 
Therefore, the decomposition temperature (when K =1) is 


_A,H® 


T= 
As* 


A. H® ={(-635.09)—(393.51)—(—1206.9)} kJ mol = +178.3 kJ mol” 


A.S® ={(39.75) + (213.74) —(92.9)} JK mol™ = +160.6 JK™ mol” 


3 -1 
7 = 1/8.3x10\ Jmol” _tiiox (840 °C) 


~ 160.6 JK” mol™ 


The cell notation specifies the right and left electrodes. Note that for proper cancelation we must 
equalize the number of electrons in half-reactions being combined. To calculate the standard cell 
potential (emf) of the cell, we have used E® = EY ~E? , with standard electrode potentials from 
Table 17.2. 


| a 
(a)  R: 2Ag*(aq)+2e — 2Ag(s) +0.80 V 
L: Zn*(aq)+2e° > Zn(s) —0.76 V 
(b) Overall (R-L): 2Ag*(aq)+ Zn(s) > 2Ag(s) + Zn” (aq) +1.56 V 
R: 2H" (aq)+2e — H,(g) 0 
L: Cd” (aq) +2e” > Cd(s) 0.40 V 
(c) Overall (R-—L): Cd(s)+2H* (aq) > Cd** (aq) + H, (g) +0.40 V 
R: Cr**(aq)+3e" — Cr(s) -0.74V 
L: 3[Fe(CN),]*(aq)+3e” — 3[Fe(CN), }* (aq) 40.36 V 
(d) Overall (R-L): Cr (aq)+3[Fe(CN),]* (aq) > Cr(s)+3[Fe(CN),}- (aq) -1.10 V 
R: Sn**(aq)+2e” > Sn” (aq) +0.15 V 
L: 2 Fe**(aq)+2 e€ — 2 Fe (aq) +0.77 V 
Overall (R —L): Sn** (aq) + 2Fe** (aq) > Sn”* (aq) + 2Fe”* (aq) -~0.62 V 


COMMENT. Cells for which E®>O may operate as spontaneous galvanic cells under standard 
conditions. Cells for which E® <0 may operate as non-spontaneous electrolytic cells. Recall that E* 
informs us of the spontaneity of a cell under standard conditions only. For other conditions we require E. 


The conditions (concentrations, and so on) under which these reactions occur are not given. For the 
purposes of this exercise we assume standard conditions. The specification of the right and left 
electrodes is determined by the direction of the reaction as written. As always, in combining half- 
reactions to form an overall cell reaction, we must write the half-reactions with equal numbers of 
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electrons to ensure proper cancellation. We first identify the half-reactions and then set up the 
corresponding cell. To calculate the standard cell potential (emf) of the cell, we have used 
E® =E, - E°,, with standard electrode potentials from Table 17.2. 


E®? 

(a) R: Pb**(aq)+2e7 —> Pb{s) 0.13 V 

L: Fe”*(aq)+2e° — Fe(s) -0.44V 

Hence the cell is 

Fe(s) | FeSO, (aq) || PbSO,, (aq) | Pb(s) +0.31 V 
(b) R: Hg,Cl,(s)+2e — 2Hg(l)+2ClI (aq) +0.27 V 

L: H’(aq)+e — +H,(g) 0 

and the cell is 

Pt|H, (g)|H" (aq)|Hg, Cl, (s)|Hg() 

or PtH, (g)|HCl(aq)|Hg,Cl, (s)|Hg(1) +0.27 V 
(c) R: O,(g)+4H*(aq)+4e — 2H,O(I) +1.23 V 

L: 2H*(aq)+2e — H,(g) 0 

and the cell is 

Pt{H, (g)IH" (aq) | O,(g) [Pt +1.23 V 


COMMENT. All these cells have E* >0, corresponding to a spontaneous cell reaction under standard 
conditions. If E® had turned out to be negative, the spontaneous reaction would have been the reverse 
of the one given, with the right and left electrodes of the cell also reversed. 


E17.17(a) Ag|AgBr(s)|KBr(aq, 0.050 mol kg™)} |(Cd(NO3),(aq, 0.010 mol kg')|Cd(s) 
(a) R: Cd”*(aq) + 2 & > Cd(s) E® =-0.40 V (Table 17.2) 
L: AgBr(s) +e —> Ag(s) + Br (aq) E® = +0.0713 V 
R-L: Ex =-0.47V 


_ The cell reaction is not spontaneous toward the right under standard conditions because E®, <0. 


(b) The Nernst equation for the above cell reaction is 
| ee rl et ne [17.32] 
vF 


3 3 
5° b° 

where v=2_ and Date 7 x ( ) ok I ™ ( } 

Fog Fy Voge a : Doge by Yer Yes ba be 


[16.53] 


5 = 90.010 mol kg” for the right-hand electrode and 6, - = 0.050 mol kg’ for the left-hand electrode. 
(c) The ionic strength and mean activity coefficient at the right-hand electrode are 
I, = Lz; (b, /b® ) [16.57] = +{4(0.010) +1(.020)} = 0.030 


log Y,., =—|z,z_ | Al"? [16.56] = —2x (0.509) (0.030)'" = -0.176 
in = 0.666 
The ionic strength and mean acitivity coefficient at the left-hand electrode are 


1, =4 9527 (b, /b®) [16.57] = ${1(0.050) + 1(.050)} = 0.050 - 


log ¥,, =—|2,2_ | AI'” [16.56] =—1x(0.509)x(0.050)"* =-0.114 
¥.1, = 0.769 
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Therefore, 


=| ceeuerer  mormemosnr) tt 

and 

E_, =-047 V- 
= 


E17.18(a) We calculate the standard Gibbs energy with A.G2, =—vFE®, [17.30]. 


r 


-3 
Been in. 02x10" 


v AG® /kJ mot! 


r~ cell 


E17.19(a) We first recognize the reduction and oxidation processes within the reaction equation and calculate 
E®, using E® = E® (reduction couple) — E® (oxidation couple) [17.34] with the standard reduction 
potentials of Table 17.2. Inspection of the balanced reaction equation and comparison with the 
redox couples also gives the stoichiometric coefficient of the electrons transferred, v. The 
equilibrium constant is calculated with 


K =e"*"'®" 11733] where RT/F =25.693 mV at 25 °C 
(a) E° =E®°(Sn“/Sn*)—E?(Sn"/Sn) and yv=2 

E® =+0.15 V—(-0.14 V) = +0.29 V 

K a e24029)/(0.028693) _ 
(b) E°® =E°(Hg**/Hg)-E°(Fe"/Fe) and v=2 

E® =+0.86 V-—(-0.44 V) =+1.30 V 


K =etsnonsn _ [e908 


E17.20(a) If half-reaction (c) is the direct sum of half-reactions (a) and (b), the generalization of text Example 


17.4 gives 
E°(c)= v,E* (a)+ VE" (b) 
Ve 
Thus, 
e 4+ 3+ 34 
E® (Ce“ /Ce) = ECS 1Ge13E (Ce 168) 
1eL eae) 


4 


= [11.46 V] 
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E17.21(a) Zn is lower than mercury in the electrochemical series of Tables 17.2 ane 17.3. Fee 
metallic zinc oe the mesouryi ey cation from sat solution and elemental mercury cannot 


An alternative view observes that, since E® (Zn / ohne / Hg) <0, the reaction Hg(l) + 
Zn”*(aq) + Hg**(aq) + Zn(s) is not spontaneous. 


E17.22 (a) R: Ag*(aq) +e —> Ag(s) +0.80 V 
fee = a” — ee = 0.9509 V 
L: Agl(s) + & — Ag(s) + (aq) -0.15 V 
Overall: Ag*(aq) + I'(aq) — Agl(s) v=1 
wn we E97 9975 OY. gr cig 
RT 25.693x107~ V 
K =1.18x10"° 
(a) fg Ol ee, 18x10'° 


*Ag* (aq) I (aq) [Ag iis ] [ Ag" ip 


In the above equation, the activity of the solid equals 1, and since the solution is extremely dilute, 
the activity coefficients of dissolved ions also equal 1. Solving for the molar ion concentration gives 
[Ag*] = [I] =9.2 x 10°M. Agi has a solubility equal to 


(b) The solubility equilibrium is written as the reverse of the cell reaction. Therefore, 


Kg=K"'=1/1.18x10'%= 


E17.23(a) Hg,Cl,(s) + H2(g) > 2 Hg() + 2HCl(aq) and v=2 


Within this small 10°C temperature range we can assume that the standard reduction potential is 
linear in temperature. The two-point method provides the slope. 


2 8 
slope: a — WF _ AF ou _ (0.2669 - 0.2699)V =—3, 0x10~ V : 
dT AT (303 —293)K 


The linear expression is 


E® (T) = E® +ax(T -T,) = 0.2699 V +ax(T —293 K) 
=aT+b where a=-3.0x10*° VK" and b=0.3578V 


Thus, 


A.G® (298 K) = —vFE®, (298K) 
= ~2x (96485 C mol) x {(-3.0x10% V K~)x(298 K) + 0.3578 V} 


= [£52 kJ mot” 


oO 
AS° =yF—2 — [17.40] 


= eee C mol')x(-3.0x10* VK") 


=|~58 JK" mol 
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A H® =A.G? +TAS® [17.41] 
= (—52 kJ mol”) + (298 K)x(-58 JK™ mo!) 


= 69 kJ mot 


Solutions to problems 
Solutions to numerical problems 
P17.1 (a) A G® =-RTInK [17.13] 
= ~(8.3145 JK mol )x(298 K)x (In 0.164) = 4.48x10° J mol” 


=|+4.48 kJ mol”! 


(b) Draw up the following equilibrium table. 


I, Br, [Br 

Amounts — (l—@)n — 2an 

Mole fractions — (l— @) 2a 
(+a) (+a) 

Partial pressure — (l—a@)p 2ap 
Py = Xy Pp (1+ a@) (l+@) 


2 
K= Te [17.12] = rere [perfect gases] 


Br, 


— 
rr a ee EE ee 


With p=0.164atm, 4a? =1-@ a@=1/5 a@=0.447 


— oad = )xO-487) (0.164 atm) =|0.101 atm 


l+a@ 1+ 0.447 
(c) The equilibrium table needs to be modified as follows. 


P=P\,+ Pa, + Pw Pr, =~, P Per = *rP Py, = %,P 


with x,, = Ph hs [7 = amount of Br, introduced into the container] 
2 (+ Q@)nt+n, 
2an 
d =. 
ii a (l+@)n+n, 


K is constructed as above [17.12] but with these modified partial pressures. To complete the 
calculation, additional data are required, namely, the amount of Br, introduced, n, and the equilibrium 
vapor pressure of I,(s)., can be calculated from a knowledge of the volume of the container at 
equilibrium, which is most easily determined by successive approximations since p, is small. 


What is the partial pressure of IBr(g) if 0.0100 mol of Br, (g) is introduced into the container? The 
partial pressure of I, (S) at 25°C is 0.305 Torr. 
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P17.3 H,O(g) > Hg) +%O(g)  A,G® (298 K) =+118.08 kJ mol” at 2300 K 


K=e*!? 117.13] 
— el 18080 kJ mol™')/(8.3145 JK~ mol™')x(2300 K) 


= 0.002082 
Draw up the following equilibrium table. 


H,0(g) H2(g) O2(g) 


Amounts at start 


Amounts at equilibrium 


Mole fractions at equilibrium 


n 
(1-a)n 
(l-@) 
(l+4@) 


an 


a _ 
(1+ 4@) 


lAgn 
Ka 


+ Ka) 


/ 2 / @ 2 
K =T]a’ 117.12) = 2 P*XPo,/P_) 
J 


[perfect gases] 
(Py,0 / p*) 


tin pia iu pie 
(Xy,0P / p*) 
‘ (x4, Xo, yi2 
(X4,0) 


ea Mas) 
l+K%a l+Ka l-a@ 

Te a ee ee ~ er : 
=(%) @& (| (+) (i) 


The equilibrium constant is small, and consequently it is reasonable to estimate that a << 1. In this 
case, the factors 1+ %a@ and 1—@ in eqn. (i) are approximately equal to 1. 


ee yy? op? 
Pad fon” xy" 


~ {(%)"” (0.002082)}"" 
~ [0.02054 


[p, - 1P] 


[p= p© = | bar] 


Alternatively, the numeric solver of a scientific calculator or software package like Mathcad can be 
used to acquire the numeric solution to eqn. (i). It is a = 0.02033. 


P17.5 H,O(g) + DCl(g) = HDO(g) + HCl(g) 


K = 1 (HDO) 4° (HC) 8, /ar 


[17.14a; Ny factors cancel] 
q° (H,O)4®° (DCI) 


Use partition function expressions from Table 13.1. The ratio of translational partition functions is 


q' (HDO)q" (HCl) _ ( mamonMenen ( osanasas)" ‘dae 


q,(H,O)q¢:(DCl) | M(H,O)M(DCI) 18.02x37.46 


424 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


The ratio of rotational partition functions is 
q* (HDO)q* (HCl) _ o(H,O) (4(H,0)B(H,0)C(H,0)/cm™)'? B(DCI) /cm™ 

q* (H,O)q* (DCI) 1 (ACHDO)B(HDO)C(HDO)/ cm™)”” BCC) / cm" 
=e (27.8814.51x9.29)"? x 5.449 

(23.38x9.102x6.417)"? x10.59 


= 1.707 


(o= 2 for H,O; o= 1 for the other molecules) 
The ratio of vibrational partition functions (call it Q) is 


q’ (HDO)q’ (HCl) _ 4(2726.7)q(1402.2)q(3707.5)q(2991) _ 


q (H.0)q" (DCI) 4(3656.7)q(1594.8)q(3755.8)q(2145) QO 


where q(x)= , 
—e 


—1.4388x(T/K) 


= = 44(2726.7 + 1402.2 + 3707.5 + 2991) — (3656.7 + 1594.8 +3755.8+2145)}cm™ 
Cc 


=—162cm™" 


So the exponent in the energy term is 
ON PRT net Egg. WEEE | 233 


cw * dectat T/K T/K 
Therefore, K = 1.041x1.707xOxe?"'"' =1.777 00? 97"), 
We then draw up the following table (using a computer). 


T/K 100 200 300 400 500 600 700 800 900 1000 
K 18.3 am 66 38, «63D UP SB Fe CLUS OCA AL O24 2.29 


Specifically, (a) K =[3.89] at 298 K and (b) K =[2.41| at 800 K. 


P17.7  CH,(g) = C(s)+2H,(g) 
This reaction is the reverse of the formation reaction. Consequently, 
A,G° =-A,G° =~(A,H® -TA,S® ) 
= —{-74.85 kJ mol! —(298 K)x(-80.67 JK" mot™)} 
=+50.81 kJ mol 
(a) K =e ht" 117.13] 


" 7 (5.081%10" J mol” )/(8.3145 J K~! mot! 298 K) 


=|1.24 x 10° 
(b) A H® = —A,H® = 74.85 kJ mol"! 
A al 1 1 


In K(50 °C) = In K(298 K) -—=——-] ——— - | [17.28 
Set a ae) 323 K mx)! 


7.4850x10* J mol”! 


= ~20.508- a 
8.3145 JK~ mol 


}xcassixi0% =-18.170 


K(50 °C) = 
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P17.9 CO,(g) = CO(g)+ % O,(g) 


Draw up the following equilibrium table and recognize that, since a, << 1, a, may be neglected 
when compared to 1 within mole fraction factors. 


CO, - €0 O, 
Amounts (l—a@,)n an Yan 
: l—a@, a, a, 
Mole fractions Ita, a, taVan Ya, 1+ 4a, @, 
Approximate mole fractions l a, VACA 
| p® / p®\2 
| K= [le 17.12] = on Py [perfect gases] 
J Pco, ' P 
£92” | 
=—— (p/ p®)"” [p, =x,P] 
Xco, 
‘2 
Xco, 
7 a, ( Yea. r 2 
1/2 ‘ 
=(4a,’) @ 
A.G®? =—RT InK [17.13] (ii) 


The calculated values of K and A,G® are given in the table below. 


Tk ss eee A age 
a, /10~* 1.44 2.50 4.71 
K /10° 1.22 2.80 7.23 
A,G? / kJ mol" 158 153 147 
AS®/ IJK" mol' 102 102 102 


A.H® can be calculated from any two pairs of K and T. 


K 
aw 2) (8.3145 JK" mol") x nf 7.232107 Lo 
AH? ahd = —_______ an Leek 2/300. ki imol™ 


pee Fe oe eee Se 
7 “E 1395K 1498K 
a 6 
AS” = ee 7 a (iii) 


K, A.G® ,and A,S® are calculated with eqns. (i), (ii), and (iii). 


COMMENT. A.S® is essentially constant over this temperature range, but it is much different from its 
value at 25°C. A.H®, however, is only slightly different. 


Question. What are the values of A.H® and A.S® at 25°C for this reaction? 


426 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


P17.11 A,G® (H,CO,g) = A,G° (H,CO,1)+A,,,G® (HCO, 1) 


For H,CO(l) = H,CO(g), K(vap)=—- where p = 1500 Torr = 2.000 bar and p® = 1 bar. 


8 


Pp 
4 
AG” =—RT In K(vap) = “kT h—— 
= ~—(8.3145 JK mol™)x(298 K)xi 200 Be) =—1.72 kJ mol" | 
ar 
Therefore, for the reaction CO(g) +H, (g) = H,CO(g), 
A,G* ={(+28.95) +(-1.72)} kJ mol™ = +27.23 kJ mol” 


. ei PY eo i 7 = 
Hence, K act 27.2310? J mol~!)/(8.3145 JK~! mot! )x(298 K) = e799 _ |) 69x107| 


P17.13 | Draw up the following table for the reaction H,(g)+ 1, = 2HI(g) K =870. 


H, ne > HI Total 
Initial amounts/mol 0.300 0.400 0.200 0.900 
Change/mol —x —x +2x 
Equilibrium amounts/mol 0.300 — x 0.400 — x 0.200 + 2x 0.900 
0.300-x 0.400 - x 0.200 + 2x 
t ————— 
Scan: 0.900 0.900 ~ 0.900 : 
/p®y 
= SC [perfect gases] 
(Py,/P MP, /P ) 
(Xu)? (0.200 + 2x)? 
spe ieee. Feedage ace ete ee wll TS 
(ry, x, ) [Ps = 4PI= 309-1 (0.400—x) [given] 
Therefore, 


(0.0400) + (0.800x) + 4x? = (870)x(0.120—0.700x+x") or 866x? —609.80x+104.36=0 
which solves to x = 0.293 [x = 0.411 is excluded because x cannot exceed 0.300]. The final 
composition is therefore 0.007 mol H,| [0.107 mol I, | and 10.786 mol HI]. 
P17.15 If we know A.H® for the reaction Cl,O(g) + H,O(g) —~ 2 HOCI(g), we can calculate A,H® 

(HOC]I) from 

A. H® =2 A,H® (HOCLg)—A,H® (C1,0,g)-A,H® (H,0,g) 
We can find A.H® if we know A,G® and A,S® since 

A.G? =A. H-TAS 
And we can find A.G® from the equilibrium constant. 

K =exp(-A,G°/RT) so A.G? =-RTInK 


A,G® =-(8.3145x107 kJ K™ mol')x(298 K) In(8.2x107 ) 
= 6.2 kJ mol 


AH? =A.G° +TAS* 
= 6.2 kJ mol +(298 K)x(16.38x10~ kJ K™ mol"), 


=11.1kJ mol” 
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Finally, 
A,H® (HOCLg) = 4[A,H® +A,H® (C1,0,g)+A,H® (H,0,g)] 


= ¥[11.1+77.2+ (-241.82)] kJ mol 


= [76.8 kJ mot] 


P17.17 ¥%N,(g)+% H,(g)— NH, (g) > Y= Vyn, +¥x, +Yy, =1-4-%=-1 


Products—Reactants,i 
This is the ammonia formation reaction for which we find the standard reaction thermodynamic 
functions in the text appendix (Table 14.6). 


A.H® (298 K)=-46.11kJ and A.S° (298 K)=-99.38 JK” 


Use appendix information to define functions for the constant-pressure heat capacity of reactants 
and products (Table 14.2). Define a function rE Sg (7) that makes it possible to calculate A.C, at 
1 bar and any temperature (eqn. 14.48). Define functions that make it possible to calculate the 
reaction enthalpy and entropy at 1 bar and any temperature (eqns. 14.47 and 15.29). 


2 as. e@ eG 
A,H® (T)=A,H®(298)+ [0 A.C? (1) aT 


oar 


ISK 


A.S® (T) = A,S* (298) + i 


(i) For a perfect gas reaction mixture, A.H is independent of pressure at constant temperature. 
Consequently, A.H(T, p)=A,H®(T). The pressure dependence of the reaction entropy may 
be evaluated with the expression 


AST. p)=AS°r)+ YL uf ae 
=AS°(T)- > 4 


sAS*- FF ite 


Products—Reactants,i 


=A 99(7)\_ —P_\-a 5° (T)-(- er ae 
=AS | > | Rm (22) AS r)-(-1) Rin (2) 


Products~Reactants.i 


=A S°(T)+ Rin (-) 
1 bar 


The above two equations make it possible to calculate A.G(7, p). 
A.G(T, p)=A,H(T, p)-TA,S(T, p) 


Once the above functions have been defined on a scientific calculator or with mathematical 
software on a computer, the root function may be used to evaluate pressure where A G(T, p) = 
~500J at a given temperature. 


(a) and (b) perfect gas mixture: 
For T = (450+ 273.15)K = 723.15 K, root(A,G(723.15 K, p) +500 J) =[156.5 bar]. 


For T = (400+ 273.15)K = 673.15 K, root(A,G(673.15 K, p)+500 J) =[81.8 bar]. 
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(ii) For a van der Waals gas mixture, A.H does depend upon pressure. The calculation equation is 


AH(T.P)=AH°(T)+ SY vf ( dp 
Products—Reactints i o- T 
[The sum involves the i = 1, 2, 3 gases (NH,, N,, or H,)] 


z : aV, 
Pit ee a flr. = 7) | dp 


oH. 
dp 


[The equation of this substitution is proven below.*] 


where (0V,,/OT), = RV, -b,)'(RT(V,,, -8,)° —2a,V3)" for each gas i (NH,, N,, or H,) and 


1 mi 
V (0. =r SEY oe 
m., Vni —6 ats 


The functional equation for A.S calculations is 


AST, p)=AS°T)- Sy, de dp 


Products~—Reactants,i 


where (OV,,,/0T), and V,.(T, p) are calculated as described above. As usual, 
A,G(T, p)=A,H(T, p)—TA,S(T, p) 


(a) and (b) van der Waals gas mixture: 


For T = 723.15 K, root(A,G(723.15 K, p)+500 J) =[132.5 bar]. 
For T = 673.15 K, root(A,G(673.15 K, p)+500 J) =|73.7 bar]. 


van der Waals gas approximation 


1000 


500 


ArG/kJ mol-1 
S 


60 80 100 120. 140 160 Figure 17.1 
p/bar 


(c) A,G(T, p) isotherms (see Fig. 17.1) Le Chatelier’s principle. Along an isotherm, A,G 
decreases as pressure increases. This corresponds to a shift to the right in the reaction equation and 
reduces the stress by shifting to the side that has fewer total moles of gas. Additionally, the reaction is 
exothermic, so Chatelier’s principle predicts a shift to the left with an increase in temperature. The 
isotherms confirm this as an increase in A.G as temperature is increased at constant pressure. 


*Many thermodynamic equations are very useful when deriving desired computation equations. 


One of them (used above) is (= =-T & +V. To prove this relationship, first use an 
- T 


identity of partial derivatives that involves a change of variable: 


#6) (98) © 
op r as P op T op s 


P 
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We will be able to identify some of these terms if we examine an expression for dH analogous to 
the fundamental equation of thermodynamics [15.54]. From the definition of enthalpy, we have 


dH =dU + pdV +V dp =T4S - pdV [15.54]+ pdV +V dp =T dS+V dp 


Compare this expression to the exact differential of H considered as a function of S and p: 


an = (2H) as-+( 2H) ap 


os dp 
Thus, (=) 


=T, (3 =V [dH exact]. 
os 2 


Pp op 
Substitution yields (2) = (S) +V =|-T (=) +V| [Maxwell relation]. 
ap }., Op )., oT 


P 


P17.19 The electrode half-reactions and their potentials are 


E? 
R: Q(aq)+ 2H" (aq) + 2e” — QH, (aq) 0.6994 V 
L: Hg,Cl,(s)+2e" 3 2Hg(1) + 2CT (aq) 0.2676 V 
Overall (R-L): Q(aq)+ 2H*(aq)+2Hg(1)+ 2CT (aq) > QH,(aq)+He,Cl,(s) 0.4318 V 


a(QH,) 
a(Q)a’(H*)a* (CI) 
Because quinhydrone is an equimolecular complex of Q and QH, and m(Q) =m(QH,), and their 
activity coefficients are assumed to be 1 or to be equal, we have a(QH, ) = a(Q). Thus, 


l 
a’ (H* )a* (CI) 


O(reaction quotient) = 


Q= and E=E° aan Q (17.32, 25°C] 


let Ot rece aie 188? wad = 1.49x10° 
g 25.7 mV 25.7x10° V g 
a’(H*)=(7,6,"; @(Cl)=(y.by [b=b/b*] 


For HCl(aq), 5, = 6. = 5, and if the activity coefficients are assumed equal, a’(H*) =a’(CI’); hence 


] ] 


1 i/4 1 1/4 
Thus, a(H*) =| — -(aF) =9x10° 
Q 1.49x10 


pH = —log a(H*) = 
P17.21 = Pt| H,(g) | HCl(aq,5) | Hg,Cl, (s) | Hg()) 
% Hg,Cl.(s) + % H2(g) > Hg(l)+ HCl({aq) and v=1 


E=E® - — in a(H* )a(CI ) [17.32] 


a(H*)=y,b,=y7,b; a(Cl)=y7.b =y7.b [b=b/b® here and below] 


a(H*)a(Cl’) = ¥,y_b° = 7b" 


430 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


E=E°-—*inb-——in ¥, (i) 


Converting from natural logarithms to common logarithms (base 10) in order to introduce the 
Debye-Hiickel expression, we obtain 


aaa Sa x2RT fee oe 2RT og " 


= E® —(0.1183 V)logb—(0.1183 V) log y, 
= E® - (0.1183 V)logb-(0.1183 V)[-|z,z | Al’? | 
= E* — (0.1183 V)logb+(0.1183 V)x Axb”” [J =5] 
Rearranging, 
E+(0.1183 V)logb = E® +constant x b"”” 


Therefore, plot E + (0.1183 V) log b against b’”, and the intercept at b=Ois E® /V. Draw up the 
following table. 


b/(mmol kg”) 1.6077 3.0769 5.0403 7.6938 10.9474 
(b/ b?)” 0.04010 0.05547 0.07100 0.08771 0.1046 
E/V +(0.1183)logb 0.27029 0.27109 0.27186 0.27260 0.27337 


The points are plotted in Figure 17.2. The intercept is at 0.26840, so E® = +0.26840 V . A least- 
squares best fit gives E® =|+0.26843 V| and a coefficient of determination equal to 0.99895. 


For the activity coefficients, we obtain from equation (i) 


6 — 
E°-E_ | b _ 0.26843-E/V |b 


IRTIF  b?® 0.05139 b® 


In ¥, = 


and we draw up the following table. 
b/(mmolkg") 1.6077. 3.0769 5.0403 7.6938 10.9474 | 
EIV 0.60080 0.56825 —-0.54366.~Ss««52267 ~—=S—«é« 50532 | 


In ¥, —0.03465 —0.05038 —0.06542 0.07993 —0.09500 | 
Y;, 0.9659 0.9509 0.9367 0.9232 0.9094 | 


E/V+ 0.1183 log(b/b®) 


0 0.02 0. 0.06 0.08 0.10 
(b/b® )'? Figure 17.2 


P17.23 


CHEMICAL EQUILIBRIUM 431 


The cells described in the problem are back-to-back pairs of cells each of the type 


M,Hg(s)|MX(6, )|AgX(s)|Ag(s) 

R: AgX(s)+e — Ag(s)+X™ (8,) 
L: M*(h)+e pts M,Hg(s) (reduction of M* and formation of amalgam) 
R-L: M,Hg(s)+AgX(s)—*->Ag(s)+M”* (6, )+X~ (5,) 


and v=1 


9 = aM )a(X7) 
a(M, Hg) 


_ pO _ RT 
E=E - In OQ 
For a pair of such cells back to back, 
Ag(s)| AgX(s) | MX(4,)|M, Hg(s) | MX(6,)| AgX(s)| Ag(s) 


RT 


E, =E°-Tind, and E, = E°-——InQ, 


_ RT, (a(M")a(X)), 
O F (a(M*)a(X")), 
(Note that the unknown quantity a(M ,Hg) drops out of the expression for E.) 


a(Mr)a(x-)=(H5)(26)=2(-bY (r= 0) 


asd b? hb? 
With L=(1) and R =(2), we have 


pu 2RTy& , 2RT , HU) 


Fb, FF Y,() 
Take b, =0.09141 mol kg™ (the reference value), and write b=, /b®. 


paZkT),, 9 iin 
F | 009141 y,(ref) 


For b =0.09141 , the extended Debye—Hiickel law gives 


2 


-—a tl with A=1.461, B=1.70, C=0.20, andJ =b/b® 


De 1/2 
een edie (1.461) x (0.09141) < 

(1) + (1.70) (0.09141) 
y,. (ref) = 0.5328 


logy, = 


+ (0.20) (0.09141) = -0.2735 


b y. 
Then E =(0.05139V)4in—-__ + In 4 __ 
RUNES , 0.09141. ag} 


E b 
la ¥, = ——__- — h —_________ 
0.05139 V (0.09141)x (0.05328) 
We then draw up the following table. 


~ 0.1652 


bi/(mol/kg") 0.0555 0.09141 0.2171 1.040 1.350 
E/V —0.0220 0.0000 0.0263 0.0379 0.1156 0.1336 
V. 0.572 10.533 0.492 0.469 0.444 0.486 
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P17.25 


A more precise procedure is described in the original references; for the temperature dependence 
of E* (Ag, AgCl, Cl) , see Problem 17.24. 


Electrochemical cell equation: %H,(g,1 bar) + AgCl(s) — H”* (aq) + CI (aq)+ Ag(s) with a(H,) = 
l bar = p® anda, = 7,,-b 


Weak acid equilibrium: BH* — B+H” with b... =b, =b 
and K, =a,a,. /a,. =%y Oa. / Vy O=%y Aye / Vou: 
OF a. = Yue K,/ Np 
lonic strength (neglect b,, because b,, <<b): I= e.. eT oe _ =} 


According to the Nernst equation [17.32], 


E=E® Fal ee | = E° = oa( a, a.) 
PU, )! P 


F K,Y zn _b 
——— (E- E®) = -log(a,, y,,-6) =—log [Stet = pK, —log(b)—2log(y,) 


RTIn(10) ’ 
ead hey = E*) = pK, —log(b)+ 2Avb —2kb where A=0.5091 
RT in(10) 1+BvVb 


The expression to the left of the above equality is experimental data and is a function of b. The 
parameters pK,, B, and k on the night side are systematically varied with a mathematical regression 
software until the right side fits the left side in a least-squares sense. The results are 


pK, = 6756) (B=1.957), ana [F=—OI 


ag? 
14.57"? is 


The mean activity coefficient is calculated with the equation y, = F for desired values of 
b and J. Figure 17.3 shows a y,, against J plot for b = 0.04 mol kg™' and 0</7<0.1. 


i3 


09 
0 0.02 0.04 0.06 0.08 01 


f Figure 17,3 


P17.27 


P17.29 


P17.31 
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aA(g) + bB(g) = cC(g)+ dD(g) 


c d 
K = 202) 
a b 
F acg) 2B(g) 
(Do! p® (Pp / pp?) 
Re [perfect gas, a, = p, / p*] 
A B 


PEPp 
= HckD (Cp? where An,=c+d-—a-—b 
PrPp 


c d An, 
= eae 3 Ip, =,RT/V =[J]RT] 


_ ((C}/c®) (D)/c? a 


An, 
el 3 
((A]/c®)*([B]/c®)’ | p® [c~ =1 mol dm™] 


=K,(c°RT/ p®)* where K,= Sih i Ea 
([A]/c*)*((B]/c*) 


MX(s) = M’(aq)+X (aq) 
K, = a(M* )a(X~) = b(M*)b(X )y;, [b= b/b7] 
The concentration of the soluble salt, b(M*) = S’ , is very low compared to the concentration of the 


freely soluble salt, [NX] = C. Consequently, b(X~)=S’+C=C and the ionic strength depends on 
C alone. 


I = ¥,(B(N*)+5(X)) [16.57]=C 


Iny, = 2.303logy, =—2.303A/'” [16.56] where A=0.509 


a V2 1/2 
Y. =e 2.303.AI and V, as e406 4I 


Hence, K, =S’'Ce*" or’ = K,e* 4" /C. 


Solutions to applications 


The fractional saturation, s, the fraction of Mb molecules (or Hb molecules) that are oxygenated, is 
related to the partial pressure of oxygen, p (= p/1 Torr), through the Hill equation, 


ao 
-_ (p/ an) 


l/v 
log — =vlogp—vlogKy, of p=Kyy (5) y 
7 | 1+(p/ Kyun) 


“> 


where v and Kyi are the Hill coefficients. 


(a) Let py, be the oxygen pressure when s = 2. Then 


Viv 
Y, 
Py — Kuan { 
= Kyin 


I-% 
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Thus, measurement of py, directly yields Ky. The plots of P17.30 give p, = 20.0 Torr for Mb and 
Py = 35.0 Torr for Mb and we conclude that and [Kisin(Hb) = 35.0, 


The fractional saturation of Mb and Hb at a given p is calculated with the equation 


(p/ Kun ) 
1+(p/ Kin ) 
The values of Ky; are reported above and the values of v are given as WMb) = 1 and (Mb) = 2.8. 
We draw up a table. 
s 
pfkPa = p/Torr Mb Hb 
1.0 7.5 0.27 0.01 
1.5 11.3 0.36 0.04 
2.5 18.8 0.48 0.14 
4.0 30.0 0.60 0.39 
8.0 60.0 0.75 0.82 


(b) Using the Kyi, value for Hb reported above and the value v = 4 in the Hill equation, 


pe (p/ Kyu) 
1+(p/ Kyu) 


yields the fractional saturations reported in the following table. 


ptkPa p/Torr _ s(Hb) 


1.0 7.5 0.002 
1.5 11.3 0.01 
2.5 18.8 0.08 
4.0 30.0 0.35 
8.0 60.0 0.89 
P17.33 A.G=A,G° +RTInQ [17.9] 


In Equation 17.9, molar solution concentrations are used with 1 M standard states. The standard 
state (8) pH equals zero in contrast to the biological standard state(®)of pH 7. For the ATP 
hydolysis 


ATP(aq) + H,O()) > ADP(aq) + P; (aq) + H30*(aq) 


we can calculate the standard-state free energy given the biological standard free energy of about —31 
kJ mol’ (Jmpact on biology 17.1). 


A.G® =A. G® +RT in Q® [17.9] 

A,.G® =A,G® — RT InQ® 
= ~31 kJ mol! —(8.3145 JK™ mol™')x(310 K)In(10”’ M/1 M) 
= +11 kJ mol! 


This calculation shows that under standard conditions, the hydrolysis of ATP is not spontaneous! It 
is endergonic. 


P17.35 


P17.37 
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The calculation of the ATP hydrolysis free energy with the cell conditions pH = 7 and [ATP] = [ADP] = 
[P;] = 1.0x10° M is interesting. 


A.G=A,G° +RTINnQ=A,G° +RTIn LADPI<EF, }<(H" | 
[ATP]x(1 M) 
= +11 kJ mol + (8.3145 JK™ mol')x(310 K)In(10* x107) 


= —66 kJ mol’ 


The concentration conditions in biological cells make the hydrolysis of ATP spontaneous and very 
exergonic. A maximum of 66 kJ of work is available to drive coupled chemical reactions when a 
mole of ATP is hydrolyzed. 


Yes, a bacterium can evolve to utilize the ethanol/nitrate pair to exergonically release the free 
energy needed for ATP synthesis. The ethanol reductant may yield any of the following products: 


CH,CH,0H — CH,CHO — CH,COOH -— CO, +H,O 
ethanol ethanal ethanoic acid 


The nitrate oxidant may receive electrons to yield any of the following products: 
NO; ~ NO; ~ 8,  —4_Be. 
nitrate nitrite dinitrogen ammonia 


Oxidation of two ethanol molecules to carbon dioxide and water can transfer 8 electrons to nitrate 
during the formation of ammonia. The half-reactions and net reaction are 


2[CH,CH,OH(1) > 2CO, (g)+H,O(1)+ 4 H* (aq) + 4e7] 


NO} (aq) +9 H*(aq)+8 e~ — NH, (aq) +3 H,O(1) 


2 CH,CH,OH(1)+ H* (aq)+ NO} (aq) > 4 CO, (g)+5 H,O(1) + NH, (aq) 


A .G®° =-2331.29 kJ for the reaction as written (a Tables 14.5 and 14.6 calculation). Of course, 
enzymes must evolve that couple this exergonic redox reaction to the production of ATP, which 
would then be available for carbohydrate, protein, lipid, and nucleic acid synthesis. 


The half-reactions involved are 

R: cyt, +€ -cyt,, Ex 

L: D, +e >D,, = 
The overall cell reaction is 

R-L: cyt, +D,, = cyt ,,+ D., E° =E*.-E, 
(a) The Nernst equation for the cell reaction is 


Ba Ee RE vteallDo] 
F [cyt [Da] 


At equilibrium, E£ = 0; therefore, 
[cyt ileqglD ox Jeq = (ze £ 
fot leek, te 


of Dok |= ( Leta} F cag ~E®) 


ES | 


[D4 |= [cyt] a) ART 
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[D t) foythe)\" oo : 
Thus, a plot of inf Doe against In} -——~ | is linear with a slope of 1 and an intercept of 
red [cyt] 4 
F (pe _ pe 
ay Fx ~ Fo): 


(b) Draw up the following table. 
[D.. L, | 


| [Pa |, (cyt... hth . 
| The plot of In against Inj. is shown in Figure 17.4. The intercept is —1.2124. 
[Dies a cyt 4 


Hence, 


| Ee = A x(-1.2124)+0.237V 


= 0.0257V x(—1.2124)+0.237 V 


=|+0.206 V 


In([Dox]eq/ {Drealeq) 


In(Icytyrleq/ [C¥tredleq) Figure 17.4 
P17.39 (a) Thecell reaction is H,(g)+4%O0,(g)— H,O(l) v=2 
A.G® = A,G® (H,0,1) = -237.13 kJ mol™ [Table 14.6] 


e “i ; 
i = AG [17.30] ___+237.13 ki mol” _ +1.23 V 


vF ~ (2)x (96.485 kC mol”) 
(b) C,H, (I) +'% O,(g) — 6 CO,(g)+3 H,O()) 


A.G® =6 A,G® (CO,,g)+3 A,G* (H,0,1)-A,G® (C,H,,1) 
= (6)x(-394.36) + (3) x(—237.13) —(+124.3.03)] kJ mol” [Tables 14.5 and 14.6] 
= —3201.58 kJ mol” 


CHEMICAL EQUILIBRIUM 437 


To find the value of v for this reaction, recognize that a carbon atom in benzene has a —1 oxidation 
state while a carbon atom in carbon dioxide has a +4 oxidation state. This is a change of +5 per 
carbon or +30 per benzene molecule. Thus, v = 30 for the reaction equation. Alternatively, to find v 
we break the cell reaction down into half-reactions as follows. 


| R: '%0,(g)+30 e +30 H* (aq) + 15 H,O() 
L: 6CO,(g)+30 e +30 H* (aq) > C,H, (1) +12 H,0(1) 
R-L: C,H, (l)+'% 0,(g) > 6 CO, (g)+3 H,O() 
Once again, we find that v = 30. 


—~AG® +3201.58 kJ mol 
Therefore, E? =——— [17.30] = _———_________ = [+1.11 V] Vj. 
vF ! (30) x (96.485 kC mol") 


P17.41 =A reaction proceeds spontaneously if its reaction Gibbs function is negative. 


A. G=A,G? +RTInQ [17.9] 
Note that under the given conditions, RT =1.58 kJ mol". 
(i) A.G/(kJ mol") = {A,G® (i)—RT In Pu,o}/kI mol = —23.6—1.58 In(1.3x107) 
=+1.5 
(ii) A,G/(kJ mol”) = {A,G® (ii) — RT In py 6 Puno, }/ (kJ mol”) 
| = —57.2—1.58In[(1.3x107 )x (4.1x10"°)] 
= +2.0 
(iii) A,G/ (kJ mol") = {A G® Gii)— RT In Dic. Puno, } / Usd mol’) 
= —85.6—1.58In[(1.3x107 )? x(4.1x10")] 
=—1,3 
(iv) A,G/(kJ mol”) = {A,G* (iv)— RT In py 9 Puno, }/ (kJ mol”) 


=—112.8-1.58In[(1.3x107 )? x(4.1x107”)] 
=-3.5 


So both the dihydrate and trihydrate form spontaneously from the vapor. Does one convert 
spontaneously into the other? Consider the reaction 


HNO, -2H,O(s)+H,O(g) = HNO, -3H,O(s) 
which may be considered as reaction(iv) — reaction(iii). A,G for this reaction is 


A.G =A,G(iv)—A,G(iii) =— 2.2 kJ mol 


We conclude that the dihydrate converts spontaneously to the , the most stable solid 
(at least of the four we considered). 


PARTS Chemical dynamics 


D18.1 


D18.3 


es Molecular motion 


Answers to discussion questions 


The assumptions of the kinetic model of gases are presented in text Section 18.1. The following 
critique emphasizes conditions for which the fundamental assumptions may not be applicable: 


The gas consists of molecules of mass m in ceaseless random motion obeying the laws of 
classical mechanics. Critique: The laws of classical mechanics include the conservation of 
particulate total energy, linear momentum, and angular momentum. These laws are predicated 
on the assumption that gaseous matter exhibits the particulate behavior alone to the exclusion 
of electron wave behavior that is required to explain chemical reactions that may occur during 
particle collisions. Furthermore, the assumption of ceaseless random motion means that the 
simple kinetic model does not include a description of convective flow or diffusion. (This 
restriction is relieved by dividing the gas into very small adjacent volumes in which each 
separate volume is characterized by its own temperature, pressure, and composition.) 


The size of the molecules is negligible, in the sense that the diameters of the molecules are 
much smaller than the average distance traveled between collisions. Critique: A molecular 
gas at low molar volumes occupies a significant percentage of available space. The negligible 
molecular volume restriction limits the applicability of the simple kinetic model to the limit of 
zero pressure and prevents formation of a description of the van der Waals constants. However, 
the restriction can be relieved by treating each molecule as a ball bearing or billiard ball of fixed 
radius a and diameter d (= 2a). The resultant hard-sphere model, which is a kind of central-force 
model, allows for the estimation of the collision frequency and mean free path (see Section 8.1b 
and c); it does not account for collision effects from dipole forces that are not centered on the 
center-of-mass. 


The molecules interact only through brief elastic collisions (collisions in which the total 
translational kinetic energy of the molecules is conserved). Critique: This assumption is 
inherent in the analysis of collision frequency, mean free path, and the collision frequency with 
walls and surfaces. The model does not account for unevenness of surfaces, which creates surface 
pockets that may trap a gas molecule during collision, or cause a gas molecule to reflect at an 
angle other than the collision angle. The successful description of the simple kinetic model to 
wall collisions and effusion does suggest that it describes these phenomena as an average of 
many possibilities. This basic assumption of the model does not account for inelastic collisions 
in which molecule collisions at high temperature can exchange energy between translational, 
vibrational, and rotational degrees of freedom. This complication becomes important when the 
mean translational energy is comparable to the energy difference between the ground and the first 
excited state. 


Diffusion is the migration of particles (molecules) down a concentration gradient. Diffusion can be 
interpreted at the molecular level as being the result of the random jostling of the molecules in a 
fluid. The motion of the molecules is the result of a series of short jumps in random directions, a so- 
called random walk. 


In the random walk model of diffusion, although a molecule may take many steps in a given time, it 
has only a small probability of being found away from its starting point because some of the steps 
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lead it away from the starting point but others lead it back. As a result, the net distance traveled 
increases only as the square root of the time. There is no net flow of molecules unless there is a 
concentration gradient in the fluid. Also there are just as many molecules moving in one direction 
as there are molecules moving in another. The rate at which the molecules spread out is 
proportional to the concentration gradient. The constant of proportionality is called the diffusion 
coefficient. 


On the molecular level in a gas, thermal conduction occurs because of random molecular motions in 
the presence of a temperature gradient. Across any plane in the gas, there is a net flux of energy 
from the high-temperature side because molecules coming from that side carry a higher average 
energy per molecule across the plane than do those coming from the low-temperature side. In 
solids, the situation is more complex as energy transport occurs through quantized elastic waves 
(phonons) and also, in metals, by electrons. Conduction in liquids can occur by all the mechanisms 
mentioned. 


At the molecular (ionic) level, electrical conduction in an electrolytic solution is the net 
migration of ions in any given direction. When a gradient in electrical potential exists in a 
conductivity cell there will be a greater flow of positive ions in the direction of the negative 
electrode than in the direction of the positive electrode; hence there is a net flow of positive 
charge toward the region of low electrical potential. Likewise, a net flow of negative ions in 
the direction of the positive electrode will occur. In metals, only negatively charged electrons 
contribute to the current. 


To see the connection between the flux of momentum and the viscosity, consider a fluid in a state of 
Newtonian flow, which can be imagined as occurring by a series of layers moving past one another 
(Fig. 18.11 of the text). The layer next to the wall of the vessel is stationary, and the velocity of 
successive layers varies linearly with distance, z, from the wall. Molecules ceaselessly move 
between the layers and bring with them the x-component of linear momentum they possessed in 
their original layer. A layer is retarded by molecules arriving from a more slowly moving layer 
because the molecules have a low momentum in the x-direction. A layer is accelerated by molecules 
arriving from a more rapidly moving layer. We interpret the net retarding effect as the fluid’s 
viscosity. 


In the one-dimensional random walk model (Section 18.11) a particle jumps a fixed distance A to 
either the right or the left in each t unit of time with the probability of a jump to the left being equal 
to the probability of a jump to the right and the sum of these two probabilities being equal to 1 
because no other event is possible. This model concludes that the probability of a particle being at a 
distance x from the origin after a time ¢ is 


Ir 1/2 , a) W/2 
rx)=( 2] e724" 118.58] or pn) ={ =) cn 
at aN 


where #/t = N is the number of steps taken in time ¢ and x/A = n is the net number of steps traveled 
from the origin. 


In the freely jointed chain model of a random coil (see Further Information 18.2), the individual 
polymer residues occupy zero volume and connecting bonds are free to make any angle with 
respect to the previous one. In the one-dimensional freely jointed chain, the angle between 
neighbors is either 0° or 180° with all residues aligned in a non-realistic straight line. The 
probability that the ends of a one-dimensional freely jointed chain composed of WN units of length 
/ are at the distance mi is 


2 1/2 ; 
ren) =(} aia (18.73] 
aN 


Since the above two equations are identical, the one-dimensional random walk model and the one- 
dimensional freely jointed chain are completely analogous: the number of steps in one model are 


D18.7 


D18.9 
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analogous with the number of residue units in the other, and the number of steps traveled from the 
origin are analogous to the number of unit lengths separating the chain ends in the other. The 
number of left/right steps is even analogous to the number of 0°/180° residue orientations. 
However, whereas there would not seem to be a limitation on a step being either to the left or to the 
right, the 180° residue orientation unrealistically places one residue on another. Nonetheless, the 
concepts and mathematical forms of the one-dimensional freely jointed chain can be usefully 
modified and extended to more realistic random coil models. 


The thermodynamic force F is defined in eqn. 18.39. 


e--(%) [18.39] 
ox ) 7 


x 


This expression is a summary of the second thermodynamic law that molecules move in the 
direction that minimizes the chemical potential of the molecules when p and 7 are local constants. F 
is not one of the “real” forces, such as gravity or electromagnetism; it is the negative gradient of the 
chemical potential, which has a balance of terms involving enthalpy and entropy: 


ag if Ohad ie, 
a-(®) poor() om 


n 
Tez J 


Thus, the thermodynamic force moves molecules so as to minimize the enthalpy, to which 
molecular interactions provide a great contribution, while simultaneously attempting to maximize 
entropy. Often one or the other of these tendencies predominates. For an ideal solution, the gradient 
of the molar enthalpy is zero, so the force represents the spontaneous tendency for molecules to 
disperse so that entropy is maximized. 


The processes by which ions are transported across hydrophobic biological membranes are 
described in a section on biochemistry, /mpact on biochemistry 18.2. Passive transport involves 
the spontaneous tendency for a chemical species to move down concentration and membrane 
potential gradients. In active transport, the flow of a species is driven by an exergonic process, 
such as the hydrolysis of ATP. The passive transport of an ion across a membrane must be mediated 
by a carrier molecule that has favorable interactions with both the hydrophobic membrane and the 
hydrophilic ion. The hydrophobic character is expected to he on the periphery of the carrier, the 
surface in contact with the membrane, with the hydrophilic character toward the interior, the surface 
of the ion channel, so that the ion and membrane are distinctly separate. The ion may be transported 
through a channel former, a protein that spans the membrane and creates a hydrophilic pore 
through which the ion can pass. Ion channels are proteins that are highly selective to the 
transported ion; their activity may be triggered by potential differences across the membrane or by 
the binding of an effector molecule. The activity of ion pumps is endergonic and therefore requires 
the coupling of an exergonic metabolic process. Selectivity filtering strips an ion of its hydration 
sphere and allows passage of ions of only a specific size. 


Solutions to exercises 
SRT 1/2 aia E23 
Fe| 18.8 d c= =| —— 18.3 
c (=) [18.8] and c (v ) TF, [18.3] 


mean translational kinetic energy, (E,)_ = ( ¥mv ) N,=\%mN, (v?) = ¥,Mc* = ¥ RT. 


The ratios of species 1 to species 2 at the same temperature are 


(Ma) aig Sia 


Cy ~K } m2 
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— bf2 
(a) Scr = (9.975 
Eu, \ 2.016 


(b) The mean translation kinetic energy is independent of molecular mass and depends on 
temperature alone! Consequently, because the mean translational kinetic energy for a gas is 
proportional to 7, the ratio of mean translational kinetic energies for gases at the same 
temperature always equals il. 


1/2 
E18.2(a) c=(v\" -(%) [18.3] 


Cy, _ 


1/2 

3x (8.3145 J mol’ K™')x(293 K) 2 2 

es (1 J=lkgm* s~) 
2.016x10~ kg mol 


=[1904 ms"] 


3x(8.3145 Jmol K“)x(293 K)] 
Cc SR 
32.00x107 kg mol" 


= [478m s"] 


3/2 
E18.3(a) The Maxwell distribution of speeds is f(v) = ar oe vie 287 118 4], 


The factor M/2RT can be evaluated as 


a) -1 
M _ 28.02x10 kg mol PL are ee 
2RT 2x(8.3145 J K™ mol)x(400 K) 


Though f(v) varies over the range 200 to 210 ms”, the variation is small over this small range and 
we estimate its value to be a constant equal to its value at the center of the range. ; 


(205 ms“)? x e420 »a08)" _ 6 86x10 ms 


4-2 2 \¥2 
41295 ms") =(anyx{ $2000 m =) 
a 


Therefore, the fraction of molecules in the specified range is 
in} f dv [18.6]= Xe dv = fxAv =(6.86x10~ m™ s)x(10 ms") =|6.86x10~ 
corresponding to 0.69 percent. 


COMMENT. This is a rather small percentage and suggests that the approximation of constancy of f(v) 
over the range is adequate. To test the approximation, (200 ms“) and (210 ms”) could be evaluated. 


E18.4(a) c -(%) [18.9] 


1/2 
1J=lkgm’ s” 
44.01x10 kg mol™ ( Peis 


= [333 ms"! 


2x(8.3145 J mol K~')x(293 K) 
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8x(8.3145 J mol K")x(293 K)] 
os mx(44.01x10> kg mol") 


=|375 ms" 


G, =2"F [18.10] 


= 2"? x(375 ms") = 
1/2 
E18.5la) (a) z= (= [18.8] 


8x(8.3145 J mol K*)x(298 K)] 
| #x(28.02x107 kg mol”) 


= [475 ms" 


kT kT 


(b) A= —— [18.14] [o =a’; see Fig. 18.9 of text] 
2 @Pp Pp 


- 2° rd? 


(1.381x10- J K™")x(298 K) 
2"*2x(395x10" m) x(1.01325x10° Pa) 


= 1.84107 m [1 Pa =1 Jm® |=[184 nm| 


[1 atm = 1.01325 bar =1.01325x10° Pa] 


ro 
Cc =— [18.13 
(c) ae [ ] 
475ms" awe 
as |S SCI 
1.84x107 m 


E18.6(a) The volume and radius of a spherical container are related by 
V=%ar or r=(3V/4n)" 
Thus, r ={3x(1.00 m?)/42}" = 0.0288 m. 


The pressure at which the mean free path is comparable to the container diameter 2r is given by 
eqn. 18.14. 


kT kT 
ao [18.14] Or PFA 


(1.381x10 J K™')x(293 K) — ; 
= = [0.138 Pal [1 =1 Pam 
P* 2") x(0.36x10 m?) x 2x (0.0288 m) ! 
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E18.7(a) re Sie [18.14] 


f. (1.381x10°° J K7')x(217 K) 
(2"")x(0.43x107"* m*)x(0.050)x(1.013x10° Pa) 


=[9.7x107 m 


E18.8(a) The collision frequency, z, is given by z= 2" o¢p/kT [18.12b and 18.10]. Since the mean speed 
depends on temperature, not pressure, it can be calculated once and used in all parts of this exercise. 


oe 8RT 1/2 
z= [18.8] 


8x(8.3145 Jmol K")x(298 K)] ~ 
Vs #x(39.95x10~ kg mol" ) 


=|397 ms" 


. 2" otp 
kT 


[18.12b and 18.10] 


¥ 2"? x(0.36x107 m?)x(397 m eT) ee Pa 


x able 18.1 
(1.381x10 JK)x(298 K) 1 atm ) pit 


= (4.9810? s')x(p/atm) 
We need only to plug in the pressure in atm to calculate z at that pressure. 
(a) z= when p = 10 atm 
(b) z=[5.0x10° “| when p = | atm 
@ 2= when p = 10° atm 


E18.9(a) A=(5.0 mm)x(4.0 mm) = 2.0x10° m? 


The collision frequency of the Ar gas molecules with surface area A equals ZwA 


Lang A (18.15; m=M/N,] 


eee Se 
(2@MkT/N, a 

= (25 Pa)x(2.0x10° m7) | 
{2(39.95x10" kg mol) x(1.381x10 J K)x(300 K) /(6.022x10" mot)} 


=1.2x10" s' 


The number of argon molecule collisions within A in time interval f equals ZwAt if p does not 
change significantly during the period f. 


Zy At =(1.2x10" s)x(100 s) =[1.2x10"] 
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(rate of effusion), 


= 
(rate of effusion), 


The rate of effusion at constant temperature, pressure, and molecule count is paaapprtioudl to mM? 
[18.17]. Consequently, the above expression conveniently simplifies to 


E18.10(a) If p does not change significantly during the period t, f, = 


1/2 
-(2) <355) S57 


E18.11(a) If p does not change significantly during the period ¢, the mass loss equals the effusion mass loss 
multiplied by the time period f: 7m,,, = (rate of effusion) x t x m = (rate of effusion) x tx M/ Ng. 


0.300 kg mo!’ 


W/2 
~ (0.735 P 75x10? m) {x(3600 s)x| ——__—-8 "> —_ 
(0.735 a)x{ (0 75x m) hx( aan J mol” K)x(500 | 


E18.12(a) The pressure of this exercise changes significantly during time period ¢, so it is useful to spend a 
moment finding an expression for p(t). Mathematically, the rate of effusion is the derivative —-dN/dt. 
Substitution of the perfect gas law for N, N = pVN,/RT, where V and T are constants, reveals that 
the rate of effusion can be written as -(NaV/RT)dp/dt. This formulation of the rate of effusion, along 
with egn. 18.17, is used to find p(f). 


-(*: r |e = P4Ns gir 


RT )dt (2@MRT)” 
@ PA AT)’ 
dt V \2"M 
, 1/2 
dp = _ dt where = _ (ee) 
P A,\ RT 


[ RS [ae where p, is the initial pressure 
Po D T 


P t t/t 
- = r p(t)=pe 


The nitrogen gas and unknown gas data can be used to determine the relaxation time, t, for each. 
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This definition of t shows that it is proportional to M*”. Since the ratio of the relaxation times 
cancels the constant of proportionality, 


N, 
1 16 : =F = =| 
E18.13(a) In E18.12(a) it is shown that 
1/2 
Bs ok» apy p(t)=pe"" where t= aod 
Po T A,\ RT 
The relaxation time, t, of oxygen is calculated with the data. 
Wm! 2n(32.00x10" kg mol) )" 
t= 2 8.6x10° s=10.0 days 
x(0.10x107 m) (8.3145 Jmol K"')x(298 K) 


The time required for the specified pressure decline is calculated with the above equation. 


t = TIn(p,/p) = (10.0 days)xIn(80/ 70) =[1.3 days| 


* wif SREY 
E18.14(a) = KAeC, fA] [18.24], T=|——] [18.8] 
kT l p 
d A=————[18. 14] = ————— _ | ~-=N JA 
7 Wop! 2”° GN, [A] Fe al ] 
ec 
Therefore, «= =. 
3x2 ON, 


For argon M =39.95 g mol’. 


_ 4 1/2 
gz =( 8X@83145 JK” mol ')xQ98K)) _ 3974 
1% X(39.95x10™ kg mol”) 
(397 ms")x(12.5 JK mol") 
| 
3x2"? x(0.36x107'* m?)x(6.022x10” mo!” ) 


COMMENT. This calculated value does not agree well with the value of x listed in Table 18.2. 


Question. Can the differences between the calculated and experimental values of x be accounted 
for by the difference in temperature (298K here, 273K in Table 18.2)? If not, what might be 


responsible for the difference? 


4/2 
E18.15(a) D=\Ace [18.23], c= (=) [18.8], and A= x [18.14] 
mM 2°°op 


For argon M =39.95 g mol" and o = 0.36 nm’ [Table 18.1]. We draw a table (below) of mean 
speed, mean free path, and diffusion coefficient calculations at 293 K and various pressures. 
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The flux due to diffusion is J = -0{ ) [18.20] where W is the number density and z is the 


direction of the pressure gradient. Dividing both sides by the Avogadro constant converts W to 
molar concentration c while converting the flux to number of moles per unit area per second. Thus, 
d(n/V 
J=-D oe peers: ei: [perfect gas law] 
dz dz RT dz 
The negative sign indicates flow from high pressure to low. 


For a pressure gradient of 1.0 bar m™ (= 1.0 x 10° Pam’), 


(1.0x10° Pam™')xD 


= ________________ = 4] mol m” s"'xD/(m’ s") 
(8.3145 J mol K™)x(293 K) 


The mole flux due to diffusion toward low pressure is calculated with the above equation and added 
to the exercise summary table. 


J} mol ms? 
egiae | oad Tis Oe mT 
/) 100x107 | | 7.95 x10% | 1.04x10% | 43107 
(100x107 | | 795x107 | 104x107 | 43x 10% 


E18.16(a) The flux is 


ee 4 he es dT __ KACC, »P AT , 3 
J K~ [18.21]=-— Acc, ,, [A] - [18.24] = ee [perfect gas, [A]= p/ RT] 
where the negative sign indicates flow toward lower temperature and 


f (a7 as 
c= 


= a [18.8] and A=——— ia at 


[1 
mM 2p 2"? N,op 


RT BR?) “7-C, op ) 
J=-\% oT ae (=) x Bai fe ~ or 
2°°N,0p) \aM RT }) a 


RT ta . aT 
S—Bxi as) Ke XK 
a &3 fo dz 


For argon, M =39.95 g mol’, o = 0.36 nm? [Table 18.1], and Cy m =12.5 J K™ mol" [given in 


E18.14a]. 
(8. 3145 J K" mol"')x (280 K))’ 12.5 JK" mol 
Ja-¥x{ S345 IK mol)x(280K)) ff 12ST KT molt : 
4 ( #X(39.95x10~ kg mol’) (6.022x10® mol)x(0.36x10™ my | “U8 K™) 
= [0.055 Jm? s"! 


Note: We have used the Cy, value provided in E18.14(a). It can, however, be calculated with the 
perfect gas relationship Cym = C, — R and the C,,, value provided in Table 14.6 (20.786 J K7 
mol"). This gives Cym= 12.471 J K" mol". 


E18.17(a) The thermal conductivity, «, is a function of the mean free path, A, which in turn is a function of 
the collision cross-section, o. Hence, reversing the order, o can be obtained from x. 


1/2 
K=Y%AGC,,,[A] [18.24], -(=7) [18.8] 
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E18.18(a) 


and Aaa Cpe ele ers By pe A 
Wop! 4] 2"? oN, [A] Fs Nal i 
eC eC 
Therefore, = ee or oO= ie, 
gxz ON, 3x2°N,K 


8x(8.3145 J K~ mol)x(273 K)| 


For neon at 273 K, ¢ = . - . =535ms". 
wx (20.1810~ kg mol” ) 


From Table 18.2, x = 0.0465] K7? m™!s“. 


The Cym value is calculated with the perfect gas relationship Cym = C,m—R and the C, value 
provided in Table 14.6 (20.786 J K™ mol"). This gives Cy, = 12.472 J K™ mol". Alternatively, the 
Cy.m value is calculated with the equipartition theorem: Cy, = 3/,R = 12.472 J K" mol. 


: (535 ms)x(12.472 JK” mot") 
~ 3x2"? x(6.022x10" mot')x(0.0465 JK7 m™ s*) 


=5.62x10™ m? = [0.0562 nm?| 


The experimental value is 0.24 nm’. 


Question. What approximations inherent in the equation used in the solution to this exercise are the 
likely cause of the factor of 4 difference between the experimental and calculated values of the 
collision cross-section for neon? 


The thermal energy flux (‘heat’ flux) is described by J(energy) = «os [18.21] where the negative 


sign indicates flow toward lower temperature. This is the rate of energy transfer per unit area. The 
total rate of energy transfer across area A is 


de = AJ(energy) =—KA qr 


To calculate the temperature gradient with the given data, we assume that the gradient is in a steady 
state. Then, recognizing that temperature differences have identical magnitude in Celsius or Kelvin 
units, 


ao ea ae 3x10° Km" 


We now assume that the coefficient of thermal conductivity of the gas between the window panes is 
comparable to that of nitrogen given in Table 18.2: x = 0.0240 JK™ m™ s". 


Therefore, the rate of outward energy transfer is 


& =—(0.0240 3K" m t s)x(1.0 m’)x(-4.3x10? K m™) 


dt 
=103Js' or {103 W 


A 103 W heater is needed to balance this rate of heat loss. 
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E18.19(a) n=%MAcp/RT [18.25, [A]= p/ RT fora perfect gas] 


We begin by substituting kinetic theory relationships for A [18.14] and c [18.8]. 


12 12 
n=%Mx|— RP (=) {2 )- aw. (| 
2°°ON,p mM RT 3x2°°oN, mM 


We now solve and compute the collision cross-section for neon at 273 K and 1 atm (1.01325 x 10° Pa). 
From Table 18.2, 7 =298x10° P=298x10” kgm” s". 


20.18x107 kg mol! 8(8.3145 JK" mot)x(273 K)] 
gy eee XI ge aN oe fC | Ce eee 
3x2? x(6.022x10" mol) x(298x10” kgm" s”) 7(20.18x10° kg mot") 


=1.42x10"" m? =[0.142 nm?| 


E18.20(a) Taking air to be composed of 20% oxygen and 80% nitrogen, we estimate the average molar mass 
of air to be M= (0.20 x 32 + 0.80 x 28) g mol’ = 29 g mol". 


n= 1 RAEN [A] [18.25, with M =mN, |= &; (ar)" 
3 : mf “" (3a) (aM 


(29) x(1.6605x10™ kg), ( (4)x(8.3145 JK"! mol) x7 = 
(3)x (0.401078 m7) x (29X107 kg mol) 


= (7.7x10” kg m™ s')x(T/K)'” 
(a) At T=273K, 7=1.3xl0°kgm's' or [130 pP). 
(b) AtT = 298 K, 7 =[130 pP]. 
(c) At 7=1000 K, 7 =[240 pP. 


E18.21(a) We take the natural logarithm of eqn. 18.26, evaluate the resultant constant with a specific (1, T )o 
data pair, and solve for the activation energy, £,. 


noc e™'*7 118.26] 
In7 = constant + EF, / RT 
constant = Inj, — E, / RT, 


Therefore, 


8.3145 JK™ mol" )xIn (1.002 / 0.7975 
{RS eee ) 2 ) fies tmor 
( 293K 303 2 
E18 22(a) Molar ionic conductivity is related to mobility by 


A=zuF [18.37] 
=1x(7.91x10%m? s* V*)x(96485 C mol") 
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E18.23(a) s =u [18.35] and z= A0 18.31]. 


Therefore, 
ax Ga 
l 


= (192x108 mV" vee 


7.00x107 m 


=2.83x10*ms" or /|283 pms” 


E18.24(a) The basis for the solution is Kohlrausch’s law of independent migration of ions (eqn. 18.30). 
Switching counterions does not affect the mobility of the remaining other ion at infinite dilution. 


A,° =Vv,A, +v_A_ [18.30] 
A,° (Nal) = A(Na*)+A(I-)=12.69 mS m? mol" 
A,’ (NaNO, ) = A(Na*)+A(NO;)=12.16 mS m? mol” 
A,° (AgNO, ) = 4(Ag*)+A(NO; ) =13.34 mS m? mol 
Hence, 
A, (Agl) = A,° (AgNO, )+ A,” (Nal) —A,° (NaNO, ) 
= (13.34+12.69—12.16) mS m* mol =[13.87 mS m? mol] 


Question. How well does this result agree with the value calculated directly from the data of Table 


18.5? 
A _ ae ae 
E18.25(a) u=—— [1837];2=1;18=197=1CV"s 
Z 
2 -| 
ui") = Sey = 401X107 mS C* m? =|4.01x10 m? V7 s™ 
4 mo 
5.01 mS m’ mol” er 
u(Na*)=— MO" _=[5.19x10% m? Vs 
(Na’) = 9 6485x10° Cmol™ ; S 
2 ~l 
aK paul? mSne mel oc shgnio® me vo 
9.6485 x10" Cmol 
E18.26(a) p=~— [18.45]; z=2; 1CV=1J 
va 


(8.19x10% m? V~'s")x(8.3145 JK™ mol')x( 
- 2x9.6485x10* C mol 


E18.27(a) Eqn. 18.57, (x*)=2Dt, gives the mean square distance traveled in any one dimension in time ¢. 
We need the distance traveled from a point in any direction. The distinction here is the distinction 
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between the one-dimensional and three-dimensional diffusion. The mean square three-dimensional 
distance can be obtained from the one-dimensional mean square distance since motions in the three 
directions are independent. Since r? = x? + y’ +z” [Pythagorean theorem], 


(2) = ( x ) . ( y? ) + ( Zz ) =3 (x”) [independent motion] 


= 3x2Dt [18.57 for {x”)]=6Dz 


z = 
Therefore, = soy = _ Se = J 


E18.28(a) a= ght [18.49]; 1 P=10" kgm" st 


(1.381x10 JK™)x(298 K) 


= = 42x10 420 
62x(1.00x10" kgm? s")x(52x10" ms‘) 


E18.29(a) The Einstein-Smoluchowski equation [18.59] relates the diffusion constant to the jump distance A 
and jump time t. 


2 2 
pass [18.59] so pas 
at 2D 


If the jump distance is about 1 molecular diameter, or 2 effective molecular radii, then the jump 
distance can be obtained by use of the Stokes—Einstein equation [18.49]. 


2 1 (1.381x10™ J K“')x(298 K) 
~ 2x(2.03x10° m? s™ + 


=1.44x10™" s=[14.4 ps| 


COMMENT. In the strictest sense we are again dealing with three-dimensional diffusion here (cf. E18.27a 
and b). However, since we are assuming that only one jump occurs, it is probably an adequate 
approximation to use an equation derived for one-dimensional diffusion. For three-dimensional diffusion, 
the equation analogous to eqn. 18.59 is z = /’/6D. 


2 
aa fo EES er Oe 
3x(0.891x10" kg m™ s)x(2.03x10° m? =| 


Question. Can you derive the equation? Use an analysis similar to that described in the solution to 
E18.27. 


E18.30(a) The diffusion equation solution for these boundary conditions is provided in eqn. 18.54 with 


1 mol sucrose _ 
= (20.0 g)x| ———————_ | = 5.84x10™ mol sucrose 
ile ad 342.30 g 5 


A=SGcm*, O= 5.216 x (6?m’s~”, andx = (Gem 


c(x, on =D e* 4" 118,54] 
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c(10 cm t) = 5.84x10™ mol e7 (0-10 m)?/4x(5.216x10~ m? s~')xr 
4 1/2 
(5.0x10~ m*)x{7(5.216x10° m” s")} p 
= (9. 12x10° mol m® )x Gihay 84 Pas 
(a) t=10s: 


c(10 cm,10 s) =(9.12x10° mol m™)x(10)7!7 e"47™" " = 10.00 mol dm™ 


(b) t= 24 x 3600 s = 8.64 x 10's: 
c(10 cm,8.64x10* s) =(9.12x10° mol m™)x(8.64x104) 12 eG" ESI) 


= 12.1 mol m™® =|0.0121 mol dm™ 


E18.31(a) For a random coil, the root mean square separation is 


Ra, = N“1 [18.76] where N is the number of jointed chain units of length / 
= (900)" x (1.05 nm) = [381.5 nm 


E18.32(a) The repeating unit (monomer) of polyethylene is (—CH,—CH,—), which has a molar mass of 
28 g mol’. The number of repeating units, N, is therefore 


=I 
wece a 1.07x10* 
28 g mol 


and / = 2R(C—C) [add half a bond-length on either side of the monomer]. 
Since R(C—C) = 154 pm, / = 308 pm. 


Therefore, 


R, = NI [18.75] =(1.07x10*)x(308 pm) = 3.30x10° pm =|3.30 wm 
Rigg = N'?1 = (1.0710*)” x (308 pm) = 3.1910" pm =[0.0319 jzm| 


Solutions to problems 


Solutions to numerical problems 


P18.1 The time in seconds for a disk to rotate 360° is the inverse of the frequency. The time for it to 


advance 2° is ( Z - he . This is the time required for slots in neighboring disks to coincide along 
say 7 
the atomic beam. For an atom to pass through all neighboring slots, it must have the speed 


v, = disk spacing/alignment time = (1.0 cm) / { : } ; =180vem =180x(v/Hz) cms”. 
360°) ¥ 


Hence, the distributions of the x-component of velocity are as follows. 


v/Hz 20 40 80 100 120 
v,/ems' 3600 7200 14400 18000 21600 


Texp (40K) 0.846 0.513 0.069 0.015 0.002 


Texp 100K) 0.592 0.485 0.217 0.119 0.057 


P18.3 


P18.5 


P18.7 
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Theoretically, the velocity distribution in the x-direction is 


V2 
fv, = [| eT 118.5 with M/R=m/k] 
I. 


Therefore, as J« f, [x TMs | 2UT 


83.80x(1.6605x10~” kg)x{1.80x(WHz) ms“}° _ (1.63x107)x(WHz)’ 
2x(1.381x10 JK7)xT * TIK 


> 


Since mv? /2kT = 


we can write [«(T/K) ett")"7™) and draw up the following table, obtaining the 
constant of proportionality by fitting / to the value at 7=40 K, v =80 Hz. 


v/ Hz 20 40 80 100-120 
eae (40 K) 0.80 0.49 (0.069) 0.016 0.003 
Iac(100K) 056 046 0.209 0.116 0.057 


The calculated values are in fair agreement with the experimental data. 


2 
ad } [18.8] o TY? 


x= ¥,AeC,,,[A] [18.24] and z =(S5t 


r\ 2 , 
Hence, Ko 7"7C, and a (=) ~| Eve 
x ye Cy m 


The molar heat capacities at the two temperatures are estimated with the equipartition theorem. 
At 300 K there are three translational degrees of freedom and two rotational degrees of freedom, 
which gives C,,, ~(3+2)4R=4R. At 10 K the rotational degrees of freedom are not significantly 
populated, so there are three translational degrees of freedom alone, which gives C,,,~;R. 


2 

gi a s) 
Therefore, =- =| ——| x/ — j}={9.1]. 
erefore, © (33 5) = [1 


The time constant for the exponential mass loss is 


7=(2eK) 2 
RT A 


7 ‘ans JK" mol™)x(1573 K) 


24x (137.33x10° kg mol) oe 100x10~ m’ aay 5 
0.10x10% m2) 


The expression for the exponential pressure decay is 
p(t)=p,e* ort=rIn(p, / p) where p, is the initial pressure 
Thus, the time required for the pressure to drop to 10% of the initial value is 


t = (8.12 s)xIn(10) =[18.9 s| 


We take the natural logarithm of eqn. 18.26, 


neo eT 118.26) 
In7 = constant + £, / RT 
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and recognize that a plot of In y against 1/7 has a slope equal to £,/R. Thus, a linear regression fit of 
In7 against 1/7, shown in Figure 18.1, yields the slope from which we calculate E, with the 
expression E, = slope x R. 


E, = (1222 K)x(8.3145 JK™ mol") = 


0 
~0.2 
y= 1221.7x- 4.5953 
R?= 0.9994 
~0.4 
yo 
& 
-0.8 


0.0028 0.003 0.0032 0.0034 0.0036 
mr Figure 18.1 


P18.9 The molar conductivity, A», is related to the conductivity, x, by A, = x/c [18.28], and the 
Kohlrausch law [18.29] indicates that molar conductivity is linear in c’. 


A, =A,°-Ke'” [18.29] 
We draw a data table and calculate values for a plot of Am against cl”, 


c/ (mol dm™) 1.334 1.432 1.529 1.672 1.725 
x/ (mS cm") 131 139 147 156 164 
ce”? 1 (mol dm™)!?_ 1.155 1.197 1.237 :1.293—-:1.313 
A, /(mS m? mol!) 9.82 9.71 961 9.33 9.51 


The plot, shown in Figure 18.2, is linear and the linear regression fit yields the Kohlrausch 
parameters: 


A,° =|12.78 mS m? mo!” 


K =|2.57 mS m? (mol dm)?” 


pe —Z2 5 T228F 12782 
R*= 0.8103 


1.14 1.16 1.18 12 2 1.24 1.26 1.28 1.3 1.32 1.34 
e2/ (nol dox3)!? 


Figure 18.2 


P18.11 


P18.13 
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The molar conductivity, 4,,, is related to the conductivity, x, by 4, = x/c [18.28] = C/Rc where the 
cell constant is C = 0.2063 cm”. The Kohlrausch law [18.29] indicates that molar conductivity is 
linear in c'”, 


A, =A,°-Ke'”” [18.29] 
We draw a data table and calculate values for a plot of 4,, against c'”. 


c/ (mol dm™) 0.00050 0.0010 0.0050 0.010 0.020 0.050 
R/Q 3314 1669 342.1 174.1 89.08 37.14 
c'? (moldm™”’)'? 0.0224 0.0316 0.0707 0.100 0.141 0.224 


Am/(mS m? mot!) 1245 12.36 12.06 11.85 11.58 11.11 


The plot, shown in Figure 18.3, is linear, and the linear regression fit yields the intercept and slope. 
The intercept is the limiting molar conductivity and the slope is the negative of the Kohlrausch 
parameter X; 


A,,° ={12.6 mS m? mol! 
K =|6.66 mS m? (mol dm)?” 


12.5 
v=-6.6551x+ 12.556 
R? = 0.9942 
odd 
x) 
= 
=| 
wm 
E115 
11 
0 0.05 0.1 0.15 0.2 0.25 
Figure 18.3 
c¥2 / (mol dmv)! 


(a) A, = ((5.01+ 7.68) —6.66x(0.010)'? ) mS m? mol” 
={12.02 mS m? mol 


(b) k=cA, =(10 mol m™”)x(12.02 mS m’ mol) =120 mS m’ m” =[120 mS m" 


= 
(c) peu 8m” Lipa 


The diffusion constant of a Cg) ion in solution is related to the mobility of the ion and to its 
hydrodynamic radius a in eqn. 18.36, the Stokes formula: 


ze 


[18.36] 


a=- 
6a7]u 


* (1)x(1.602x107 C) 
~ 6 (0.93x10" kgm 's)x(1.1x10" m? V's") 


=8.3x10° m= 


This is substantially larger than the 0.5 nm van der Waals radius of a Buckministerfullerene (C¢9) 
molecule because the anion attracts a considerable hydration shell through the ion—dipole attraction 
to water molecules. The Stokes radius reflects the larger effective radius of the combined anion and 
its hydration shell. 
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P18.15 


P18.17 


F = “Exe [18.40b] with the axis origin at the center of the tube. 
c 


RT =2.48x10° J mol = 2.48x10° N m mol 
c=c(x)= ce" where c, = 0.100 mol dm and a=0.10 cm” 


= = ~2axc,e™ = —2axe 
dx 


Thus, the thermodynamic force per mole is given by the expression 


F =2aRTx = |(50. kN cm™ mol')x 


while the force per molecule is given by 


(8.2x10 KN cm™ molecule”)x 


F = 2aRTx/N, = 


A plot of the absolute force per mole against x is shown in Figure 18.4. It demonstrates that mass is 
pushed by the thermodynamic force toward the ends of the tube where the concentration is lowest; a 
negative force pushes toward the left (i.e., x < 0), positive force pushes toward the right (i.e., x > 0). 


250 


200 


|F | / KN mol" 


5 -4 -3 -2 -1 0 1 2 3 4 5 
x /com Figure 18.4 


eT Be ee 
zF 67mu 


[18.36] 


(8.3145 JK mol')x(298.15 K)xw - 
D = = 2.569107 Vxu 
96485 C mol 
So Di/(cm? s™) = (2.569x10")xu/(cm? s"' V") 
a 1.602x107" C 
(67) x(0.891x10~ kg m™ s™)xu 


_ 9.54x10" Ckg' ms _ 
u 


(1J=1CV, 1J=1kgm’s”) 


9.54107" 

SO AY = ——————— 
u/cm’ s V 
9.54x107 


and therefore a/pm =-—————_——_ 
u/em? s' V" 


P18.19 


P18.21 
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We can now draw up the following table using data from Table 18.5. 


Lit Nat K* Rb* 
u/0“*em?s'V") 401 519 7.62 7.92 


D/10* cm? s" 


Li* Na* K* Rb* 
r,/pm 59 102 138 149 


and it would seem that K* and Rb” have effective hydrodynamic radii that are smaller than their 
ionic radii. The effective hydrodynamic and ionic volumes of Li* and Na* are “faa and Far: : 
respectively, so the volumes occupied by hydrating water molecules are 


(a) Lit: AV -(%)xcase? —59°)x10-* m’ = 5.5610 m? 


(b) Na*: AV -(=)xase —102?)x107 m? = 2.16x10™ m’ 


The volume occupied by a single H,O molecule is approximately (“) (150pm)* =1.4x10™ m’, 


Therefore, Li” has about firmly attached H,O molecules whereas Na’ has only 
(according to this analysis). 


e(r,t)= e”/*" 118.55] where n, =(10.0 g)x(1 mol/342.3 g) = 0.0292 mol 


My 
8(xDt)” 
Using D = 5.22 x 10° cm? s! = 5.22 x 10° dm’ s“ and r = 10 cm, the working equation becomes 


5.50x10" mol dm™~ et 7xI0* H(0/s) 


c(10 cm,f) = 
(t/s)”” 
(a) 1 hr=3600s 
7 -3 ‘ 
c(10 cm, 1 hr) = 3.50x10 mol dm” | -«79.0° (2600) _ [9 99 mol dm~ 


(3600)”” 
(b) 1 wk = 6.048 x 10° s 


7 3 == 
£410. 00, ky OO el a ney casei melee 


(6.048x10°) 


Solutions to theoretical problems 


The most probable speed of a gas molecule corresponds to the condition that the Maxwell 
distribution be a maximum (it has no minimum); hence we find it by setting the first derivative of 
the function equal to zero and solving for the value of v for which this condition holds. 


3/2 
f(v)= ars | vem /T 118.4] =constxve™ 7 [M/R=m/k] 
nt 
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The average kinetic energy corresponds to the average of mv’. The average is obtained by 


3/2 
“= ER ate al m 4 ww /2kT 
determining (v’) = [» f(v)dv u8.7)=4e{ =") {, ve dv [18.4]. 


1/2 


37 ne —5/2 . ( ie y 39? ( m ) 3kT 
The int aluates to ——~| —— | _ . The eee | Se ae | 
e integral evaluates to 3 (2) _ () 2akT 8 \ 2kT m 


Thus, (€) = 4m(v’) = AT. 


P18.23 We proceed as in Justification 18.2 except that to get the three-dimensional distribution, instead of 
taking a product of three one-dimensional distributions, we take a product of two one-dimensional 
distributions. 


Flr v,)bv.dv, = S02) f 0A v,dv, =( "= Jeo May. dy, 


where v’ =v, +vy. The probability f(v)dv that the molecules have a two-dimensional speed, v, 
in the range v to v + dv is the sum of the probabilities that it is in any of the area elements dv,dv, 
in the circular shell of radius v. The sum of the area elements is the area of the circular shell of 
radius v and thickness dv, which is 2(v+ dv)’ —av’ = 2zvdv. Therefore, 


| I | -wn?/2aT M_im 
sor=(Fepe & | 


The mean speed is determined as 


1/2 


c= ZO) dv= (=) a 1 dys (Fe) [standard integral] 


kT 4 
- (2) E fee): 
2m 2M 


P18.25 Rewriting eqn. 18.4 with M/R=m/k, 


3/2 
f(v)=4 a =| y? en /2kT 


The proportion of molecules with speeds less than c is 


3/2 
a - m © 2 mn /2kT 
P=| f(v)dv=4 a [iy e dv 


Defining a =m/2kT, 


a 3/2 es a v2 d 2 
P= an(<) { v ew” dv= ~1n{ 2) — [ em dv 
n 0 nm} da 


Defining 7’ = av’. Then dv=a"*dy and 


P18.27 
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Then we use fs et dy= ("? /2)erf(ca’”) 
eS a ee dea’? So 2A Aor. 
= j e* ay -( “2 hxc ) -3(47}¢ 
where we have used £ F S(y)dy = f(z). 
Substituting and canceling, we obtain P = erf(ca’’”) —(2ca" te he hers, 


Now, c=(3kT/m)"”, so ca"? =(3kT/m)” x(m/2kT)"”” =(3/2)"” , and 


V2 
p= ct BES) e*? =0.92-0.31= 


Therefore, (b) of the molecules have a speed less than the root mean square speed and 

(a) have a speed greater than the root mean square speed. (c) For the proportions in terms of 
the mean speed @, replace c by ¢ =(8kT/am) =(8/32) c, so ca"? =2/ a". 

Then P = erf(éa"”)—(2¢a"? / 2'” )x(e**) = erf (2/2"")-(4/2)e~* =0.889 - 0.356 =|0.533]. 


That is, of the molecules have a speed less than the mean, and have a speed greater 
than the mean. 


2 
(v") = [,v s@)av [18.7] = (= # yt? gna? /2KT dv [18.4] 


The integral of the above expression must be handled in a manner that depends on whether n is odd 
or even. When v is an odd, positive integer (n = 1, 3, 5, ...), letm + 2 = 2p + 1 where p =0, 1, 2, 3. ... 
and the integral is given by 


pth 
in yrtenmn 2k oy — 3 yrPrlg mA l2er oy yf p(27) [standard integral] 
m 


n+3 

e (2) AZ)" 
=¥) —— |i, 
z m 


oe m \" +1) ( 2kT > 
("aan 7) xy( 2} (22) 


Thus, 


al2 
- (2st) (=) when n is an odd, positive integer 
m 


When n is an even, positive integer (n = 0, 2, 4, ...), let n+ 2 = 2p, where p = 0, 1, 2, 3, ... , and the 
integral is given by 


| 2p—1)!1( 2kT Y ( 2nkT \” 
[te cy = [vier shat pol) (22) (727) Eicaad eeteall 
yp m m 


n+4 


_ eet ae 
5 3 


m 
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Thus, 


2nkT ae m 


(v)=4n( =" peal? 


ae 


pare 


n/2 
when n is an even, positive integer 
m 


P18.29 The rate constant, &,, for a transport process in which a molecule and its hydration sphere move a 
single step is governed by the activation energy for the step, E,, where the general definition of 
activation energy is 


Ei =-27" os [see Section 20.1] 


We expect that larger viscosities should retard the rate constant, so let us assume that &, is inversely 
proportional to the viscosity. Then, 


In k, = constant — In (7) 


dink, = 1dy 
dT n aT 

_RT? dn 
RL QP 
dn _ Gr 
OE 


In the case for which E, is independent of temperature, the above working equation can be 
integrated. We choose the lower integration limit to be the viscosity at a reference temperature Tier, 
ep: Lhe upper integration limit is the viscosity at temperature 7, 77. 


Piseeck hie 
me R ) %e T” 


(BHEHE4) « 


Thus, we see that, when E, is a constant, the pre-exponential factor A is a constant and 


E,/RT a RT cee 


e = 


where A = = 


nx e**'*" 118.26]. This demonstrates that the general definition E, = RT” ane is compatible 


with eqn. [18.26] when the activation energy is a constant. 


We explore the possibility that the Problem 18.8 empirical equation for the viscosity of water 
reflects an activation energy that has a dependence on temperature by applying the above working 
equation prior to the constancy assumption. The reference temperature is 20° C and from the CRC 
Handbook (71st ed., 1990-1991), 429 = 1002 pPa s = 1.002 x 10° kg m' s" (the value is not 
actually necessary in the following calculations). 

a(20-6/° C)-b(20-8/° Cy }/(6/° C+e) 


1(0) = Mp1! [P18.8] where a=1.3272, b= 0.001053, and c=105 
N(x) =M)10 where x=0/°C and f(x) ={a(20- x)-6(20-x)'}/(x+c) 


d d (are : d 
5. Mn 5 (10% ) = 77,10" ’xIn(10)x——( F(x))=m(x)xIn(10)x——(F (x)) 
=a s)xin(0) 


—a+2b(20-x) san) 8 
x+e (x+c) 


P18.31 
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RT? dn —-RX(x+273.15) K dn(x) 


xz SS a i ee 


a n dT T(x) d(x) 
=-{Rx(x+273.15)° Kfataiopd REE) ond aeo a 


This equation is used to make the lot of E, against 6/° C (i.e., x) shown in Fig. 18.5. The activation 
energy drops from 17.5 kJ mot at 20° C to 12.3 kJ mol at 100° CG. This decrease may be caused 
by the density decrease that occurs across this temperature range because the increased average 
intermolecular distance may cause a decrease in the hydrogen bond strength between water 
molecules. There may also be a decrease in the hydration sphere of a molecule, thereby making 
movement easier. 


Ea/kJ mol’ 


Figure 18.5 
2 
The generalized diffusion equation is ee a A [18.53]. 
ot ox ox 
We confirm that c(x,t) aera where a =. and b =e is a solution to the 
t (4zD) 4D 


generalized diffusion equation by taking the partial derivative w/r/t time and both the first and 
second partials w/r/t position to find whether they are related by eqn. 18.53. 


aC) C2 anil (2 2 ere Ce 
2 ~£ {re fav aos xe 


2f t 
(4 \x —2b(x-x, —vt) eMenry nth —2b(x-x, —vt) _ 
ox \f!? t t 
de _ 9 dc _ A} )-2b(x-H— vt) 
ax? axdx ox t 


i a [Rea dc 

= —X C+ § ——————_ px — 
t t ox 

- Px a = {Res xe 


t t 


d 2 
= Pros Maan L: 


t 
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Thus, 


2 - Se En <1, Se 
pte alt oa ape ts 2b(x—x, —vt) ce 2b(x-—x, —vt) he 
ox’ Ox t t t 


2 
= peeve] Sn) xe y| ME eg [D =] / 4b] 


“3. fave (x-x, xe 
2t t | t 
_9 


= as required 
Initially the material is concentrated at x=x, because c=0 for |x—x,|>0 when ¢=0 on 


~b(x-%9)* / 


account of the very strong exponential factor | e — 0 more strongly thes = “F+* 


The term x + vf in the concentration expression is the movement of the centroid is to fluid flow, 
Xcentroide LO prepare a very general set of concentration profiles at a series of times without 
specifying xo, v, or D, define z and C as follows. 


c ong X centroid 


C=———_.. and z= 
c, /(4nD h)'” (4D h)” 


The hour (h) has been chosen for the unit because of the slow pace of diffusion activity. With these 
definitions, the concentration expression becomes 


C(z, a ay ri -- 


Concentration profiles as C against ¢ at various times (1, 5, and 20 h) are displayed in Figure 18.6. 
1 


0.8 
0.6 
\e) 
0.4 
0.2 
0 
: Figure 18.6 
P18.33 9 P(x)=———___“!___p justification 18.7, s =~ 
1 1 z 
{Li+s}{L ow —sy}12" 
M! 
one | ee ee 
1 1 N 
{Liv+6| H1(v-6)h1 2 
(a) N=4, P(6A)=[0] = [m!=00 form<0] 
>) N=6, P(6A)=— B= 2, = 2 = [0016 [o!=1] 


12! 12x11x10 
Roll PiKe ee ost 
(c) (04) = Sara? = 3x2x27 


MOLECULAR MOTION 465 


N! 


i io {v,(N-+n)}{4(N—n)}!1 2" 


The intermediate mathematical manipulations of Justification 18.7 begin with the above expression. 
Simplification of the expression proceeds by taking the natural logarithm of the expression, 
applying Stirling’s approximation to each term that has the In(x!) form, checking for term 
cancelations, and simplifying using basic logarithm properties. 


Stirling’s approximation: in x!=In(2z)"? +(x+%4)Inx-x 
Basic logarithm properties: In(xxy) = Inx + Iny 

In(x/y) = Inx — Iny 

In(x”) = y Inx 
Taking the natural logarithm and applying Stirling’s formula gives 


=InNtIn({%(N+n)}!)-In({%2(N-n)}!)-in2” 
= nay? +(N+%)InN-W 
-| weeny +{4(N+n)+%}in{s(N+n)}-4( H+ A)] 
-| in(2m)'? +{4(N—n) +4} In{2(N-n)}-%( 0 - f) ]-10.2” 


InP =(N+%)In N-In(2a)'? ~1n2” 


—{A(N +n) +4} in[A(N+n)}—{4(N—n)+ 4} In{'a(N—n)} 


0 nore og) er nom) 


of EE} vena X) ota 19* Lv (vnvifi( X) ota) 


{| ved sap L)-rvensipin( 2) 


=3 


fu A-sp)-v-neia(t-2) 
ra 


nf ON tpi 2) av +nstpin( 142) -{ -ntpta(1-2) 


= nf ef mt onespin(t4 2) fmt 2) 


% : 
nP=in( =) {ems i}in( 14-2) 4G ne tfn( 1- 
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P18.37 For a three-dimensional, freely jointed chain of N repeating units each of length /, the probability 
that the ends lie in the range r to r + dr is fir)dr where 


3 _ -3 1/2 
f(r)= an Sz) a -(=27] [18.74] 
(R?) = ["r? f(r) dr 


3 
a aad a is, 


Thus, 


Rom =(R?) = 


Solutions to applications 


P18.39 (a) Each hydrogen atom contributes one electron and one proton to the “free” particle plasma. 
Consequently, the number of electrons in volume V equals the number of protons and the total 
number of free particles is given by N= N, + N. = 2N, or, alternatively, n =n, +n. = 2mp. Since the 
perfect gas law is applicable and because the mass of an electron is negligible compared to the 


mass of a proton, 
2n,RT 2m,RT 2 
f= ee =—— = ail where /, is the mass density of the protons 
V V VM, M, 7 
2pRT 


where total mass density, p, equals p, because electron mass is negligible 
P 


2(1.20x10° *)x(8.314 Ke \x(3.6«10°. K), \-— 
_2(1.20X10" kg m }(8.3145 Fag )x(3.6x1 be saie pal 
1.0x10° kg mol"! 


(b) From Justification 18.1, p=nM (vy 2\/V and (v a)= % _. 


Thus, 


mv, Yme? 
p= i) ae [44 }-Bha] where », = ao 
(c)  p, =%p=%x(7.2x10" Pa) =1.1x10" Im? =[1.1x10? TI m™ 


This is about 1 billion times larger than the translational energy density of the Earth’s 
atmosphere on a warm day. 

(d) Each carbon atom contributes 6 electrons and 1 nucleus to the “free” particle plasma. 
Consequently, the number of electrons in volume V equals 6 times the number of carbon nuclei 
and the total number of free particles is given by N= Nc + 6N, = 7Nc or, alternatively, n = nc + 
67, = 7nc. Since the perfect gas law is applicable and because the mass of the electrons is 
negligible compared to the mass of carbon nuclei, 


R RT : : 
p= a = bee = en ee = TP —— where p, is the mass density of carbon nuclei 


V a ee ae 


where total mass density, 9, equals p, because electron mass is negligible 


7(1.20x10° kg m™)x(8.3145 J mol K*!)x(3500K) 
a iat ee Pb al 
12x10° kg mol" neta ts 
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(e) p= nat where p is the mass density 


1.20x10° kg m™ }x(8.3145 J mol K7')x(3500 K ; 
_ (1.20x10° kg m™ (8.3145 J mol" K")x(3500 K) _ 2.9x10° Pa 
12.0x10° kg mo! 


P18.41 Dry atmospheric air is 78.08% N,, 20.95% O,, 0.93% Ar, 0.03%CO,, plus traces of other gases. 
Nitrogen, oxygen, and carbon dioxide contribute 99.06% of the molecules in a volume with each 
molecule contributing an average rotational energy equal to kT. The rotational energy density is 


given by 
_ FR _ 0.9906N(eE*) < 0.9906(€") DN, 
, es V RT 
0.9906 kTpN, 
= ——_____——* = 0.9906 
RT . 


= 0.9906(1.013x10° Pa) = 0.1004 Jcm™ 


The total energy density (translational plus rotational) is 


Pr = fg + Pp = 0.15 Tom? +0.10 Jom™ =[0.25Jem= 


P18.43 c(x,t) =c, +(c, —c,){1—erf($)} where (x,t) = x/(4Dr)'” and erf(€) =1-—, zie ak e” dy 


For c(x,f) to be the correct solution of this diffusion problem, it must satisfy the boundary 
condition, the initial condition, and the diffusion equation (eqn. 18.50). At the boundary, 


1/2 
x=0, é =0, and erf(0) =1-4, f e” dy =1- Jz} |-o 


Thus, c(0,f) =c, +(c, —c,){1—-0} =c,. The boundary condition is satisfied. At the initial time 
(t=0), €(x,0) = and erf(oo) =1. Thus, c(x,0)=c, +(c, —c,) {1-1} =c,. The initial condition is 
satisfied. We must find the analytical forms for dc/dt and 0c / dx’. If they are proportional with a 
constant of proportionality equal to D, then c(x,f) satisfies the diffusion equation. 


dc(x,f) =p . iG =¢,)% ens /4Dr 
ox 2 Jx(Dty” 


d’c(x, i 


ox? 


a (c, Ac, = Cy )x_ = Si 


2 Jn(D0y” 


The constant of proportionality between the partials equals D and we conclude that the suggested 
solution satisfies the diffusion equation. Diffusion through alveoli sites (about 1 cell thick) of 
oxygen and carbon dioxide between lungs and blood capillaries (also about I cell thick) occurs 
through about 0.075 mm (the diameter of a red blood cell). So we will examine diffusion profiles 
for 0<x<0.1 mm. The largest distance suggests that the longest time that must be examined is 


estimated with eqn. 18.56. 


2 “4 2 
AXipax _ a(1x10™ m) =3.745 


f ~ 


™ " 4D 4(2.10x10° m’s") 
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Figure 18.7 shows oxygen concentration distributions for times between 0.01 s and 4.0 s. We set co 
equal to zero and calculate c, with Henry’s law [16.26b]. 


Po, 21 kPa 


b,, = 16.26b] = ————_______—_ 
“ 7.9x10* kPa kg mol 


. [Table 16.1]=2.9x10% mol kg™ 
Ko, 


So c, = 2.9 x 107% mol dm™ 


Oxygen concentration profiles at ¢ 


x/mm 


Si a a 
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Chemical kinetics 


Answers to discussion questions 


The time scales of atomic processes are rapid indeed: according to the following table, a 
nanosecond is an eternity. Note that the times given here are in some way typical values for times 
that may vary over two or three orders of magnitude. For example, vibrational wavenumbers can 


range from about 4400 cm” (for H,) to 100 cm™ and even lower (for I,), with a corresponding 


range of associated times. Radiative decay rates of electronic states can vary even more widely: 
Times associated with phosphorescence can be in the millisecond and even second range. A large 
number of time scales for physical, chemical, and biological processes on the atomic and molecular 
scale are reported in Figure 2 of A. H. Zewail, “Femtochemistry: Atomic-Scale Dynamics of the 
Chemical Bond,” Journal of Physical Chemistry A 104, 5660 (2000). 


Process t/ns Reference 
Radiative decay of electronic excited state ix1o! Section 11.5 
Molecular rotational motion 3x107 B~1cm! 
Molecular vibrational motion 3x10” ¥ =~ 1000cm" 
Proton transfer 0.3 Zewail 2000 
Initial chemical reaction of vision" 2x107 Impact 11.1 
Energy transfer in photosynthesis’ 1x07 Impact 19.1 
Electron transfer in photosynthesis 3x107 Impact 19.1 
Collision frequency in liquids 4x10~ Section 18.1(b)? 


*Photoisomerisation of retinal from 1 1-cis to all-trans 
'Time from absorption until electron transfer to adjacent pigment 


*Use the formula for gas collision frequency at 300 K, the parameters for benzene from the data 
section, and the density of liquid benzene. 


Radiative decay of excited electronic states can range from about 10° s to 10* s—even longer for 
phosphorescence involving “forbidden” decay paths. Molecular rotational motion takes place on a 
scale of 107’ s to 10° s. Molecular vibrations are faster still, about 10-* s to 10” s. Proton transfer 
reactions occur on a timescale of about 107'° s to 10° s, although protons can hop from molecule to 
molecule in water even more rapidly (1.5 x 10°” s, Section 18.7a). Impact on biochemistry 11.1 
describes several events in vision, including the 200-fs photoisomerization that gets the process 
started. Impact on biochemistry 19.1 lists time scales of several energy-transfer and electron- 
transfer steps in photosynthesis. Initial energy transfer (to a nearby pigment) has a time scale of 
around 10°" s to 5x10" s, with longer-range transfer (to the reaction center) taking about 10° s. 
Immediate electron transfer is also very fast (about 3 ps), with ultimate transfer (leading to 
oxidation of water and reduction of plastoquinone) taking from 10° s to 10™ s. The mean time 
between collisions in liquids is similar to vibrational periods, around 10° s. One can estimate 
collision times in liquids very roughly by applying the expression for collisions in gases (Section 
18.1b) to liquid conditions. 


The overall reaction order is the sum of the powers of the concentrations of all of the substances 
appearing in the experimental rate law for the reaction (eqn. 19.7); hence, it is the sum of the 
individual orders (exponents) associated with a given reactant (or, occasionally, product). Reaction 
order is an experimentally determined, not theoretical, quantity, although theory may attempt to 
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D19.5 


D19.7 


predict or explain it. Molecularity is the number of reactant molecules participating in an elementary 
reaction. Molecularity has meaning only for an elementary reaction, but reaction order applies to any 
reaction. In general, reaction order bears no necessary relation to the stoichiometry of the reaction, 
with the exception of elementary reactions, where the order of the reaction corresponds to the number 
of molecules participating in the reaction, that is, to its molecularity. Thus, for an elementary reaction, 
overall order and molecularity are the same and are determined by the stoichiometry. 


The rate-determining step is not just the slowest step: it must be slow and be a crucial gateway for 
the formation of products. If a faster reaction can also lead to products, then the slowest step is 
irrelevant because the slow reaction can then be side-stepped. The rate-determining step is like a 
slow ferry crossing between two fast highways: the overall rate at which traffic can reach its 
destination is determined by the rate at which it can cross on the ferry. 


If the first step in a mechanism is the slowest step with the highest activation energy, then it is rate- 
determining, and the overall reaction rate is equal to the rate of the first step because all subsequent 
steps are so fast that once the first intermediate is formed, it results immediately in the formation of 
products. Once over the initial barrier, the intermediates cascade into products. However, a rate- 
determining step may also stem from the low concentration of a crucial reactant or catalyst and need 
not correspond to the step with highest activation barrier. A rate-determining step arising from the 
low activity of a crucial enzyme can sometimes be identified by determining whether or not the 
reactants and products for the step are in equilibrium: if the reaction is not at equilibrium, the step 
may be slow enough to be rate-determining. 


Simple diagrams of Gibbs energy against reaction coordinate are useful for distinguishing between 
kinetic and thermodynamic control of a reaction. For the simple parallel reactions R > P, and R > P», 
shown in Figure 19.1 as Cases I and II, the product P, is thermodynamically favored because the 
Gibbs energy decreases to a greater extent for its formation. However, the rate at which each product 
appears does not depend on thermodynamic favorability. Rate constants depend on activation energy. 
In Case I the activation energy for the formation of P, is much larger than that for formation of P2. At 
low and moderate temperature, the large activation energy may not be readily available and P, either 
cannot form or forms at a slow rate. The much smaller activation energy for P, formation is available, 
and consequently P, is produced even though it is not the thermodynamically favored product. This is 
kinetic control. In this case, [P2] / [Pi] = Ay/k, > 1 [19.32]. 


Case I Case II Case Ill 
R 
R 
G BR G G 
P 
P, P, P; P, Py 
Reaction coordinate Reaction coordinate Reaction coordinate Figure 19.1 


The activation energies for the parallel reactions are equal in Case II, and consequently the two 
products appear at identical rates. If the reactions are irreversible, [P2]} / [P,] = k2/k, = 1 at all times. 
The results are very different for reversible reactions. The activation energy for P; — R is much 
larger than that for P, — R and P, accumulates as the more rapid P; + R — P, occurs. Eventually 
the ratio [P,] / [P,] approaches the equilibrium value. 


tal = AG -AG WRT 2 
eq 


[By 


This is thermodynamic control. 


~ 


Case III in Figure 19.1 represents an interesting consecutive reaction series R + P, — P». The first step 
has relatively low activation energy and P, rapidly appears. However, the relatively large activation 
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energy for the second step is not available at low and moderate temperatures. By using low or 
moderate temperatures and short reaction times, it is possible to produce more of the 
thermodynamically less favorable P;. This is kinetic control. High temperatures and long reaction 
times will yield the thermodynamically favored P>. 


The ratio of reaction products is determined by relative reaction rates in kinetic controlled reactions. 
Favorable conditions include short reaction times, lower temperatures, and irreversible reactions. 
Thermodynamic control is favored by long reaction times, higher temperatures, and reversible 
reactions. The ratio of products depends on the relative stability of products for thermodynamically 
controlled reactions. 


In the analysis of stepwise polymerization, the rate constant for the second-order condensation is 
assumed to be independent of the chain length and to remain constant throughout the reaction. It 
follows, then, that the degree of polymerization is given by 


(N)=1+k, [A], [19.49b] 


Therefore, the average molar mass can be controlled by adjusting the initial concentration of 
monomer and the length of time that the polymerization is allowed to proceed. 


Chain polymerization is a complicated radical chain mechanism involving initiation, propagation, 
and termination steps (see Section 19.8(b) for the details of this mechanism). The derivation of the 
overall rate equation utilizes the steady-state approximation and leads to the following expression 
for the average number of monomer units in the polymer chain: 


(N) = 2k, [M][I}” [19.58] 


where k, = (1/2)ky(fhikyy , where k,, kj, and k, are the rate constants for the propagation, initiation, 
and termination steps respectively, and where fis the fraction of radicals that successfully initiate a 
chain. We see that the average molar mass of the polymer is directly proportional to the monomer 
concentration and inversely proportional to the square root of the initiator concentration and to the 
rate constant for initiation. Therefore, the slower the initiation of the chain, the higher the average 
molar mass of the polymer. 


The shortening of the lifetime of an excited state is called quenching. Quenching effects may be 
studied by monitoring the emission from the excited state that is involved in the photochemical 
process. The addition of a quencher opens up an additional channel for the deactivation of the 
excited singlet state. 


Three common mechanisms for bimolecular quenching of an excited singlet (or triplet) state are 


Collisional deactivation S°+Q>S+Q 
Energy transfer S°+Q3S8+Q 
Electron transfer S$ +Q35S'+Q or S'+Q’ 


Collisional quenching is particularly efficient when Q is a heavy species, such as an iodide ion, 
which receives energy from S’ and then decays primarily by internal conversion to the ground state. 
Pure collisional quenching can be detected by the appearance of vibrational and rotational excitation 
in the spectrum of the acceptor. 


In many cases, it is possible to prove that energy transfer is the predominant mechanism of 
quenching if the excited state of the acceptor fluoresces or phosphoresces at a characteristic 
wavelength. In a pulsed laser experiment, the rise in fluorescence intensity from Q” with a 
characteristic time that is the same as the time for the decay of the fluorescence of S” is often taken 
as an indication of energy transfer from §S to Q. 


Electron transfer can be studied by time-resolved spectroscopy (Section 11.7f). The oxidized and 
reduced products often have electronic absorption spectra distinct from those of their neutral parent 
compounds. Therefore, the rapid appearance of such known features in the absorption spectrum 
after excitation by a laser pulse may be taken as an indication of quenching by electron transfer. 
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E19.1(a) 


E19.2(a) 


E19.3(a) 


E19.4(a) 


E19.5(a) 


E19.6(a) 


Solutions to exercises 


Let the initial amount of ICI] be mc, and the initial amount of H, be my; the initial amounts of I, and 
HC] are assumed to be zero. Thus, the initial total quantity of gas is mjc, + my. Let the amount of I, 
formed at any given time be n. In that case, the amount of HCl is 2, that of H2 is my — n, and the 
amount of ICI is myc, — 2n. At any given time, then, the total quantity of gas is 


Nota) = Nc) — 2N + Ny — n+ n+ 2n = NCQ + Ny = Ninitiad 


Thus there is no change in the amount of gas during the course of the reaction. Since there is no 
change in volume or temperature either, there is no change in pressure, 


COMMENT. Measuring the pressure would not be a practical way of monitoring the progress of this 
reaction. 


y= [19.3b] $0 oT oy i 


J 


Rate of formation of C = 3v= 
Rate of formation of D = v= 
Rate of consumption of A = v= 
Rate of consumption of B = 2v= 


y= 1 AF) (1193p) =1 40 = 1.02.7 mol dm? s+) = 
v, dé 2, de. 2 


Rate of formation of D = 3v =|4.05 mol dm™ s” 
Rate of consumption of A = 2v = 
Rate of consumption of B = v= 1.35moldm™ s™ 


The rate is expressed in mol dm” s"'; therefore, 
mol dm~ s™ = [k,] x (mol dm™) x (mol dm”) 


where [k,] denotes units of k,, requires the units to be lim? mol s~, 


(a) Rate of formation of A = v= 
(b) Rate of consumption of C = 3v= 


Given = k [A][B][C], the rate of reaction is [19.3b] 


oo ee A | Dy 
on ae 2 PIAIBIC) 


The units of k,, [k,], must satisfy 
mol dm™ s” = [A] x (mol dm“) x (mol dm) x (mol dm”) 


Therefore, [k,] = : 


(a) For a second-order reaction, denoting the units of k, by [A,], 
mol dm™ s" = [k,] x (mol dm™)’; therefore 


For a third-order reaction, 


mol dm® s”! = [k,] x (mol dm™)’; therefore |[k,] = dm® mol” s! 


E19.7(a) 


E19.8(a) 


E19.9(a) 
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(b) For a second-order reaction, 


kPa s“' = [k,] x kPa’; therefore 


For a third-order reaction, 

kPa s' = [k,] x kPa’; therefore 
The rate law is 

v=k,[A]’ < p,” = {Pao (1— f)}" 


where / is the fraction reacted. That is, concentration and partial pressure are proportional to each 
other. Thus we can write 


Hence, the reaction is second-order. 
COMMENT. Knowledge of the initial pressure is not required for the solution to this exercise. The ratio of 
pressures was computed using fractions of the initial pressure. 
Table 19.3 gives a general expression for the half-life of a reaction of the type A — P for orders 
other than 1: 

i 2" 1-1 

= (n aah 1k, [A 


where the proportionality constants may be functions of the reaction order, the rate constant, or even the 
temperature, but not a function of the concentration. Form a ratio of the half-lives at different initial 
pressures: 


l-n n~l 
fiaPoa) ie (Po. ) = [Bu = [2 
hio(Po2) \ Po2 Po 


Hence, a ate (Pos) =(n—1)In [2 
t2(Po2) 0,1 


If oo | 

is 880s) _ 5 

(n-1)= 1 ote) 1 
363 Torr 


Therefore, fn = | in agreement with the result of Exercise 19.7(a). 


- [ Aj,” oc Po 


or 


Z N20; +4 NO, + O, v= K.[N2Os] 
Therefore, rate of consumption of N,O; = 2v = 2k,[N20s]. 


N,O | : he 
ANS} <-2k,[N,0,] 50 [N,0,]=[N,0,he™* 
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E19.10(a) 


Solve this for ¢. 
2k, [N,O, ] 


Therefore, the half-life is 


t =—In2 =——__——___ =1.03x10's 
a, Be (2) (3.3810 s") 


Since the partial pressure of N2Os is proportional to its concentration, 
P(N,O,) = p,(N,0, he 
(a) —_p(N,0,) = (600Torr)x{e220107/9>0509 ) = 


(b) P(N, O,) a (500 T orr) x | en (2338x100 /s)x(20x60 8) = 


COMMENT. The half-life formula in Table 19.3 is based on a rate constant for the rate of change of the 
reactant; that is, the formula based on the assumption that 

dA) 
-——=k/A 
* (Al 
Our expression for the rate of consumption has 2k, instead of k, and our expression for t,, does 
likewise. 


The integrated rate law is 
kt= ata S| [19.17] 
[B],-[A], \[A]/TA], 


(a) The stoichiometry of the reaction requires that when 
A[B] = (0.020 — 0.050) mol dm™ = -0.030 mol dm™ 
then A[A]=-0.030 mol dm”, as well. 
Thus [A]=0.075 mol dm — 0.030 mol dm™ = 0.045 mol dm” 
When [B]=0.020 mol dm” . Therefore, 


po ] bear 
" — (0.050—0.075) moldm™ \.0.045/0.075 


k,x1.0h =16.2 dm? mol’ 


sO k, =|16.2dm* mol h™ {te |= 4.5x10° dm’ mo! s™ 
3600 s 


(b) The half-life with respect to A is the time required for [A] to fall to 0.0375 mol dm™~ (and [B] to 
0.0125 mol dm™). We solve eqn. 19.17 for ¢. 


| 0.0125 / 0.050 
hy 2 (A) = = 3 A a. al — ~~ aE" 3 xIn ——————————— 
(16.2dm° mol™ h™ )x(—0.030 moldm~ ) 0.50 


=142h =[5.1x10 s| 


Similarly, the half-life with respect to B is the time required for [B] to fall to 0.025 mol dm (and 
[A] to 0.050 mol dm”). 


pee ee eC 
wa (16.2 dm’ mol” h™')x (-0.030 moldm™) 0.050 / 0.075 


= 0,59h =|2.1x10's 
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COMMENT. This exercise illustrates that there is no unique half-life for reactions other than those of the 
type A > P. 


E19.11(a) The integrated second-order rate law for a reaction of the type A + B —> products is 


am. (CUE 
[B], -[A], [A]/ [A], 


Introducing [B] = [B]o — x and [A] = [A]o — x and rearranging, we obtain 


" -( ti ates 2) 
[B], -[A], ({A], —x)(B], 


Solving for x yields, after some rearranging, 


[19.17] 


r [A} [Bl], fone tn i) (0.060) (0.1 ee Lixe/s -1) 
errr’ ~0.55 


(a) After 20 s, 
_ (0.060 mol dm™)x(e°”? —1) 


caer = 0.0122 moldm™ 


which implies that 
[CH,COOC,H, ]= (0.110 0.0122) moldm™ = 

(b) After 15 min = 900 s, 
_ (0.060mol dm~)x(e°""™ — 1) 


ener" 0. 55 


so [CH,COOC,H,] = (0.110-0.060) moldm~ =|0.050moldm* 


= 0.060 mol dm~ 


E19.12(a) The rate of consumption of A is 
a =2v=2k [A]? [v, =-2] 


which integrates to iT - — = 2k,t [19.13b with k, replaced by 24,]. 
0 


Therefore, Date , ar] 
[A] [A] 


< i " 1 a 1 
2x 4.30107 dm’ mol! s* 0.010moldm~ 0.210moldm~ 
={1.11x10* s| =[1.28 days 


E19.13(a) The reactions whose rate constants are sought are the forward and reverse reactions in the following 
equilibrium. 
NH, (aq) + H,0() = NH; (aq)+OH (aq) 
The rate constants are related by 


K, es a =1.78x10% mol dm™ 
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where the concentrations are equilibrium concentrations. (We assign units to K,, which technically 
is a pure number, to help us keep track of units in the rate constants. Keeping track of the units 
makes us realize that k, is a pseudo first-order protonation of NH; in excess water, for water does 
not appear in the above expression.) We need one more relationship between the constants, which 
we can obtain by proceeding as in Example 19.4: 


==, +K(NH,"}+[0H) 
Substitute into this expression 
k,=Kyk? and (NH4*] = [OH] = (K,[NHs])'” 


Hence, . = Kk, +2k/(K,[NH,])"”? =, {K, +2(K,[NH,))""} 


So the reverse rate constant is 


1 
LL eas ae TATE 
" {K, +2(K,[NH,])"”} 
~ 7.61x10" s{1.78x10% mol dm? +2(1.78x10~ x0.15)"? mol dm} 


=|4.0x10'° dm™ mol s? 
and the forward constant is 


k, = Kykf = 1.78x10~ mol dm™ x 4.0x10"° dm’ mor" s™ = 


Recall that k, is the rate constant in the pseudo first-order rate law. 


d{ NH 
oe = k,(NH; ] 
Let us call & the rate constant in the bimolecular rate law. 


a = k{NH, ][H,0} 


Setting these two expressions equal to each other yields 


-1 : 
ea Ee ns 1,28x10* dm? mol” s™ 


~ [H,O] (1000 g dm*)/(18.02 g mol") 
E19.14(a) The rate of the overall reaction is 


y= SZ) eA] 


However, we cannot have the concentration of an intermediate in the overall rate law. 


(i) Assume a pre-equilibrium with 


2m [AY : : _ pi 1/2 
K= implying that [A]=K'*[A,] 


[A,]’ 
and =o v=[k,K'?(A,]'?[B]|=4,,,[A,]’’[B] 
where Ker = kK". 


(ii) Apply the steady-state approximation: 


ak = 0 =2k,[A,]-2k [AT —&,[A][B] 
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This is a quadratic equation in [A]. 


wie ~b+Vb° =4ac _ k,[B]+-yh’ [B} ee ee ef 16K,[A,] _ -1 
2a k,’ [BY 


4k; 4k 


(In the last step, choose the sign that gives a positive quantity for [A].) Thus the rate law is 


ktBY ( [- 16RK TAL] 
4k, | —k?[BP 


This is a perfectly good rate law, albeit a complicated one. It is not in typical power-law form, but it 
is a function of reactant concentrations only, with no intermediates. This law simplifies under 
certain conditions. If 16k,k,’[A2] >> &’[BT’, then 


( TOKKTALT_, _ 4VRKTAL 


k,’[BY k,[B] 


and ye IBY. 4 kik Ay TA,] = k _[B] k LAr] kK, K'[A,}[B] }?[B) 
4‘ COBY "Sram 


recovering the pre-equilibrium rate law. If, on the other hand, 16k,k;’ [A2] << k’[B}’, we expand 
the square root 


1, LOK IA,] _, | Shy LAy] 


v=k[AI[B] = 


k, [BY k,{By 
A IBE (, , 8h LAr] _,)_ . 
ot YA 


COMMENT. If the equilibrium is “fast,” the latter condition will not be fulfilled. In fact, this special case 
amounts to having the first step rate-limiting. Note that the full (messy) steady-state approximation is 
less severe than either the pre-equilibrium or the rate-limiting step approximations, for it includes both 
as special cases. 


-— + ——— [analogous to 19.46] 


E19.15(a) 
Therefore, for two different pressures we have 
Pere ee -7(+ -+) 
K.P) kd) KP Pr 
eo oil 1 


—— 
so k, - = Pe — 2k 1.30x10 aa =|] 9x10~% Pa” gs? 


ieee) sae! 
k.(p,.) k(p,) 21010" s™  2.50x10 s 


or 


E19.16(a) The degree of polymerization is [19.49b] 


(MN) =1+k, A], 
=1+(1.39 dm? mol s)x5.00 hx3600 s h7' x1.00x10? mol dm™ 


= [251] 
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The fraction condensed is related to the degree of polymerization by 


1 . 
Sal Hie SO <a) ae ae 0.996 


E19.17(a) The kinetic chain length varies with concentration as 
v = k{MI[I)” [19.57] 


so the ratio of kinetic chain lengths under different concentrations is 
v2 2 
Lae nS os) = [0.125 
v, (M], (1, 42° \ 3.6 
E19.18(a) Number of photons absorbed = @' x number of molecules that react [19.59a]. Therefore, 


(2.28107 mol / 2)x(6.02210” einstein“) B3x10"| —— 
number absorbed = ————H_—___ + ______———_ = [3.3 x10 
2.110? moleinstein™ . 


E19.19(a) For a source of power output P at wavelength A, the number of photons (,) generated in a time ¢ is 
the energy output divided by the energy per mole of photons 


Pt PAt ___—_ (100 W)x(45 min)x(60 s min')x(490x107 m) 


n 
* WN, heN,  (6.626X10™J s)x(2.998108 m s“!)x (6.022107 mol") 
=1.11 mol =1.11 einstein 
If 40% of the incident photon flux is transmitted, then 60% is absorbed. Therefore, 
_moleculesdecomposed 0.344mol  _ [0.53] 


i  ———EEEE_COUO On OO 


E19.20(a) The Stern—Volmer equation (eqn. 19.66) relates the ratio of fluorescence quantum yields in the 
absence and presence of quenching. 


90 _ = 
d =1+7,k[Q]= I 


f f 


The last equality reflects the fact that fluorescence intensities are proportional to quantum yields. 
Solve this equation for [Q]: 


= RE =~ __<__________ = 10.56 mol dm 
(Q] Tok, (6.0x10° s)x(3.0x10° dm’ mo! s™ ) 


E19.21(a) The efficiency of resonance energy transfer is given by [19.67]. 


Forster theory relates this quantity to the distance R between donor-acceptor pairs by 


6 
Ny = = ar (19.68) 


where Xp is an empirical parameter listed in Table 19.6. Solving for the distance yields 


V6 V6 
1 
a-a(—-1] = (4.9 am)x{ 1] =[7.1 nm| 
T * 


P19.1 


P19.3 
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Solutions to problems 


Solutions to numerical problems 


A simple but practical approach is to make an initial guess at the order by observing whether the 
half-life of the reaction appears to depend on concentration. If it does not, the reaction is first-order; 
if it does, refer to Table 19.3 for an expression for the half-life of a reaction of the type A — P for 


orders other than 1: 
2"! —] 
ee en ee A l-n 
1/2 (n ai Ik. [Ay [ To 

Examination of the data shows that the first half-life is roughly 45 minutes and the second is about 
double the first. (Compare the 0-50 minute data to the 50-150 minute data.) That is, the half-life 
starting from half of the initial concentration is about twice the initial half-life, suggesting that the 
half-life is inversely proportional to initial concentration: 

tin [Alo =[A]o.” with n = 2 
Confirm this suggestion by plotting 1/[A] against time. A second-order reaction will obey 


=k t+—— [19.136] 


[A] [A], 
We draw up the following table (A = NH,CNO). 
m(urea)/g 0 7.0 12.1 13.8 aad 
m(A)/g 22.9 15.9 10.8 9.1 1 
[A]/(mol dm?) 0.381 0.265 0.180 0.152 0.0866 
[A} ‘dm? mot’) 2.62 3.78 5.56 6.60 11.5 


zs 
3s 
37 
& 6 
eee 
4 j 
3 i 
[ae Se a At el ai 
0 20 40 60 80 100 120 140 160 
amin Figure 19.2 


The data are plotted in Figure 19.2 and fit closely to a straight line. Hence, the reaction is indeed 


second-order. The rate constant is the slope: |k, = 0.0594 dm’ mol! min“'|. To find [A] at 300 min, 


use eqn. 19.13(c): 
= 0.0489 moldm™ 


The mass of NH,CNO left after 300 minutes is 
m = (0.0489 moldm~*)x (1.00dm’)x (60.06g mol"') =|2.94 g 


Use the procedure adopted in the solutions to problems 19.1 and 19.2: Is the half-life (or any other 
similarly defined “fractional life’) constant, or does it vary over the course of the reaction? The data 
are not quite so clear-cut. The half-life appears to be approximately constant at about 10 minutes: in 
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the interval 0-10 the initial concentration drops by just over half, while in the interval 2—12 the 
concentration drops by slightly less than half. Another measure would compare the fractional 
consumption in two equal time intervals. The fractional consumption in the 0-2 interval is about 
1/6, while that in the 10—12 interval is about 1/10—suggesting that the fractional consumption is not 
constant over the time the reaction was monitored. We draw up the following table (A = nitrile) to 


[A] 


0 


examine both first-order and second-order plots. The former is a plot of ( against time 


(eqn. 19.10b); the latter is a plot of 1/[A] against time. 


t/ (10° s) 0 2.00 4.00 6.00 8.00 10.00 12.00 
[A] / (mol dm~) 1.50 1.26 1.07 0.92 0.81 0.72 0.65 
[A] 
Al 1.00 0.840 0.713 0.613 0.540 0.480 0.433 
40 
[A] 
In TA] 0 0.174 0.338 -0.489 -0.616 -0.734 -0.836 
0 
1/[A] 0.667 0.794 0.935 1.09 1.23 1.39 1.54 


First-Order Plot 


In([A//{A]o) 


t/(10° s) Figure 19.3(a) 


The first-order plot (Figure 19.3a) is not bad: the correlation coefficient is 0.991. The corresponding 
first-order rate constant is k, = —slope = 


Second-Order Plot 


1A] 


t/(10° s) Figure 19.3(b) 


The second-order plot (Figure 19.3b) looks even better: the correlation coefficient is 0.999. The 


corresponding second-order rate constant is k, = slope ={7.3x10~ dm” mol” s |. 


P19.5 


P19.7 
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COMMENT. Based on the given data, the reaction appears to be closer to second-order than to first- 
order. (The reaction order need not be an integer.) This conclusion is a tenuous one, though, based on 
the assumption that the data contain little experimental error. The best course of action for an 
investigator seeking to establish the reaction order would be further experimentation, following the 
reaction over a wider range of concentrations. 


Since both reactions are first-order, 
d[A 
~ FE) = KIA]+ KIAl= +4 AI 
SO [A]=[A],e "2" [19.10b with k, = k, + ky ] 
We are interested in the yield of ketene, CH,CO; call it K: 
d{K] =k,[A]= k,[A],e“ +h, )t 
dt 
Integrating yields 
K] t 
[ d[K]= &,[A], { e thy dy 
0 0 


= k,[A], —e ththyy — k, ze) 1 
[K] ak (I-e ) ee (Al, -[A) 


The percent yield is the amount of K produced compared to complete conversion; since the 
stoichiometry of reaction (2) is one-to-one, we can write 


% yield = US) 100% = add Ninja 2") x 100% 
[A], k, +k, 
which has its maximum value when the reaction reaches completion. 


k 465s" 
max % yield = —2—x100% = §\-__ x 100% = [55.4%] 
a ” (3.7444.65) : 7 


COMMENT. If we are interested in yield of the desired product (ketene) compared to the products of 
side reactions (products of reaction 1), it makes sense to define the conversion ratio, the ratio of desired 
product formed to starting material reacted, namely, 


aes: 
[Al, — Al 
which works out in this case to be independent of time. 
[K} __k, 


[A], [A] k, +k, 


lf a substance reacts by parallel processes of the same order, then the ratio of the amounts of products 
will be constant and independent of the extent of the reaction, no matter what the order. 


Question. Can you demonstrate the truth of the statement made in the comment? 


The stoichiometry of the reaction relates product and reaction concentrations as follows: 
[A]=[A], — 2[B] 


When the reaction goes to completion, [B] = [Al]p/2; hence [A]p = 0.624 mol dm’. We can therefore 
tabulate [A], and examine its half-life. We see that the half-life of A from its initial concentration is 
approximately 20 min, and that its half-life from the concentration at 20 min is also 20 min. This indicates a 
first-order reaction. We confirm this conclusion by plotting the data accordingly (in Figure 19.4), using 


[Ah _ 
In ay Rat (19.106) 
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P19.9 


which follows from 

d{ A] 

——-=-—k [A 

ae ALA] 
t/ min 0 10 20 ©0230 40 00 
[B]/ (mol dm” ) 0 0.089 0.153 0.200 0.230 0.312 
[A]/ (mol dm~) 0.624 0.446 0.318 0.224 0.164 0 
[Alo 
h 0 0.34 0.67 1.02 1.34 
[A] 


(TAVIA]o) 


0 10 20 30 40 
Time/min Figure 19.4 


The points lie on a straight line, which confirms kinetics. Since the slope of the line is 
~3.4x10° min”, we conclude that k, = 3.4x10~ min™. To express the rate law in the form v = 
k,[A], we note that 


=-(1)x-k [AD =14,141 


and hence k, =k, ={1.7x107 min" |. 
If the reaction is first-order, the concentrations obey 


n( (AL) =—kt [19.10b] 
[A], 


and, since pressures and concentrations of gases are proportional, the pressures should obey 


In = kt 
Pp 


and “ine should be a constant. We test this by drawing up the following table. 
Pp | 


po! Torr 200 200 400 400 600 600 


tls 100 200 100 200 100 200 
p/Tor 186 173 373 347 559 520 
1 
10° (+n 2 3... 33. 0 92 ott. 22 
t/s Pp 


The values in the last row of the table are virtually constant, so (in the pressure range spanned by 


the data) the reaction has with k, = 7.2x10~* 5}, 


P19.11 


P19.13 
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Using spreadsheet software to evaluate eqn. 19.27(b), one can draw up a plot like that in 
Figure 19.5. The curves in this plot represent the concentration of the intermediate [I] as a function 
of time. They are labeled with the ratio k,/k,, where k, = 1 s' for all curves and k, varies. The 
thickest curve, labeled 10, corresponds to k, = 10 s', as specified in part (a) of the problem. As the 
ratio k,/k, gets smaller (or, as the problem puts it, the ratio k,/k, gets larger), the concentration 
profile for I becomes lower, broader, and flatter; that is, [I] becomes more nearly constant over a 
longer period of time. This is the nature of the steady-state approximation, which becomes more 
and more valid as consumption of the intermediate becomes fast compared with its formation. 


[1] /( mol dm) 


Figure 19.5 


(a) First, find an expression for the relaxation time, using Example 19.4 as a model. 


“ =-2k, [A]? + 2k. [A,] 


Rewrite the expression in terms of a difference from equilibrium values, [A] = [A]eg + x. 


d[A]_ d4((A].,+%) dx z ! 


dx 
Gp halen ~ 4h LA] gx 2k" + 2K, TAs 1, — Kx 


Neglect powers of x greater than x', and use the fact that at equilibrium the forward and reverse 
rates are equal, 


k, [A]. = ke [A, leq 
to obtain 


dx , ] , 
G7 thlAla the so == 44, [A], +4, 


To get the desired expression, square the reciprocal relaxation time, 


(i) * = 16k,’ [A], + 8k, [A], + (K) 


Ny 


introduce [A tot = [A]eg + 2[Azleq into the middle term, 


he 


2 


= 16k2[A],,” + 8k, ALA ig — LAs leq) +)? 


= 16K, [A], + 8K, ATA] — 16K, ATA, leg + (Kg) =|8k ATA To + (2)? 


ba | 
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and use the equilibrium condition again to see that the remaining equilibrium concentrations cancel 
each other. 


COMMENT. Introducing [A]... into just one term of eqn. {i) above is a permissible step but not a very 
systematic one. It is worth trying because of the resemblance between egn. (i) and the desired 
expression: We would be finished if we could get [A], into the middle term and somehow get the first 
term to disappear! A more systematic but messier approach would be to express [A],, in terms of the 
desired [A],,, by using the equilibrium condition and [A], = [Al,, + 2[A.],,: Solve both of those equations 
for [A],,, set the two resulting expressions equal to each other, solve for [A], in terms of the desired 
[Al,... and substitute that expression for [A],, everywhere in eqn. (i). 


1 
(b) Plot 7 vs. [A]tot 


The resulting curve should be a straight line whose y-intercept is (k,'y" and whose slope is 8k,,' . 


(c) Draw up the following table. 


[Alin /(moldm™) 0.500 0.352 0.251 0.151 0.101 


tins 2.3 7.7 3.3 4.0 53 
1/ (dns)? 0.189 0.137 0.092 0.062 0.036 


The plot is shown in Figure 19.6. 


[Ajo / (mol/dm’) Figure 19.6 


The y-intercept is 0.0003 ns” and the slope is 0.38 ns” dm’ — 
ki — {3x10~ x(10° s)” da =, (3x10"* 5? yi" = 


= y=? 3 I 
_ 9.38x(10 s)~ dm’ mol = 7x10 doe mors 


4 8x(1.7x10" s* 
k,/dm’ mol s' 2.7x10° = 
and se ee ee lel 
k’/s" 1.710’ 


COMMENT. The data define a good straight line, as the correlation coefficient R’ = 0.996 shows. The 
straight line appears to go through the origin, but the best-fit equation gives a small non-zero y- 
intercept. Inspection of the plot shows that several of the data points lie about as far from the fit line as 
the y-intercept does from zero. This suggests that the y-intercept has a fairly high relative uncertainty 
and so do the rate constants. 


(a) The fluorescence intensity is proportional to the concentration of fluorescing species, so 


4, _ BI. 6% 119,62] s0 n( 2) =-+ 
I, [S], I, T 
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A plot of In(///o) against t should be linear with a slope equal to —1/% (i.e., % = —1/slope) and an 
intercept equal to zero. See Figure 19.7. The plot is linear, with slope -0.150 ns™’, so 


t, =-1/(-0.145 ns) =[6.9 ns| 


=| 


In(F;/Io) 
| 
ie 


Figure 19.7 


Alternatively, average the experimental values of tn Ze and check that the standard deviation is 
0 


a small fraction of the average (it is). The average equals —1/% (i.e., 4 = —l/average). 


(b) The quantum yield for fluorescence is related to the rate constants for the various decay 
mechanisms of the excited state by 


4, <——"t— 19.64) =&, (19.63) 
sok, = 9, /, = 0.70/(6.9 ns) = 


k, + kisc iw kc 
Proceed as in Problem 19.15. In the absence of a quencher, a plot of In J/Jo against ¢ should be 
linear with a slope equal to —1/to. The plot is in fact linear with a best-fit slope of —1.004 ys . (See 
Figure 19.8) 
~1 


T =——=——_ = 9.96 Us 
°  -1.004 ys" . 


aneunasennnqmsniionsnanssenteaes setter enmntsenssaussnessmastmunantinsinnaenaeptasinenrseyterserrrsbreseestvrsevenen tues ause suuemeas sens nenasaaeenaqssannattgan/eanccoby obvereansurenvaserssumesncesnensnaneg, 


No 
quencher 


mony 
1 With 
= quencher 
mS 
| 
-2 


| 
. Lia >. acne: 
0 5 10 15 20 
Time / ys Figure 19.8 


In the presence of a quencher, a graph of In //Jo against ¢ is still linear but has a slope equal to 
—1/t . This plot is found to be linear with a regression slope equal to —1.788 ys”. 


=i 


T = —————_- = 5.59 
—1.788 ys” ii 


The rate constant for quenching (i.e., for energy transfer to the quencher) can be obtained from 


~=+4%,[Q] [Example 19.8] 
ih 
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t'=t  RT(t' =4,') 
[N,] Py, 


_ (0.08206 dm’ atmK™ mol”)(300K)(0.1788—0.1004)x(10~ s)" 
9.74x10~ atm 


=|1.98x10° dm’ mols” 


Solutions to theoretical problems 


Thus ko = 


P19.19 The rate of change of [A] is 


dt T 
[A] 
Hence, ey —k, { dt =—k,t 
[Ab[ A]” 0 


Therefore, kt=(— 7. 
n-1) \[Ay" [AI 


At t= ti , [A] =[A]o/2 


1 1 et og 1 
A beer “ol ewan meer bad Raced os beeen y 
n-1) \[A]; [A] a~! [A]; 
and t meee ies [as in eqn. 19.15] 
sea om. ee a 


Now let ¢,;3 be the time at which [A] = [A]p/3. Substitute these expressions into the integrated rate 


law: 
Kt, =|— |* — pia at Prey 
n—-] [A]; [Ak n—-| [A], 
and hy, = Be a! 
k.(n—-I)[A], 
a[P] 
P1 9.21 y= ap = k [A][B] 


Let the initial concentrations be [A]o = Ao, [B]o = Bo, and [P]o = 0. Then when P is formed in 
concentration x, the concentration of A changes to Ay — 2x and that of B changes to By — 3x. Therefore, 


<I -¢ =k, (A, -2x)(B, -3x) with x =0 at 1=0 


dt 


i cae j (A, - ee — 3x) 


Apply partial fractions decomposition to the integrand on the right. 
it nC 
ce has spool a GE SRM a 
0 2B, —3A, 3(4, -—2x) 2(B, -3x) 


al tatiaeas st sly {—_-[—; 
| (2B, -34,) x-(1/2)A, ”x-(1/3)B, 


P19.23 


P19.25 


CHEMICAL KINETICS 487 


aaah tae) tS) 
(2B, —34)) ae -7B, 
see sl gl Se 
(28, -34,) | 4Gx-B,) 
4 | (2x—A,)B, 
—((34,-2B,) | 4,Gx-B,) 
The rate equations are 


aA) 


3 =—k [A]+k’[B] 
ote = k,[A]—4;[B]-,[B]+ &,[C] 
WC} _y BK 

r = k,[B]—&,[C] 


These equations are a set of coupled differential equations. Although it is not immediately apparent, 
they have a closed-form general solution; however, we are looking for the particular circumstances 
under which the mechanism reduces to the second form given. Since the reaction involves an 
intermediate, let us explore the result of applying the steady-state approximation to it. Then 


AE) ~ £,[A]-K[B]-,[B]+ KIC} ~0 


and) ~ BLAH ICI 
ki +k, 
Therefore, i a = Ashe 143 + ake ty, 
dt ki +k, we +E, 


This rate expression may be compared to that given in the text [Section 19.4] for a first-order 
reaction approaching equilibrium. 


k 
ATC 
Here k= i Hand k’ = Rake 
k, +k, k, +k, 
ki +k rth 


The solutions are [A] -| jet [19.19] 


ki +k, 
and = = [C] = [A]o— [A] 
Thus, the conditions under which the first mechanism given reduces to the second are the conditions 
under which the steady-state approximation holds, namely, when B can be treated as a 
jintermediate} 
Let the forward rates be written as 

4 =K(A] r, =k,[B] r, =k [C] 
and the reverse rates as 


r= k,[B] r, =k, [C] r, =k [D] 


The net rates are then 


R, = k,[A]—*,[B] R, =k, [B]-A[C] R, = k,[C]-*,[D] 
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P19.27 


But [A] = [A]p and [D]=0, so the steady-state equations for the net rates of the individual 
steps are 


k, [A], - ki [B]= k, [B]- k; [C]= k, [C] 


From the second of these equations we find 


k,[B 
qy=-gel 
k, +k, 
After inserting this expression for [C] into the first of the steady-state equations, we obtain 
rieq HTAL +4] oI 
[B] — k, [A], +k, [C] = k, +k, 
k, +k, ky +k, 


which yields, on isolating [B], 


4. k, 
[B]=[A], x i 


Thus, at the steady state, 


R, = R, = R, =[A}k, x| 1- 
Lil ki+ 


COMMENT. At steady state, not only are the net rates of reactions 1, 2, and 3 steady but so are the 
concentrations [B] and [C]. That is, 


soe = KIA — (Ki +k B]+ KIC] = 0 
and TT 4,tB]-(&; +4, )IC]~0 


In fact, another approach to solving the problem is to solve these equations for [B] and [C]. 


The number-average molar mass of the polymer is the average chain length times the molar mass of 
the monomer. 


(M)=(N)M, a [19.49] 
—P 


The probability Py that a polymer consists of N monomers is equal to the probability that it has 
N — 1 reacted end groups and one unreacted end group. The former probability is p*'; the latter 
| — p. Therefore, the total probability of finding an N-mer is 


Py =p" '(1-p) 
We need this probability to get at (M A , again using number averaging: 
(M?) = M?(N?)=M)?))N7P, = M,(1- py) N?p™ 
N N 


2 d d N 2 d d =f M/ (1+ p) 
ape aan” ae 


1+ 1 M,’ 
Thus, (M’),—(M)y = m| a-p ee) a, 


P19.29 


P19.31 


P19.33 
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md |((a), -(a),)" 


The time dependence is obtained from 


_ k AA], 


= 19.48 
P 1+ kAAl, | 


and = (N) = =i =1+k1{A], [19.49a and 19.49b] 


1/2 


Hence, ee = p’(1+kt[A],) = {k.t{A],(1+k,[A]))} 
—Pp 


and ((34?), -(M)y)” =| {eta AD} 


In termination by disproportionation, the chain carriers do not combine. The average number of 
monomers in a polymer molecule equals the average number in a chain carrier when it terminates, 
namely, the kinetic chain length, v. 


ov) =»— ET 


COMMENT. Contrast this result to the reasoning before eqn. 19.58, in which the average number is the 
sum of the average numbers of a pair of combining radicals. 


The rates of the individual steps are 


Ao B SE) eg 
dt 

BOA 4B] __4 CBP 
dt 


In the photostationary state, /, — k{B} =0. Hence, 


| I. 1/2 
iil & 


This concentration can differ significantly from an equilibrium distribution because changing the 
illumination may change the rate of the forward reaction without affecting the reverse reaction. 
Contrast this situation to the corresponding equilibrium expression, in which [B],, depends on a 
ratio of rate constants for the forward and reverse reactions. In the equilibrium case, the rates of 
forward and reverse reactions cannot be changed independently. 


Solutions to applications 


A simple but practical approach is to make an initial guess at the order by observing whether the 
half-life of the reaction appears to depend on concentration. If it does not, the reaction is first-order; 
if it does, it may be second-order. Examination of the data shows that the half-life is roughly 90 
minutes, but it is not exactly constant. (Compare the 60—-150-minute data to the 150—240-minute 
data; in both intervals the concentration drops by roughly half. Then examine the 30—120-minute 
interval, where the concentration drops by less than half.) If the reaction is first-order, it will obey 


<] =-kt [19.10b] 
oa) 
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o_o 


6.5 sreed 


In{c/(ng cm~>)} 


P19.35 


ence nue UTeT One Tceer VaVPOT SPOT TOCOTTOL TSE] Sut TOnL WOTTTEOT SOTTO St INOTTTNeL Tent DSTI ESTTT TOSS NTE StteennOnan OSES te tent Sno Toate Teaeteetenee weston bes] 
. . . - 
. . . 
. “ 
. ‘ 


i 


ee a sessesarsansesserberesstesssenestsess Dee OOOTOSR, + 6.8564) 
7 : : H 
: | 
i 


If it is second-order, it will obey 


Tere [19.130] 
c 


Co 


See whether a first-order plot of In c versus time or a second-order plot of 1/c versus time has a 
substantially better fit. We draw up the following table. 


t/ min 30 60 120  ~=©150 240 360 480 
c/ (ng cm”) 699 622 413 292 152 60 24 
(ng cm™) /c 0.00143 0.00161 0.00242 0.00342 0.00658 0.0167 0.0412 


In{c(ngem®)} 6.550 —— 6.433, 6.023, 5.677 ~—s—S5.024 =~ 4.094 3.178 


t/ min 


(a) (b) 
Figure 19.9 


The data are plotted in parts (a) and (b), of Figure 19.9. The first-order plot fits closely to a straight 
line with just a hint of curvature near the outset. The second-order plot, conversely, is strongly 
curved throughout. Hence, the reaction is first-order. The rate constant is the slope of the first-order 


plot: k, = (0.00765 min~] =/0.459 bh’) . The half-life is (eqn. 19.11) 
In2s In2 
ON ae a 


k. 0.459 h” 
COMMENT. As noted in the problem, the drug concentration is a result of absorption and elimination of 
the drug, two processes with distinct rates. Elimination is characteristically slower, so the later data 
points reflect elimination only because absorption is effectively complete by then. The earlier data 
points, by contrast, reflect both absorption and elimination. It is therefore not surprising that the early 
points do not adhere so closely to the line so well defined by the later data. 


The initial rate is 
v, = (3.6x10° dm’ mol™ s')x(5x10° mol dm™)* x(10°° mol dm” 


The half-life for a second-order reaction is 


] 


t.., =——————- [19.13b 
mecingy FESO, 1, 


where ker is the rate constant in the expression 


~ Dt = 2v= kg HS; F 


P19.37 
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Comparison to the given rate law and rate constant shows 
kg = 2k, [HP = 2(3.6x10° dm’ mol s')x(10°* mol dm”) 
=4.5x10°dm’ mol" s” 


E | 
a ee eee Sy OE eee 
v2 ~(4.5x10° dm mol” s")x(5x10° mol dm>) ~ 


The rate of reaction is the rate at which ozone absorbs photons times the quantum yield. The rate at 
which ozone absorbs photons is the rate at which photons impinge on the ozone times the fraction 
of photons absorbed. That fraction is 1 — 7, where T is the transmittance. T is related to the 
absorbance A by 


A=-logT=eal so 1-T=1-10@ 
and es es (7 {(260am! mol” cm! )x(8x10~ moldm~ )x(10° cm) = 0.38 


If we let F stand for the flux of photons (the rate at which photons impinge on our sample of ozone), 
then the rate of reaction is 


(1x10" cm” s! ) (1000 cm’ dm’ ) 
(6.02210 mol”! )x(10° cm) 


=|5.9x10-" moldm” s™ 


v=9(1-T)F =(0.94)x(0.38)x 


D20.1 


D20.3 


D20.5 


D20.7 


Molecular reaction 
dynamics 


Answers to discussion questions 


The parameter A is called the pre-exponential factor or the frequency factor. The parameter £, is 
called the activation energy. Collectively, the two quantities are called the Arrhenius parameters. 


Plots of In &, versus 1/T (called Arrhenius plots) yield a straight line for many reactions over 
temperature ranges of interest. In such plots the intercept of the line at 1/7 = O (at infinite 
temperature) is In A and the slope is —E£,/R. For some reactions over some temperature ranges, 
though, the plot is not linear, and we describe the temperature dependence as non-Arrhenius. 
However, it is still possible to define an activation energy as 


E, = RT’ Co [20.2] 
dT 


This definition reduces to the earlier one (as the slope of a straight line) for a temperature- 
independent activation energy. The latter definition is more general, however, because it allows E, 
to be obtained from the instantaneous slope of an Arrhenius plot even if it is not a straight line (..e., 
the tangent of the curve at the temperature of interest). Non-Arrhenius behavior is sometimes a sign 
that quantum mechanical tunneling is playing a significant role in the reaction. 


Collision theory expresses a rate of reaction as a fraction of the rate of collision, on the assumption 
that reaction happens only between colliding molecules, and then only if the collision has enough 
energy and the proper orientation. So the rate of reaction is directly proportional to the rate of 
collision, and the expression of this rate comes directly from kinetic-molecular theory. The fraction 
of collisions energetic enough for reaction also comes from kinetic-molecular theory via the 


Boltzmann distribution of energy. 


In collision theory, the steric factor or P-factor is introduced as the probability that a collision 
energetic enough to lead to reaction actually does lead to reaction. This probability can be 
interpreted in various ways, such as the probability of proper orientation of colliding reactants. In 
the RRK model, the P-factor is the probability that sufficient energy is concentrated in a particular 
mode of motion that leads to reaction; thus, the complexity of a reacting molecule affects the steric 


P-factor. The RRK expression for the P factor is 


P= [ -=) [20.19a] 


where EZ is the energy needed to break the bond-critical for reaction, E is the energy available 
within the molecule for distribution over various modes of motion, and s is the number of modes. 


The Eyring equation (eqn. 20.40) results from activated complex theory, which is an attempt to 
account for the rate constants of bimolecular reactions of the form A+B — C* — P in terms of 
the formation of an activated complex. In the formulation of the theory, it is assumed that the 
activated complex and the reactants are in equilibrium, and the concentration of activated 


D20.9 


D20.11 


D20.13 


E20.1 (a) 
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complex is calculated in terms of an equilibrium constant, which in turn is calculated from the 
partition functions of the reactants and a postulated form of the activated complex. It is further 
supposed that one normal mode of the activated complex, the one corresponding to displacement 
along the reaction coordinate, has a very low force constant. Displacement along this mode leads 
to products, provided that the complex enters a certain configuration of its atoms, known as the 
transition state. The derivation of the equilibrium constant from the partition functions leads to 
eqn. 20.39 and in turn to eqn. 20.40, the Eyring equation. See Section 20.6 for a more extensive 
discussion. 


An expression of the rate constant for electron transfer is given by eqn. 20.58: 


k. = cH. (rye —A*G/RT 


This rate constant depends on the distance between donor and acceptor (r) through the function 
Hpa(r), which is given by eqn. 20.57; ke, decays exponentially with increasing r. The parameter 
in eqns. 20.57 and 20.61 determines how strongly k,, depends on distance. This parameter changes 
with the transfer medium. The standard Gibbs energy of the electron-transfer process (A,G°) affects 
the rate through the activation Gibbs energy and a quantity called the reorganization energy (A), as 
shown in eqn. 20.59. In systems where the reorganization energy is constant, the dependence of In 
k., on A,G° is given by eqn. 20.62; it is an inverted parabola in which the maximum rate occurs 
when A,G° = A. A more thorough discussion can be found in Section 20.8. 


The saddle point on the potential energy surface corresponds to the transition state of a reaction. 
The saddle-point energy is the minimum energy required for reaction; it is the minimum energy for 
a path on the potential energy surface that leads from reactants to products. Because many paths on 
the surface between reactants and products do not pass through the saddle point, they necessarily 
pass through points of greater energy, so the activation energy can be greater than the saddle-point 
energy. Thus, the saddle-point energy is a lower limit to the activation energy. 


Attractive and repulsive potential-energy surfaces are discussed in Section 20.11(b). An attractive 
surface is one whose saddle point is closer to reactants than to products so that the transition state 
occurs early in the reaction. On such a surface, trajectories in which excess energy is translational 
tend to end in products, whereas trajectories in which the reactant is vibrationally excited tend not 
to cross the saddle point and end in products. Conversely, on a repulsive surface, the oscillatory 
motion of a trajectory that has excess vibrational energy in the reactant enhances the likelihood that 
the trajectory will end in products rather than simply reflect back to reactants. 


Solutions to exercises 


E 
© ink (T.)=IndA-—* [20.1 
RT (7) pr POlal 


] Z 


Subtract these two expressions and solve for E,;: 


k. fee, 
kT) 3.80x102 7 
E, = RY = NI 106kJ mol 


1-2) 308K 323K 


For A, we rearrange eqn. 20.1(b): 


he k. xen /RT (3.80x107 moldm™ s!)x ee] 06x10" /(8.3145x308) 


=16.5x10" mol am s" 
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E20.2(a) Proceed as in Exercise 20.1 (a): 


R in| | 
k,(T)) _ (8.3145 JK™ mol')xIn3_ = 
eo 297K 322K 
E20.3(a) Let the steps be 
A+B=I (fast: ky, k, ) and IP (kp) 
Then the rate of reaction is 
d[P] 
= —— =k [I 
Vag All 
Applying the pre-equilibrium approximation yields 
 Mhaiye! arn.» geo x SEALE 
[AJB] Ok | Ke 
k kk 
and v= ar =k [A][B] with k= = 


Thus £,=E,(a)+E,(b)— E,’ (a) [20.4] =(25 + 10 — 38) kJ mol = 


COMMENT. Activation energies are rarely negative; however, some composite reactions are known to 


have small, negative activation energies. 
E20.4(a) The collision frequency is 
z=00,N, [20.9] 


16kT \"" 
where c,, = f ‘ar [20.10], o= md (20.7b] = 42’, and N= W 
m 


1/2 V2 
Therefore, z=0N, ee | =16pR’ (= 
mm mkT 


=16x(120x10° Pa)x(190x10"? m)’ 


V2 
ed ee A pine Lage sepsis yee) 
sa ux1.661x10~ kg u™' x1.381x10™ JK™'x303 Z| 


=11,13x10" s7 


The collision density is 


10 .-1 4 
7a 2M 20.12a]=2{ 2) = LIP s __120x10' Pa__ 
2 2\ AT 2 1.381x10~ JK™ x303 K 


=|1.62x10” s"' m* 


E20.5(a) 


E20.6(a) 
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For the percentage increase at constant volume, note that W, is constant at constant volume, so the 
only constant-volume temperature dependence on z (and on Z) is in the speed factor. 


gee TY) 8 (2) ———— (2) oe. 
EXCL Jy pea Z\G2 jy ~ 2T 
5 I a) 
Therefore “=== —} ——— };=0.017 
os i Ae 


so both z and Z increase by about |1.7 percent. 


The fraction of collisions having at least E, along the line of flight can be inferred by dividing out 


of the collision-theory rate constant (eqn. 20.18) the factors that can be identified as belonging to 


. <i —E_ i RT 
the steric factor or collisionrate f=e * . 


20 x 10° J mol? -6.9 a 
a = 6.9 x8) =e 1.041079 
a) Ga I= RT (8.3145 JK™ mol”) x (350K) f — 


20x 10° J mol™ nb * 
a eer ert SO =e" = a 
” RT (8.3145 JK~ mol) x (900K) f 0.069 


100 x 10° Jmol! ge = 
ee oe sO =e-** =|1.19x10 
RT @3145 7K" mol”) x (350K) f 


100 x 10° Jmol” 
RT (8.3145 JK™ mol) x (900K) 


(i i) Ae = 13.4 so fae =11.57x10% 


A straightforward approach would be to compute / =e er 


it to that at the old temperature. An approximate approach would be to note that f changes from 


at the new temperature and compare 


I= et to exp Proel| where x is the fractional increase in the temperature. If x is small, 
+x 


the exponent changes from —E,/RT to approximately —E,(1—x)/RT and f changes from /o to 
fx enFa(l-x\/RT _ g-F,/RT (e* (RT y= bs Py 


Thus the new fraction is the old one times a factor of fo“. The increase in f expressed as a 
percentage is 


748 x100% = Soho ho 


0 0 


70% "9 «100% = (f,* —1) x 100% 

(a) (i) f>* =(1.04x 107)" = 1.22 and the percentage change is 
(Gi) f* =(0.069)"°" = 1.03 and the percentage change is 

(b) Gi) f5*% =(1.19x 107)" = 2.7 and the percentage change is 


(ii) f-* =(1.57x10%)"™ = 1.16 and the percentage change is 
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8kT 


1/2 
ur N,e™'*" [20.18] 
mL 


E20.7(a) k= Pol 


We are not given a steric factor, so assume that P = 1. 


8x(1.381x10 JK)x (650K) 
1x (3.32x10 kg) 


se ~171x10° J 
Pl (8.3145 JK~ mol)x(650 K) 


=11.03x10° m? mol! s"| = 1.03107 dm? mol” s” 


COMMENT. Assuming that P = 1 is done because it is convenient in the absence of additional 
information, not because it is likely to be accurate. 


1/2 
k= 036310?) x{ x (6.022x10” mol") 


E20.8(a) The rate constant for a diffusion-controlled bimolecular reaction is 
ka =47R’ DN, [20.22] 
where D=D,+Dg=2x(6X 10° m’s")=1.2x 10° m’s7 
ky = 42x (0.5 x 10° m) x (1.2 x 10% m’ s“) x (6.022x10” mol”) 


, = [4.5 x10! m?* mol” s'|=|4.5 x10" dm? mol™ s™ 
E20.9(a) The rate constant for a diffusion-controlled bimolecular reaction is 


8x (8.3145 J K™ mol')x(298 K) _ 6.61x10" J mol” 


SRT 
k, =—— [20.25]= 


(a) For water, 7=1.00x 10° kgm’ s“. 


3 -1 _ 
= ee 6.61x10° m* mol s'|=|6.61x 10° dm* mol” s7 
1.00x10~ kgm™ s 
(b) For pentane, 7= 2.2x107 kg ms”. 


3 -1 — —- 
elk Tyo el = soni we nal |~ .0x10'° dm’ mol” s™ 


4 2.2x107% kg m™ $7 
E20.10(a) The rate constant for a diffusion-controlled bimolecular reaction is 


y, = 8RT 8x(8.3145 J K™ mol')x(320K) 
so 3x(0.89x107 kgm™'s7) 
=|8.0x10° m* mols] =/8.0x10" dm’ mols” 
Since this reaction is elementary bimolecular, it is second-order; hence, 


bi = Ae [Table 19.3, with k, = 2k, because 2 atoms are consumed] 
d 0 


| I a er NF a Ee CO 
2 x (8.0 10° dm° mol” s~) x (1.5 10~ mol dm~) : 


E20.11(a) The steric factor, P, is 


P= [Section 20.3(c)] 
Oo 


The mean collision cross-section is o= ad’ with d= (ds + dgy/2. 
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Get the diameters from the collision cross-sections: 


dx=(O,/2? = and ~—s dg = (op )'” 


2 
x(a)" (2) } e (o,!? +o?y 2 (0.95 nm’)! +(0.65 nm?)!/2}? 


so o=— 
4\i\ a ra 4 4 
= 
9.2x10” m’ - 
Therefore, P = ——~—————_ = 1.16 x10]. 
0.79x (107 m)’ [1.16107] 


E20.12(a) Since the reaction is diffusion-controlled, the rate-limiting step is bimolecular and therefore second- 
order; hence, 


d[P] 
—-=k [AITB 
where k, =47R°DN,[20.22]=42N,R'(D, +D,) 
aie. - 2RT Bice d 
=4z7N,x(R, +R.)X—| —— + — 120.241 = —— CR, + 2.) x] — 4+ — 


A B A B 


-1 -1 
k, = 2X 83145 IK Eis) )*<B13K) (655 +1820) x er 1 
3x (2.93107 kg m™'s”’) 655 1820 
= 3.04x10° m? mol s™ = 3.04x10° dm’ mols” 


Therefore, the initial rate is 


“ = (3.04x10° dm’ mol s)x(0.170mol dm™)x (0.350 mol dm~) 


=|1.81x10° mol dm= s™ 


COMMENT. If the approximation of eqn. 20.25 is used, k, = 2.37 x 10° dm’ mo!" s™. In this case the 
approximation results in a difference of about 25% compared to the expression used above. 


E20.13(a) The enthalpy of activation for a bimolecular solution reaction is [Section 20.7(a)] 
A'H = E, — RT = (8681 K - 303 K) x 8.3145 J mol K' = 69.7 kJ mot! 


2 
=e oe, B= Ga uae [20.46] = ae 
h Dp hp 


A*S/R .~—E,/RT ~E,/RT 
=Be""e™ : 


e= Ae 
Therefore, 4 =e Be“, implying that A*S = (In - | 
Be (1.381x 10 JK") x (8.3145J K™ mol") x (303K) 
6.626 x 10% Js x 10° Pa 
= 1.59x10''m? mols = 1.59 x 10'*dm’ mol” s™ 


[ 13 3 el 
and hence A*S = Rj In es hie =] 
1.59x10° dm° mols 


= 8.3145 JK™ mol x(-3.05) =|-25 JK™ mol}. 
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E20.14(a) The enthalpy of activation for a bimolecular solution reaction is [Section 20.7a] 


E20.15(a) 


E20.16(a) 


A‘H = E, — RT = 8.3145 J K” mol™ x (9134 K ~— 303 K) =#73.4 kJ mol! 


The entropy of activation is [Exercise 20.13a] 
AtS = R{ in -1) 
B 


_ kRT? 


hp® 


with B 


= 1.5910" dm? mol” s“ [Exercise 20.13a] 


7.78x10"4 


Therefore, A*S =8.3145 JK” mol" x| In} ————~ 
1.59x10 


JH =44.9] K™ mol". 


Hence, A'G = A'H — TA'S = {73.4 — (303) x (4.9 x 10°)} kJ mol =}-71.9 kJ mol” |. 
Use eqn. 20.47(a) to relate a bimolecular gas-phase rate constant to activation energy and entropy: 


$ = 
k =e’ Bee a E,/RT 


r 


-23 -1 2 ree, 
where 2-(). REY 199,46) = 0:381x10 TK7)xG38 Ky? x(8.3145 Jmol” K*) 
Pp (6.62610 Js)x(10° Pa) 


=1.98x10" m? mol s™ 
Solve for the entropy of activation: 


ats=R{Int-2) +2 
B T 


The derivations in Section 20.7(a) are based on a &, that contains concentration units, whereas the 
rate constant given here has pressure units. So 4, is not the given rate constant, but 


k, =7.84 x 10° kPa! s' x RT 


k, = 7.84 x 10° x (10° Pay’ s! x 8.3145 JK? mol x 338 K = 0.0220 m’ mo!” s 


Hence A*S =8.3145JK™ mol” +{in 


=|-91JK7 mol 


0.0220 m? mol s” Fi 58.6x10° J mol? 
1.98x10'" m* mol’ s™ 338K 


For a bimolecular gas-phase reaction, 
A‘ S = r{ int 2 +7 {Exercise 20.15(a)]=R igfs fg Pt = Rn 4-2) , 
B ‘ik B RT Z B 
2 
where B= = [Exercise 20.13(a)] 


For two structureless particles, the rate constant is 


1/2 
k.=N,o" (=) ee/2T 120.42] 
ML 
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The activation energy is [20.2] 


E. =~ prank, <p Wot eine” eling Xe 
dT dT £ mt 2 RT 
= { . RT 
aT. sRT- a eo 


so the pre-factor is 


1/2 1/2 
A - kav - no") eho et (eA%0/RT el!) = No (#7) el’? 
ml ml 


Hence, 


1/2 2 _— 2 
A'S=R InN,o pel tegxtts ieR = R mA 38 a : 
Tl 2 ph (AT) \ mu 2 


For identical particles, 
M= m/2 = (65 u)(1.661 x 10 kg u'/2 = 5.4 x 10 kg 


and hence, 
AtS =8.3145 JK" mol’ 
sed jp 0:35x(10" m)” x10° Pax6.626x10™ Js 8 Pes 
(1.381x10 JK x300 K)*” m#X5.4x10 kg 2 


=|-74 JK" mol” 


E20.17(a) At low pressure, the reaction can be assumed to be bimolecular (see Chapter 19.7). 


(a) A'S=R [na 2| [Exercise 20.16(a)] 


1.381x10 J K'x8.3145 JK™ mol x(298 K)’ 
6.626x10" Jsx10° Pa 
=1.54x10"' m? mol! s =1.54x10'* dm’ mol s™! 


2 
where B= an [Exercise 20.13(a)] = 
i4 


Hence, A*S =8.3145JK™ mol™ x} h———___—_—_- 
. 1.54x10° dm’ mol™ s 


=|-46 JK” mol” 


(b) The enthalpy of activation for a bimolecular gas-phase reaction is [Section 20.7(a)] 
A‘H = E, — 2RT = 10.0 kJ mol — 2 x 8.3145 J mol K™ x 298 K =}5.0 kJ mol” |. 


(c) The Gibbs energy of activation at 298 K is 
A'G = A‘H — TA‘S = 5.0 kJ mol! — (298 K) x (-46x107 kJ K7! mor) 


A‘G =+18.7 kJ mol 


E20.18(a) Use eqn. 20.51 to examine the effect of ionic strength on a rate constant: 


4.6x10 dm? mol™ s™ 2 


log k, = log k,° + 2Alzazpll” 
Hence, log k,° = log k,— 2Alzazp|/"* = log 12.2 — 2 x 0.509 x |1 x (-1)| x (0.0525)"” = 0.85 


and = &,° =[7.1 dm® mol” min | 
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E20.19(a) The rate constant for electron transfer is 


E20.20(a) 


P20.1 


k, =C{H,, (Pero? [20.58] 


The reorganization energy, A, appears in two of these factors: 


A‘G= 20.59] and C = —| ——— 
esi \ ART 


(A.G? +A) i < 
4A h 


1/2 
[20.60] 


V2 W2 
ye +A,G? +Ay)\ H,,’{ 2° | —(A,G® +Aay 
a ae =] ex 4ART | h \ART) ~~ \ 4aKT 


depending on whether the energies are expressed in molar units or molecular units. The only unknown 
in this equation is A. Isolating A analytically is not possible; however, one can solve for it numerically 
using the root-finding command of a symbolic mathematics package, or graphically by plotting the 
right-hand side versus the (constant) left-hand side and finding the value of A at which the two lines 
cross. Before we put in numbers, we must make sure to use compatible units. We recognize that 
Apa(r) and A.G* are both given in molecular units, but that the former is really a wavenumber rather 
than an energy. So we choose to express all energies in molecular units, namely, joules: 


Hpa(r) = he x 0.04 cm = (6.626 x 10° J s) x (2.998 x 10'° cm s") x (0.04 cm”) 


Hpa(r) = 8x10 J 


Hy2(m) (8x10 J? a “a eee at 
h (kT) 6.626x10™ Js\1.381x10 JK x298 K } 


A G® =-0.185 eV x 1.602 x10" JeV™ =-2.96x10™ J 


and = 4&T = 4x (1.38110 J K7) x (298 K) = 1.65x10°° J 


fT)". (4-2.96x10 J+ Ay 
Thus 37.5=8x10°|— |. exp} —————___,——— 
Gi] r( AX1.65x10" J 


where A= or 
For the same donor and acceptor at different distances, eqn. 20.61 applies: 


In ky, =— fr + constant 


The slope of a plot of k., versus r is —B. The slope of a line defined by two points is 


slope = AY = Mkaa has __g_ In 4.5110" - In 2.0210" 
ane m—h (1.23-1.11) nm 


so B=(12.5 nm" 


Solutions to problems 
Solutions to numerical problems 


If the rate constant obeys the Arrhenius equation (eqn. 20.1a), a plot of In &, against 1/7 should yield 
a straight line with slope —E,/R (eqn. 20.1b). Construct a table as follows. 
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K,/s orc 10°K/T ink 


2.46 x107 0 3.66 -6.01 
0.0451 20 3.41 -3.10 
0.576 40 3.19 0.552 


The points are plotted in Figure 20.1. 


In( & /s™) 


In (k,/s"') = -11667 K/T + 36.702 i 


0.0031 0.0032 0.0033 0.0034 0.0035 0.0036 0.0037 
K/T Figure 20.1 


The best-fit straight line fits the three data points very well: 
In (k,/s"') =-1.17 x 10* K/T + 36.7 


so Ey=—(-1.17 x 10* K) x (8.3145 J mol! K*) =(9.70 x 10° J mol] =(7.0 kJ mol 


P20.3 The relation between the equilibrium constant and the rate constants is obtained from 


AG? =-RTInK =A H® -TA S® 


k. -A.H® AS? ( A ) E.-E, 
so K=-—>=exp exp) ———_. | =| — |exp 
k. RT R A RT 


Setting the temperature-dependent parts equal yields 


A H® = E. — E’ ={-4.2-(53.3)] kJ mol = -57.5 kJ mol 


Setting the temperature-independent parts equal yields 


var} (2) 


A 


9 
so AS" = rin( 4) = (8.3145 JK" mot) Pa 


race —41.1J K" mol! 


The thermodynamic quantities of the reaction are related to standard molar quantities, most of 
which can be looked up in thermodynamic data tables. 

A H® =A,H®(C,H,)+A,H® (Br)—A,H®(C,H,)- A,H° (HBr) 
so A.H°(C,H,)=A,H°(C,H,)+A,H°(Br)-A,H°(HBr)- AH? 
and A. H®(C,H,) = [(-84.68) + 111.88 - (-36.40) — (-57.5)] kJ mol” = 
Similarly, 


S® (C,H) = [229.60 + 175.02 - 198.70 — (-41.1)] Jmol K7 = [247.0 JK7! mol” 
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Finally, A,G® (C,H,) = {-32.82 + 82.396 — (-53.45)}kJ mol! - A.G® 
= 103.03kJ mol” — A. G® 


but AG® =A H® -TAS® =-57.5kJ mol" —(298K)x(-41.1x 107 kJ K™ mol”) 


r 


= —45.3kJ mol” 


SO A,G® (C,H,) = [103.03 — (-45.3)] kJ mol™ =|+148.3 kJ mol” 


P20.5 Draw up the following table as the basis of an Arrhenius plot. 


TIK 600 700 800 1000 
10° K/T 1.67 1.43 1.25 1.00 
k,/ (cm? mol s“) 4.6 x 107 9.7x 10° 13x10 3.1x 10° 
In (k,/ cm? mol s“) 6.13 9.18 11.8 14.9 


The points are plotted in Figure 20.2. 


30 
1 2 
" 
S 
= 
Ry 10 
& 
0 1.0 2.0 
10° /(T/K) Figure 20.2 


The least-squares intercept is at 28.3, which implies that 


A/ (cm? mot! s") =e”? =2.0x 10” 


V2 
But comparison of eqn. 20.18 to the Arrhenius equation tells us that A= N sPo( 2) 
1 


A V2 
SO P= 1S) 
N,O0\ 8kT 


The reduced mass is 
M=m(NO,)/2 = 46 u x (1.661x10~ kg u') / 2 =3.8x10" kg 


so evaluating P in the center of the range of temperatures spanned by the data, 


_ . 20x10" (107 my mats” 1X3.8x10 kg 
(6.022x10” mol™')x0.60x(10° my | 8x1.381x10 JK x800 K 


=[65x10"| 
o” = Po= (6.5 x 10°) x (0.60 nm’) = = 


) 
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P20.7 Draw up the following table for an Arrhenius plot. 


8/°C —24.82 -20.73  -17.02 -13.00 -8.95 
T/K 248.33 252.42 256.13 260.15 264.20 


10°K/T 4027 3.962 3.904 3.844 3.785 
10*k/s' 1.22 2.31 4.39 8.50 14.3 
intk./s'> -901 ¢ -8.37 ©=273 \-707 --635 


The points are plotted in Figure 20.3. 


In (kr/ s”) 


—9 


In (k,/s') = -10349/T + 32.659 


45 
0.00375 0.0038 0.00385 0.0039 0.00395 0.004 0.00405 


K/T Figure 20.3 


A least-squares fit of the data yields the intercept +32.7 at 1/T = 0, which implies that 


inf 4) = 32.7 and hence that A = 1.53 x 10" s"'. The slope is 
S 


~1.035x10* K = E,/R and hence |E, = 86.0 kJ mol 
In solution A*H = E, — RT [Section 20.7(a)], so at —20°C, 


A‘'H = 86.0 kJ mol” — (8.3145 J mol! K™') x (253 K) = 483.9 kJ mol”! 


We assume that the reaction is first-order, for which, by analogy to Section 20.6(c), 


= Rt ond k, = Kt ay xe y Re 
hv hv 


with A*G=-—RTInK* 


Kt 


. _ KI ya 
Therefore, k, = Ae™™” =~ e-MG/RT =< eAtSR Q-AtHIRT 


We can identify A*S by writing 


-E, (RT -E, (RT 


e=Ae 


k. - ‘ eA'siR é 


and hence obtain 
AAS =R inf “| — 
kT 
= 8.3145 JK" mol" «af 


=|+19.6J] K7 mol}. 


Therefore, A*G = A‘H — TA'S = 83.9 kJ mol! — 253 K x 19.6 J K"' mol" =#79.0 kJ mo!™ 


(6.626x10 “J s)x(1.53x10"s™) )_ 
(1.381x10°° J K7')x (253 K) 
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P20.9 


P20.11 


Figure 20.4 shows that log 4, is proportional to the ionic strength even when one of the reactants is a 
neutral molecule. 


QS 


—0.16 


log k, =0.14517 — 0.1815 


log (k/dm? mol min) 
b 
on 


‘uel 


0 0.05 0.1 0.15 0.2 
Imol kg) Figure 20.4 


From the graph, the intercept at J = 0 is -0.182, so the limiting value of &, is 


k,° = 10°"? =(0.658 dm* mol min 


Compare the equation of the best-fit line to the logarithm of eqn. 20.49(b): 


ooo log k,° + log ues 


1 /H,0, Yet 


logk, = logk,°—log K, = logk,° —log 


which implies that tog Zt 7H =0.145/. 
Vos 


If the Debye-Hiickel limiting law holds (an approximation at best), the activity coefficients of I and 
the activated complex are equal, which would imply that log 7,5, = 0.1451. 


According to the Debye-Hiickel limiting law, the logarithms of ionic activity coefficients, % are 
proportional to /’” (where J is ionic strength). Thus, a plot of log k, versus /’” should give a straight 
line whose y-intercept is log k,° and whose slope is 24Z,Zp, where za and zg are charge numbers of 


the component ions of the activated complex (eqn. 20.51). The extended Debye-Hiickel law has log 
1/2 1/2 


———,~ |, So it requires plotting log 4, versus ae , and it also has a slope 
1+By"” 1+ By" 


of 2Az,Zp and a y-intercept of log k,°. The ionic strength in a 2:1 electrolyte solution is three times 
the molal concentration. The transformed data are in the following table and plots of log &, are in 
Figure 20.5. 


y proportional to 


[Na2SO,]/(molkg™) 0.2 0.15 0.1 0.05 0.025 0.0125 0.005 
k,/(dm?? mot” s*) 0.462 0.430 0.390 0.321 0.283 0.252 0.224 
| 0.775 0.671 0.548 0.387 0.274 0.194 0.122 
P?a+Br'”) 0.436 0401 0354 0.279 0215 0.162 0.109 


log k, 0.335 -0.367 -0.409 0.493 -0.548 -0.599 -0.650 


P20.13 


P20.15 
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g | ¥= 0.75656 +0.96815x A 
R* = 0.999 


Peaster adoserersenabeoreraemsteeenmare een Pitt ee eee see) 


-0.3 


-0.40 
sie bis sp 02.0.9 Bom BR BTS esol Ree eae ao borin 6g maitre Baca e pP 

we pf 
oS —O 50 Pe PCr ees CPPS Cee ecco recy © Seeeeeree = creer Creve ee eri reer rec ee eee rrr) re) T+ Bri? 

we Comets foo ollie te | ot ree eee 

+ ES ee bey : 
R = 0.896 
-0.70 
0.0 0.2 0.4 0.6 0.8 
pr or —2? , 
1487/2 Figure 20.5 


The line based on the limiting law appears curved. The zero-ionic-strength rate constant based on it is 
ko = 10° dm” mol” s* = 0.204 dm*” mol” s* 


The slope is positive, so the complex must overcome repulsive interactions. The product of charges, 
however, works out to be 0.5, not easily interpretable in terms of charge numbers. The line based on 
the extended law appears straighter and has a better correlation coefficient. The zero-ionic-strength 
rate constant based on it is 


k° =10°" dm*? mol” 7! = 0.175 dm?” mol” s7 


The product of charges works out to be 0.9, nearly 1, interpretable in terms of a complex of 


wo univalent ions of the same signi. 


For a bimolecular gas-phase reaction, 
A'H = E, ~ 2RT [Section 20.7(a)] 

so A*H=65.43kJ mol! ~2x 8.3145 J mol! Kx 300K = 
A'H=A*U + A'(pV) 

SO A'U = A‘ — A‘(pV) = A‘ — RTA Vga 


A‘U = 60.44 kJ mol ~ (8.3145 J K7 mol) x (300 K) x (-1) = 462.9 kJ mol 
Ats = Rin - 2) [Exercise 20.16(a)] 
kKRT? _ (1.381x10 JK~)x (300K)? x (8.3145 JK“ mol") 


hp? (6.626 x 10-™ Js) x (10° Pa) 
= 1.5610" m’ mol! s! =1.56x10" dm’ mol! s” 


where B= 


se) A*S = (8.3145 JK" mot) n 


=|-181 J K™ mol" 


A‘G = A'H — TA'S = 60.44 kJ mol — (300 K) x (-181 J K™ mo!) 
Atc =4114.7 kJ mol 


Estimate the bimolecular rate constant k, for the reaction 


4.07x10° dm?’ mol’ s* u 
1.5610" dm’? mol! s” 


Ru(bpy),”* +Fe(H,0),” > Ru(bpy),”* + Fe(H,0),* 


506 STUDENT SOLUTIONS MANUAL FOR QUANTA, MATTER, AND CHANGE 


P20.17 


P20.19 


by using the approximate Marcus cross-relation: 
k, = (kppkaaK)'” 
The standard cell potential for the reaction is 


E® = E®, (Ru(bpy),* )- ES, (Fe(H,0),** ) = (1.26-0.77) V = 0.49 V 
so the equilibrium constant is 


Sand 
Sip VFE® \ _ on( UN(96485 C mol” s 1 )0.49V)) _ 1 910° 
Re (8.3145 JK7 mol')(298K) 


The rate constant is approximately 
k, = {(4.0x10*° dm’ mo! s')(4.2 dm’ mol s™')(1.9 x 10°)}'7 
" 
Solutions to theoretical problems 
We are to show that eqn. 20.29 
(J) =[Je™ 


is a solution of eqn. 20.28, 


ant _ p20 
or “Or 


provided that [J] is a solution of 


—k, [IT 


i] ey] 
at Dl oe | 
ot ox? 
Evaluate the derivatives of [J]: 
OST _ OLS] +s aks v1 4 es, 
~k [Ile " ae Ee 
. ars ‘Le = Ox? ax? . 


Use the fact that [J] is a solution in the absence of reaction 


o’[J] aa 0° [J] —kt _ AS] enh! _ sy 
- ax? an he ot ot 


which gives us back egn. 20.28, as required. 


+k [Jje* 


The standard molar partition function is defined in Section 17.3(a) as the molecular partition 
function at standard pressure: 


: 


(T/K)'?(M/g mol)” 
1749 pm 


TR ae gel [Table 13.1] 


Tin 


A 


For T= 300 K, M=50 g mol’, 


i. 1.0270, (TIKY? 


‘(ABC /cem>)? [Table 13.1] 


q* (nonlinear) = 
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For 7~300 K, A= B=C =2cm", o~ 2, ¢(nonlinear) ~ 90d 


0.6950 (T/K) 
o “(B/ em") 


q* (linear) = [Table 13.1] 


For 7 = 300 K, Bx=\cm", o=l, q (linear) ws Rod 


Energies of most excited vibrational states in small molecules and of most excited electronic states 
are high enough to make q’ ~ ¢ =|I| 


N —6 
— = K? [20.40] = (82) {2E}{ SE Joana = Ae Plt 


T G e 


Pp A Wp 


If A and B are structureless molecules, then we use estimates from above to evaluate. 


1 EER RT Me 
ee ee 


Te eis "q' (linear) 


2°) «(1.410 )x(200) = 8x10° 
N, N, = (27°) x( )x (200) = 


(The factor of 2°” comes from mc = ma + mp =~ 2ma and q' « m>” .) 


= Al 
RT _ (8.3145 JK" mol’) x (300K) _, 5. 492 


m’ mol! 
p? 10° Pa 


—23 ~1 
ang KEE RE _(1.381x10 JK™)x BOOK) _ 65. 90 gt 
h oh 6.62610 Js 


Strictly speaking, EZ, is not exactly the same as AFp, but they are approximately equal—close 
enough for the purposes of estimating the order of magnitude of the pre-exponential factor. So once 
we identify E,~ AE, we identify the pre-exponential factor with everything other than the 
exponential term. Therefore, the pre-exponential factor 


_ (6.25x10" s')x(2.5x107 m* mol™')x(8x10°) 
(1.4x10’/ 


= 6.3X10° m? mol! s =|6.3x10° dm? mol”! s7 


According to collision theory [20.18], 
A= po( SE) N, 
TULL 
Take o = 0.5 nm? =5x10-” m’ as a typical value for small molecules: 


~23 4 v2 
8x(1.381x10~ JK Bsa K) <6.022x102 mol” 
a X(25 u)x(1.661xX10~° kgu™) 


=1.5x10° m? mol! s' xP. 


A=Px5x10°" m’ +{ 


The values are quite consistent, for they imply P=0.04, which is certainly a plausible value. If A 
and B are non-linear triatomics, then 


8 q. 
44 = (1.4x 10") x (900) = 1.3x 10" = 4B- 
A N, 


8 
Ae = (2°?) x 1.410") x(900)= 3.610" 
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(6.25x10'%s"')x(2.5x107 m* mol')x(3.6x10'°) 
(1.3x10") 


= 33 m>? mol” s? =|3.3x10* dm? mol” s™ 


Comparison to the expression from collision theory implies |P = 2107’ |. 


and Az 


P20.21 The diffusion process described is unimolecular, hence first-order, and therefore analogous but not 
identical to the second-order case of Section 20.6. We can write 


[A*]=K'[A] [analogous to 20.32] 
t= k*[A*] = xv*[A*] =v*[A*] = av K*[AJ=K [A] [20.33-20.35] 


Thus, k,=v'K*=y* (= T Pe 
| ; hy* g 


where q* and q are the (vibrational) partition functions at the top (missing one mode) and foot of 
the well, respectively. Let the y-direction be the direction of diffusion. Hence, for the activated atom 
the vibrational mode in this direction is lost, and 


q* =q,'"q,*" for the activated atom, and 


q= 4% Gq," for an atom at the bottom of a well 


For classical vibration, q” ~ SF ratte 13.1}= = 
hev hy 


Hence, k a (kT I vty’ @ An /AT _ a oo all ” el 
“RUG | wy wy 


(a) If y= Y, then k. = Ve” E,/RT = 10! s7! ie NE IMO) pe 5.4x10* 57! 


D=— ~ (18. 59] =- = Ak ater = — (period for vibration with enough cnn) 


k, 


= x (31610 m)* x5.4x10* s? =|2.7x10°8 m? s? 


(b) If v¥ = w2, then k = 4ve *" =2.2x10° s 
D=4x(2.7x10 m?s")= 


P20.23 The change in intensity of the beam, d/, is proportional to the number of scatterers per unit volume, 
N, the intensity of the beam, /, and the path length dL. The constant of proportionality must be the 
collision cross-section 0, the “target area” of each scatterer. Thus, od is the volume of scatterers to 
be encountered within the beam, and 


di=-oMdL. or din/J=-oNdaLl 
If the incident intensity (at Z = 0) is J) and the emergent intensity is J, we can write 
Int =-owkL or [Fale 
I 0 
P20.25 A+B>Ci>P 


e 
k, = x |x 20.40]- c ois ( ae ee e*4/RTF99,39] 
h h PY JG 
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We assume that the only factor that changes between the atomic and molecular case is the ratio of 
the partition functions. For collisions between atoms, 


q. =q, =10° =q° =. 


ce = (9c) 904 = (10° x (1) x 10") = 10” 


10” = 
k (atoms) « —————— = 10° 
cf ) 107° x 107 


For collisions between nonlinear molecules, 


Ge = (GRY (an Y**(qq) = 10" x (1) x (10) = 3x 10 = 92 
G2 = (a8 (gg y"""-*(ge) = (10?) x (1) x (10°) = 3 x 10” 


3x10” 


k (molecules) =3x10”! 
rf 1x 10° 


=23 


Therefore, k, (atoms) / k, (molecules) = so = 3107 |. 
x 


P20.27 For D+A>5D*+A 


the rate constant is 


k, = Kk,,[20.55] = Kxvte“'"" [20,56] 


eB 2 
@) atg=AS +4 19959) 

4A 

2 

sO A*G,,, = (0+ App)” _ Aon A‘G,, = LNG 

4 Aon 4 4 
and = A?G,, = (A,G® + Aga)” _ (AGP? +2A,GPAgy + Apa” 

4 Aon 4Ay, 


eB 
(b) If |A,G°|=A,,, then A‘G,, = a _ 


Assume 4,, = tae. = 2(A'G,, + A*G,,) 


AG? +A'G,, +A*G,, 
2 


(c) From the above expression based on eqns. 20.55 and 20.56, the rate constants for the self- 
exchange reactions are 


Hence, A‘G,, = 


t #K,, vie A 'Gan/ 87 and a ae vie Go! 
(d) Compare these results to the rate constant for the reaction of interest: 


at > st at 
k =K,, cvte Goal RT Koa KV ORT gS 8G aa /2RT A Gp /2RT 


K 
(e) Thus k. oti 2 1/2 DA. eG BRE 
(Kan on) (K K " 
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The constants Kp, and so on are equilibrium constants for diffusive pairing, i.e., for steps like eqn. 
20.53(a). It is reasonable to expect that Kp, ~(KaaKpp)'”, eliminating them from the expression. 
Finally, the equilibrium constant for the overall reaction is 


—A_G/RT 
e a 


so the exponential term in our expression is its square root. Therefore 


Solutions to applications 


P20.29 (a) The rate constant of a diffusion-limited reaction is 
-l =I 
ps =o. 25]= 8x (8.3145 JK he ae K) 
3x(1.06x10~ kgm™ s~) 
=|6.23x10° m? mol s™|=|6.23x10? dm’ mols” 
(b) The rate constant is related to the diffusion constants and reaction distance by 

ka=42R'DN, 

~_ ky —_ (2.7710 dm’ mol s')x(10° m’ dm”) 
4nDN, 4a@x(1xX10° m’ s')x(6.022x10” mol") 


= [4x10 m]=[0.4 nm 


P20.31 ‘For a series of reactions with a fixed edge-to-edge distance and reorganization energy, the logarithm 
of the rate constant depends quadratically on the reaction free-energy: 
(‘G*y) /AG* 
Ink, =-———-- 
. 4AKT 2kT 


so R 


+constant [20.62 in molecular units] 


Draw up the following table. 


A.G?/eV ky / (10s) In (Ke/s) 


—0.665 0.657 13.4 
—0.705 1.52 14.2 
—0.745 1.12 13.9 
0.975 8.99 16.0 
-1.015 5.76 15.6 


-1.055 10.1 16.1 


Plot In k., versus A. G° (Figure 20.6). 


es SNe 
(leet FY ee cae SS 
Sle Ae ey Se a Sl 


AGeV Figure 20.6 


P20.33 


P20.35 
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The least-squares quadratic fit equation is 
Ink,,/s' = 3.23-21.1(A,G® /eV)-8.48(A.G°/eV) _r* = 0.938 
The coefficient of the quadratic term is 


1 8.48 


— — 


2 ~19 —| 2 
Ee ga ___ 0.602 x10" FevIeV’ say 


4(8.48)kT  2(8.48)(1.381x 10 JK™")(298 K) 


The theoretical treatment of Section 20.8 applies only at relatively high temperatures. At 
temperatures above 130 K, the reaction in question is observed to follow a temperature dependence 
consistent with eqn. 20.58, namely, increasing rate with increasing temperature. Below 130 K, the 
temperature-dependent terms in eqn. 20.58 are replaced by Frank—Condon factors; that is, 
temperature-dependent terms are replaced by temperature-independent wavefunction overlap 
integrals. 


(a) The rate of reaction is 
v =k (CH, ][OH] 


7 te 3 i 
= (1.13x10° dm? mo!” xen bth ad ) 


(8.3145 JK mol')x(263 K) 


x(4.0x10* mol dm)x(3.0x107 mol dm) =[2.1x10" mol dm= s“'], 


(b) The mass is the amount consumed (in moles) times the molar mass; the amount consumed is 
the rate of consumption times the volume of the “reaction vessel” times the time. 


m = MvVt = (0.01604 kg mol™')x(2.1x107'° mol dm™ s7’) 
x(4x107' dm?)x(365x 24x 3600 s) 


=|4.3x10'' kg or 430 Tg}. 


D21.1 


D21.3 


D21.5 


Answers to discussion questions 


The Michaelis-Menten mechanism of enzyme activity models the enzyme with one active site, 
weakly and reversibly, binding a substrate in homogeneous solution. It is a three-step mechanism. The 
first and second steps are the reversible formation of the enzyme—substrate complex (ES). The third 
step is the decay of the complex into the product. The steady-state approximation is applied to the 
concentration of the intermediate (ES), and its use simplifies the derivation of the final rate expression. 
However, the justification for the use of the approximation with this mechanism is suspect. Both rate 
constants for the reversible step may not be as large (in comparison to the rate constant for the decay 
to products) as they need to be for the approximation to be valid. The mechanism clearly indicates that 
the simplest form of the rate law, v=v,,,, = k,[E],, occurs when [S], > K,,. In addition, the general 
form of the rate law does seem to match the principal experimental features of enzyme-catalyzed 
reactions. It provides a mechanistic understanding of both the turnover number and catalytic 
efficiency. The model may be expanded to include multisubstrate reactions and inhibition. 


As temperature increases we expect the rate of an enzyme-catalyzed reaction to increase. However, 
at a sufficiently high temperature, the enzyme denatures and a decrease in the reaction rate is 
observed. Temperature-related denaturation is caused by the action of vigorous vibrational motion, 
which destroys secondary and tertiary protein structure. Electrostatic, internal hydrogen bonding 
and van der Waals interactions that hold the protein in its active, folded shape are broken with the 
protein unfolding into a random coil. The active site and enzymatic activity are lost. 


The rate of a particular enzyme-catalyzed reaction may also appear to decrease at high temperature 
in the special case in which an alternative substrate reaction, which has a relatively slow rate at low 
temperature, has the faster rate increase with increasing temperature. A temperature may be reached 
at which the alternative reaction predominates. 

Figure 21.1 is a sketch of the enzyme-catalyzed reaction rate against substrate concentration both 


with and without product inhibition. Inhibition reduces the reaction rate and lowers the maximum 
achievable reaction rate. 


me me cm me ce wee cr ee a ee cre ee rm ee ee ee ee ee ae a ee ee ee 


Reaction rate without inhibition 


Reaction rate with product inhibition 


[S] Figure 21.1 


D21.7 


D21.9 
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AFM, atomic force microscopy, drags a sharp stylus attached to a cantilever across a surface and 
monitors the deflection of a laser beam from the back of the cantilever. Tiny changes in 
deflection indicate attraction to or repulsion from atoms on a sample surface. Since no current is 
involved, both conductive and nonconductive surfaces may be viewed. Surface damage is 
avoided by using a cantilever that has a very small spring constant. The method does not require 
a vacuum, and it has been applied in a liquid environment. Biological polymers may be viewed 
and nanometer resolutions have been achieved. However, an incorrect probe choice may cause 
image artifacts and distortions. Thermal drift of adsorbates may result in image distortions during 
relatively slow surface scans. 


FIM, field-ionization microscopy, points a tip, with a point radius of about SO nm, toward a 
fluorescent screen in a chamber containing about 1 mTorr to 1 nTorr of either hydrogen or helium. 
A positive 2-20 kV potential applied to the tip causes the hydrogen or helium gas adsorbate 
molecules to ionize and accelerate to the fluorescent screen. The image portrays the electrical 
characteristics of the tip surface and surface diffusion characteristics of the adsorbate are deduced. 
See the very interesting historical review of the technique in C&EN 83, no. 48 (November 28, 
2005): 13-16. 


LEED, low-energy electron diffraction, uses electrons with energies in the range 10-200 eV, which 
ensures diffraction from atoms only on or near the sample surface. Diffraction intensities depend on 
the vertical location of the atoms. The diffraction pattern is sharp if the surface is well-ordered for 
long distances compared with the wavelength of the incident electrons. Diffuse patterns indicate a 
poorly ordered surface or the presence of impurities. If the LEED pattern does not correspond to the 
pattern expected by extrapolation of the bulk to the surface, then either a reconstruction of the 
surface has occurred or there is order in the arrangement of an adsorbed layer. The interpretation of 
LEED data can be very complicated. 


SAM, scanning Auger electron microscopy uses a focused 1-5 keV electron beam to probe 
and map surface composition to a resolution of about 50 nm. The high-energy impact causes 
the ejection of an electron from a low-lying orbital, and an upper electron falls into it. The 
energy this releases may result either in the generation of X-ray fluorescence or in the 
ejection of a second electron, the Auger effect. The emissions are used to identify chemical 
constituents at interfaces and surfaces of conducting and semiconducting materials to a depth 
of 1-5 nm. 


SEM, scanning electron microscopy, uses magnetic fields to focus and scan a beam of electrons across 
a sample surface. Scattered electrons from a small, irradiated area are detected and the electrical signal 
is sent to a video screen. Resolution is typically between 1.5 and 3.0 nm. Nonconductive materials 
require a thin conductive coating to prevent electrical charging of the sample. 


STM, scanning tunneling microscopy, reveals atomic details of surface and adsorbate structure. 
Surface chemical reactions can be viewed as they happen. The tip of the STM, which may end ina 
single atom, can also be used to manipulate adsorbed atoms on a surface, making possible the 
fabrication of complex and yet very tiny structures, such as nanometer-sized electronic devices. The 
method is based on the quantum mechanical tunneling effect in the presence of a bias voltage 
between the STM tip and sample surface. A piezoelectric scanner is used to position and move the 
tip in very close proximity to the surface, and the electrical current of tunneling generates an image 
of the surface topography with a resolution in the nanometer range. Images of surface electronic 
states may be generated. A host of very interesting STM images can be viewed at 
http://www.almaden.ibm.com/Vvis/stm/gallery. html. 


In the Langmuir—Hinshelwood mechanism of surface-catalyzed reactions, the reaction takes place 
by encounters between molecular fragments and atoms already adsorbed on the surface. We 
therefore expect the rate law to be second-order in the extent of surface coverage: 


A+B—P v=k6,6, 


Insertion of the appropriate isotherms for A and B then gives the reaction rate in terms of the partial 
pressures of the reactants. For example, if A and B follow Langmuir isotherms (eqn. 21.11), and 
adsorb without dissociation, then it follows that the rate law is 
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E21.1(a) 


ae KKK, P. Pp 
(ire, Dat Kapa) 


The parameters K in the isotherms and the rate constant k are all temperature dependent, so the 
overall temperature dependence of the rate may be strongly non-Arrhenius (in the sense that the 
reaction rate is unlikely to be proportional to exp(—E, /RT). 

In the Eley—Rideal mechanism (ER mechanism) of a surface-catalyzed reaction, a gas phase 
molecule collides with another molecule already adsorbed on the surface. The rate of formation of 


product is expected to be proportional to the partial pressure, p, of the non-adsorbed gas B and the 
extent of surface coverage, 8, , of the adsorbed gas A. It follows that the rate law should be 


At+B-P v=kp,@, 


The rate constant, k, might be much larger than for the uncatalyzed gas-phase reaction because the 
reaction on the surface has a low activation energy and the adsorption itself is often not activated. 


If we know the adsorption isotherm for A, we can express the rate law in terms of its partial 
pressure, p,. For example, if the adsorption of A follows a Langmuir isotherm in the pressure 


range of interest, then the rate law would be 


~ kKp, Pz 
1+ Kp, 


Vv 


If A were a diatomic molecule that adsorbed as atoms, we would substitute the isotherm given in 
eqn. 21.13 instead. 


According to eqn. 21.33, when the partial pressure of A is high (in the sense Kp, > 1), there is 
almost complete surface coverage, and the rate is equal to kp, . Now the rate-determining step is the 
collision of B with the adsorbed fragments. When the pressure of A is low (Kp, <1), perhaps 
because of its reaction, the rate is equal to kKp,p,. Now the extent of surface coverage is 
important in the determination of the rate. 


In the Mars van Krevelen mechanism of catalytic oxidation, for example in the partial oxidation of 
propene to propenal, the first stage is the adsorption of the propene molecule with loss of a 
hydrogen to form the allyl radical, CH,=CHCH,. An O atom in the surface can now transfer to 
this radical, leading to the formation of acrolein (propenal, CH,=CHCHO ) and its desorption from 
the surface. The H atom also escapes with a surface O atom and goes on to form H,O, which 
leaves the surface. The surface is left with vacancies and metal ions in lower oxidation states. These 
vacancies are attacked by O, molecules in the overlying gas, which then chemisorb as O, ions 
reforming the catalyst. This sequence of events involves great upheavals of the surface, and some 


materials break up under the stress. 
Solutions to exercises 


The fast, reversible step suggests the pre-equilibrium approximation: 


_ (BHAI (A-) = XUAHIBI 
[AH][B] [BH™] 
Thus, the rate of product formation is 
ap) _ _,_{k,KIAHP [BI 
ae k,[AH][A] [BA] 


The application of the steady-state approximation to [A’] gives a similar but significantly different 
result: 


AAT ~ 4, [AH)[B]-K[AIBH"]-h[A [AH] =0 
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k,[AH][B] 


Therefore, [A - ] = —————————_ 
k,[BH™ ]+&,[AH] 
and the rate of formation of product is 


iA ABTIBI 
k,[BH*]+ k,[AH] 


d[P] _ 


= Le I= 


E21.2(a) Since v = —___m_ [21.4a], then 
1+Ky /{S], 
Venax = (1+ Ky /[S], )v 
= (1+0.046/0.105)x(1.04 mmol dm™® s“) 


=|1.50 mmol dm™ s”' 


E21.3(a) Kea: =Veux [E]p [21.5] 


=(0.425 mmol dm s*)/(3.60x10~ mmol dm~) =[1.18x10° s“] 


n=k.,/Ky [21.6] 
=(1.18x10° s)/(0.015 mol dm™) =|7.9x10° dm’ mol s 
Diffusion limits the catalytic efficiency, 7, to a maximum of about 10°-10° dm’ mol"! s”. Since the 
catalytic efficiency of this enzyme is significantly smaller than the maximum, the enzyme is not 
“catalytically perfect.” 
E21.4(a) Eqn. 21.8 describes competitive inhibition as the case for which @ =1+[I]/K, and a’ =1. Thus, 


Venax 


e— 
1+ a@K,, {S], 


By setting the ratio v([I] = 0)/v({I]) equal to 2 and solving for a, we can subsequently solve for the 
inhibitor concentration that reduces the catalytic rate by 50%. 


v((I] =0) _ [+e@a 1], 


re SS ee SED 

v(I])  1+Ky [SI 

_ 2(1+Ky [S],)—1 

Ky ASI 

_2(1+3.0/0.10)-1 _, 45 
3.0/0.10 

[]=(a-1)K, 


=1.03x(2.0x10% mol dm™) =|2.0x10~ mol dm” 


E21.5(a) The collision frequency, Zw, of gas molecules with an ideally smooth surface area is given by eqn. 18.15. 
[18.15;m=M/N,] 


W 


DCE! LE 
(2aMkT/N,)” 


px{(kgm™ s*)/Pa}x(10* m? /em?) 
{2mx(1.381x10 JK")x(298.15 K)x(kg mot”) /(6.022x10® mol”)} {44 /(kg mot)} 


= 4.825x10" mee tl cm” s* at 25°C 


{M /(kg mol yr 
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(a) Hydrogen (M= 0.002016 kg mol") 
(i) p = 100 Pa, Zw =|1.07 x 107 cm™ s™ 
(ii) p = 0.10 pTorr = 1.33 x 10° Pa, Zw = 


(b) Propane (M= 0.04410 kg mot”) 
(i) p a 100 Pa, Zw = [2 0 x 10 : cm Ss" 
(ii) p = 0.10 pTorr = 1.33 x 10° Pa, Zw = 


E21.6(a) A=nd’ /4=n(1.5 mm) /4=1.77x10° m? 
The collision frequency of the Ar gas molecules with surface area A equals ZwA. 


Zy _- A [18.15; m= M/N,] 


p=(ZyA)x(2"MkT/N,)° /A 
=(4.5x10” s)x{ 22(39.95x10° kg mol™)x(1.381x10 JK*) 
(425 K)/(6.022x10" mol) }"° /(1.77x10° m?) 


=1.3x10* Pa =|0.13 bar 


E21.7(a) The farther apart the atoms responsible for the pattern, the closer the spots appear in the pattern (see 
Example 21.3). Doubling the vertical separation between atoms of the unreconstructed face, which 
has LEED pattern (a), yields a reconstructed surface that gives LEED pattern (b). 


@o8 
(a) 


oy 
oy 
Nae’ 


E21.8(a) Let us assume that the nitrogen molecules are close-packed, as shown in Figure 21.2 as spheres, in 
the monolayer. Then one molecule occupies the parallelogram area of 2/3 r? where r is the radius 
of the adsorbed molecule. Furthermore, let us assume that the collision cross-section of Table 18.1 
(o = 0.43 nm? = 427”) gives a reasonable estimate of r: r = (0/41). With these assumptions the 
surface area occupied by one molecule is 


fbr Oe <195 (0/42) = V3 0/2x 
= V3 (0.43 nm’)/ 22 =0.12 nm’ 


In this model, the surface area per gram of the catalyst equals Ayolecuie/V where N is the number of 
adsorbed molecules. N can be calculated with the 0°C data, a temperature that is so high compared 
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to the boiling point of nitrogen that all molecules are likely to be desorbed from the surface ax 


perfect gas. 
760 Torr)x(133.3 Pa/Torr)x(3.86x10° m° | 
wv < pe _ {160 Tore)x(139 399 ee 1.04x10"" 
kT (1.381x10 J K™)x(273.15 K) 
AvcicueN =(0.12x10"* m?)x(1.04x10” ) =[12 m>| 
a 
vA 
r y 
660") : 
i 4 
: Figure 21.2 
E21.9(a) g--_ pitie 2a 
V Va tte 
This rearranges to [Example 21.4] 
V Foe 4 
Hence, Po PP, BP 
V, V, i Face 
Solving for V,,,,, 
= ee a ee = Beteties KR GSE = |133.6cm 


mon (p,/¥,—p,1¥,)  (760/1.443—145.470.286) Torr em 


E21.10(a) The enthalpy of adsorption is typical of|chemisorption| (Table 21.2) for which t)~ 10 s [21.23] 
because the adsorbate-substrate bond is stiff. The half-life for remaining on the surface is 


= re" /RT [21.23] = (10 s)x (g!20x1071(8.3145x400) y [E, =-A, A] = 


E21.11(a) See ey [21.9 and 21.11] 
m, 0, p, i+ Kp, 


which solves to 


Ke = MP2! typ, )—1 _ (mm, /m,)x(P,/ P)-1 1 
P, — (mp, /m,) 1—(m, /m,) P, 
_ (0.44/0.19)x(3.0/26.0)-1 1 


x 
1-(0.44/0.19) 3.0 kPa 


Therefore, 


~i 
(0.19 kPa!) x(26.0 kPa) -[083] pil] and @= (0.19)x(3.0) 


|) + (0.19 kPa) x (26.0 kPa) > (1) +(0.19)x@.0) — — 
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E21.12(a) C= = [21.11], which implies that p = (4, |. 
1+ Kp 1-0)K 
(a) p=(0.15/0.85)/0.75 kPa =|0.24 kPa 
(b) p =(0.95/0.05)/0.75 kPa =|25 kPa 
E21.13(a) C= PL [21.11], which implies that K = (3). & 
1+ Kp 1-@) \p 


Wocilteatty, inl pe) YES sing Ste Seta rea ary 
K, gt 4: R UT. 


Since 6,=6,, K,/K,=p,/p, and 


~1 
inv = See’? f 11 | eee t. «(se sp O97 
p RT T,) \831453K™ mol) (313K 298K 


which implies that p, = (12 kPa)x(e°'”) = 


E21.14(a) g=—2_ 121.11), whiah implies that =( 2 u 
1+ Kp 1=-@) \p 
-1 
Additionalip. ta] at js ee Ot arom” ob ar ee epee 
Se ae a mR F 
Since 6,=6,, K,/K,=p,/p, and 
- 
AH =-R n( 2 )( 2-2 
P2 th f 
=A 
= ~(8,3145 JK"! mot") xin by a] 
3.2x10° kPa) (250K 190K 


=|—12.4 kJ mol™ 


E21.15(a) The desorption time for a given volume is proportional to the half-life of the absorbed species, and 
consequently the ratio of desorption times at two different temperatures is given by 


t(2)/t(1) =t (2)/t,,, (1) = efa/R, /eFa/Rh [21.23] < ofall UTR 
Solving for the activation energy for desorption, Ey, gives 


E, = Rin{t(2)/¢(1)}(1/7,-1/ 5) 
= (8.3145 JK" mot xin{ 29 = | 1 1 ) 


27min) \1978K 1856K 
-|651 kJ mol 


The desorption time, ¢, for the same volume at temperature ¢ is given by 


at E4(VT-UT VR _ , = . l l : ‘ 
t=t(l)e = (27 min) exp (65 1x10’ J mol ')>{ 5- Te <)/ (8314s JK" mol | 


1 


1 
= (27 min exp {(78.3)x/ ——__ - —— 
ene {c Darra ah 


E21.16(a) 


E21.17(a) 


E21.18(a) 


P21.1 
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(a) At 298 K, t=| 1.6 x 10” minl, which is about forever. 
(b) At 3000 K, t=}2.8 x 10° min. 


The average time of molecular residence is proportional to the half-life of the absorbed species, and 
consequently the ratio of average residence times at two different temperatures is given by 


t(2)/t(1) =6,,(2)/ty, (1) = 8 /e®/*% [21.23] = ee UV AVR 
Solving for the activation energy for desorption, Eg, gives 
E, = Rin{t(2)/e(1)}(1/%-1/T)- 
= 
= (8.3145 JK" mot" xin{ 22 = { ; 


0.36s) \2362K 2548K 
=1611 kJ mol 


At 400K, t,, =te” [21.23]=(0.10 ps)xe™e mo 


At 1000K, ¢,, =t,e 4” [21.23]=(0.10 ps)xeo em 
(a) E, =15 kJ mol" 

ty. (400 K) = (0.10 ps)xe"*™"> =[9.1 ps}, f,,. (1000 K) = (0.10 ps)xe°™'* = 
(b) E, =150 kJ mol"! 


[ATPV(umol dm) | 0.60 | 080 | 14 | 20 | 30 | 
Kumoldm’s') | 081 | 097 | 130 | 147 | 1.69 | 


t,. (400 K) = (0.10 ps)xe’"™" =/4.1x10° sj, ¢,,. (1000 K) = (0.10 ps)xe°"™ =16.6 ts 


v=ko= eee (21.28a]} 
1+ Kp 


(a) Ongold, 6 = 1, and v=k.6 =constant, a reaction. 


(b) On platinum, 0 = Kp(as Kp <1), sov =k, Kpand the reaction is [first-order]. 


Solutions to problems 
Solutions to numerical problems 


We draw up the table below, which includes data rows required for a Lineweaver—Burk plot (1/v 
against 1/[S]o). The linear regression fit is summarized in Figure 21.3. 


1/Vjnax = intercept [21.4b] 

Vmax = I/intercept = 1 / (0.433 umol dm™ s~') = 

ki, = Vinax / [Elo [21.3b] = (2.31 pmol dm s“) / (0.020 ymol dm7*) = 
Kine = hy [21.5] © 

Kw = Vmax X Slope [21.4b] = (2.31 umol dm™ s“')x(0.480 s) = 
17 = Kea / Ky (21.6] = (115 8) / (1.11 pmol dm) =[104 dm? zmol s7} 
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y = 0.4796x + 0.4331 | 


R* = 0.9996 


1/{v Aumol dm™ s~!)} 
=) 


0.6 
0.4 +— 7 
0 0.5 1 1s 2 
1/{{ATP]umol dm~)} Figure 21.3 
P21.3 (a) The dissociation equilibrium may be rearranged to give the following four relationships. 
[E~] = K,,[EH)[H"] [EH}]=(EHI[H"* VK, 
[ES] = K,,,,[ESH)/[H ] [ESH, ] =[ESH][H" )/K;s, 


Mass balance provides an equation for [EH]. 
[E], =[E]+[EH]+[EH; ]+[ES ]+[ESH]+[ESH, ] 


= Ae (ERT | pep + ERIC] , AssalESEL egy y HESHIIE' 
[H'] Key [H"] Kes 


[E], -|ts [H"] + Bes lest 


Kuss (H"] 
[], Ke 


K,, [H'] 
- os eal aly 
~ Eb ~4LESH] where ¢, = p+ FLL, A ese and c, = y+ HL, Aca 


Cy Kegsy [H"] Key [H"] 


[EH] = 


1+ 


The steady-state approximation provides an equation for [ESH]. 


d[ESH] 


a7 Me[EHIIS]- &,[ESH] -,[ESH] = 0 


k, ee -i 
[ESH] = e+n eel = Ky [EHIIS] 


[E], -—<¢, Es 


2 


= rt SI 


Ky [SJE], /c, < [E],/¢, 


[ESH] = “= = 
14K [Sle,/c, 1+Ky(c,/¢,)[S] 


The rate law becomes 


K[E]/¢, om) 
1+ Ky (c,/c,)[S] 1+Ki, /[S] 


af: K 2€. K 
where Vig, = k,[E]q/ ea = Vere! pe HLL, ese 
Ky, [H'] 


y = d[P]/dt =k, [ESH] = 
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+ K + K 
and Kk al ee 
Key [H ] Kesp [H ] 


(b) v4, = 1.0x10 mol dm™ s™ Kys, =1.0x10° Kis, =1.0x10" 
Figure 21.4 shows a plot of v.,, against pH. The plot indicates a maximum value of v., at pH = 


7.0 for this set of equilibrium and kinetic constants. A formula for the pH of the maximum can be 


, 


ay 


, io! ae 
derived by finding the point at which ay =(. This gives 


[H" nae = (Kegs Kesp)”” = /(1.0x10% mol dm™)(1.0x10~% mol dm*) = 1.0x10” mol dm® 


which corresponds to |pH = 7.0}. 


0.1 


0.8 


2 
an 


© 
ih 


ex 
10 mol dm=-3 5! 


0.2 


Figure 21.4 
(c) Vax =1.0X10° moldm™ s Ky, =1.0X10%  Kyg, =1.0x10™" 


Figure 21.5 shows a plot of v. against pH. The plot once again indicates a maximum value of 
v_ at pH = 7.0 for this set of equilibrium and kinetic constants. However, the rate is high over a 
much larger pH range than appeared in part (b). This reflects the behavior of the term 
1+[H"]/K,., +Kgs, /[H’] in the denominator of the v.,. expression. When K,,, is relatively 
large, large [H*] values (low pH) cause growth in the values of v_,,. However, when K,,, is 


relatively small, very small [H*] values (high pH) cause a decline in the v. values. 


] 


10-6 mol dm s~! 
© 
LA 


Figure 21.5 
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P21.5 


P21.7 


Refer to Figure 21.6. 


Figure 21.6 


Evaluate the sum of +1/r;, where r; is the distance from the ion i to the ion of interest, taking +1/r 
for ions of like charge and —1/r for ions of opposite charge. The array has been divided into five 
zones. Zones B and D can be summed analytically to give —In 2 = —0.69. The summation over the 
other zones, each of which gives the same result, is tedious because of the very slow convergence of 
the sum. Unless you make a very clever choice of the sequence of ions (grouping them so that their 
contributions almost cancel), you will find the following values for arrays of different sizes 


10 x 10 20 x 20 50 x 50 100x100 200 x 200 
0.259 0.273 0.283 0.286 0.289 


The final figure is in good agreement with the analytical value, 0.289 259 7... . 


(a) For a cation above a flat surface, the energy (relative to the energy at infinity and in multiples of 
e? / 47er, where ro is the lattice spacing (200 pm)) is 


Zone C+ D+ E=0.29 — 0.69 + 0.29 = which implies an attractive state 

(b) For a cation at the foot of a high cliff, the energy is 

Zone A+B+C+D+E=3x0.29 +2 x (0.69) = 10.51], which is significantly more attractive 
Hence, the latter is more likely the settling point (if potential energy considerations such as these are 


dominant). 


Refer to Figure 21.7. 


Figure 21.7 


The (100) and (110) faces each expose two atoms, and the (111) face exposes four. The areas of the 
faces of each cell are (a) (352 pm)’ =1.24x107%cm’, (b) V2 x(352 pm)? =1.75x107"%cm?, and 
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(c) ¥3x(352 pm)’ = 2.15x10"cm?. The numbers of atoms exposed per square centimetre, the 
surface number density, are therefore 


y) 


124x10 "cm? 1.61 x 10° cm” 
* x cm 


(a) 


(b) per Pe 1.14 x 10% cm? 


1.7510 cm? 


4 
(c) —_—_—_—_—_-—— =|1.86 10° em” 


2.15 x107 cm? 


The collision frequency, Zw, of gas molecules with a surface is given by eqn. 18.15. 


[18.15; m=M/N,] 


WwW 


= ion 
(2"MkT/ N,) 
7 px{(kg m™ s*)/Pa}x(10* m? /cm”) 
{2ax(1.381x10 JK*)x (298.15 K)x(kg mol) /(6.022x10" mot") {44 /(kg mot")} 


= 4895x109" ee! cm” s7 at 25° C 


{M / ( kg mol! yr 


(a) Hydrogen (M= 0.002016 kg mo!”') 
(i) p = 100 Pa, Zw = 1.07 x 107’ cm” s* 
(ii) p = 0.10 pTorr = 1.33 x 10° Pa, Zw = 1.4 x 10 cm? s* 


(b) Propane (M= 0.04410 kg mol") 
(i) p= 100 Pa, Zw = 2.30 x 10° cm” s* 
(ii) p = 0.10 pTorr = 1.33 x 10° Pa, Zw =3.1 x 10° cm” s* 


The frequency of collisions per surface atom, Z, is calculated by dividing Zw by the surface number 
densities for the different planes. We can therefore draw up the following table. 


Hydrogen Propane 
Z(atom™ s') 100 Pa 10” Tor 100 Pa 107 Torr 
(100) 6.6 x 10° 8.7 x 10° 1.4 x 10° 1.9 x 10° 
(110) 9.4 x 10° 1.2 x 10° 2.0 x 10° 2.7 x 10° 
(111) —~ —$8.x 1 (boa ae 1.2 x 10° Ly eo 


ee 
Von (1—z){1-(1-c)z} 


This rearranges to 


P21.9 [at.ts BET isotherm, z 2 
p 


faa , =z 
(-zVv  cV, cV. 


ion mon 


A plot of the left-hand side, z/(1 — z)V, against z should result in a straight line if the data obey the 
BET isotherm. Should it be linear, a linear regression fit of the plot yields values for the intercept 
and slope, which are related to c and Vion by 


1/ CV non = intercept and (c — 1) CV mon = slope 
Solving for c and Vio, yields 


c= 1+ slope/intercept and Vion = 1/(c x intercept) 
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We draw up the following tables. 
(a) O°C, p* = 429.6 kPa 


p/kPa 140 37.6 65.6 79.2 82.7 100.7 106.4 

10°z 32.6 87.5 152.7 184.4 192.4 234.3 247.7 
10°z 

aoa ien 3.03 711 12.1 14.1 15.4 17.7 20.0 


(b) 18°C, p’ =819.7 kPa 


p/kPa 5.3 84 144 292 62.1 740 801 102.0 
10°z 6.5 10.2 176 356 75.8 903 97.8 124.4 
10°z 


(1~z)(V /cm’) 


0.70 Loe 174° S27 a5 7.58 8.08 10.1 


The z/(1 — z)V against z points are plotted in Figure 21.8. It is apparent that the plots are linear, so we 
conclude that the data fit the BET isotherm. The linear regression fits are summarized in the figure. 


20 


a (a) 12 (b) 
roe | re 
y apd — y= 79.527x+ 0.3036 
Me 10 | R?= 0.9994 
& 
tn | 
x 10 
NS | 
| 
| 
S 
wy 5 


0 0.1 0.2 0.3 0 0.05 0.1 0.15 
z Z Figure 21.8 


(a) Intercept = 0.4638 x 10° cm™ and slope = 76.12 x 10° cm™ 
c= 1+slope/intercept = 1 + 76.12/0.4638 = 
Vnon = Me x intercept) = 1/(165 x 0.4638 x 10° cm”) = 
(b) Intercept = 0.3036 x 10° cm and slope =79.53 x 10° cm™ 
c= 1+ slope/intercept = 1 + 79.53/0.3036 = 
Vinon = 1/(e X intercept) = 1/(263 x 0.3036 x 10° cm™) = 


P21.11 @=c,p' [Freundlich isotherm, 21.19] 


We adapt this isotherm to a liquid by noting that w, » @ and replacing p by [A], the concentration of the 


c . . 1 
acid. Then w, =c, [A] 2 (with c), c. modified constants), and hence log w, = loge, be ROA) . We 
2 


draw up the following table. 


ae we oe! SN Oe TS Se 
[A]/(mol dm’) 0.05 0.10 0.50 1.0 1s 
log([A]/mol dm~) -130 -1.00 -0.30 -000 0.18 
log(@, / g) -140 -122 092 -0.80  -0.72 


P21.13 


P21.15 
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These points are plotted in Figure 21.9. They fall on a reasonably straight line with slope 0.42 and 
intercept —0.80. Therefore, c, =1/0.42 = and ¢, =[0.16]. (The units of c; are bizarre: c, = 
0.16 g mol®* dm'”). 


log(w,/g) 


0.5 0 0.5 -1.0 —1.5 
log({A]/(mol dm? )) Figure 21.9 


Taking the natural logarithm of the isotherm c,,, = Kc..” gives 


Inc,,, =In K + (Inc, )/n 


so a plot of Inc,,, versus Inc,, would have a slope of I/nand a y-intercept of InK. The 
transformed data and plot are shown in Figure 21.10. 


2.0 2.5 3.0 3.5 4.0 
In 503 Figure 21.10 


cAmeg) 8.26 15.65 25.43 31.74 40.00 


c,,(mgg") 441 192 35.2 52.0 67.2 
In c,, 2.11 2.75 3.24 3.46 3.69 


In Cy 148 295 356 395 421 


a Eee mg g! = 0.138 mg g" and n=1/1.71 = [0.58] 


To express this information in terms of fractional coverage, the amount of adsorbate corresponding 
to monolayer coverage must be known. This saturation point, however, has no special significance 
in the Freundlich isotherm (i.e., it does not correspond to any limiting case). 


The Langmuir isotherm is 


g=—P_ =” 59 n(l+Kp)=n_Kp and 2 =P 4 
1+Kp n, n on, Kn 
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So a plot of p/n against p should be a straight line with slope 1/7, and y-intercept 1/Kn_. The 
transformed data and plot (Figure 21.11) follow. 


p/kPa 31.00 3822 53.03 76.38 101.97 130.47 165.06 182.41 205.75 219.91 


n/(mol kg”) 100 1.17 1.54 2.04 249 290 3.22 3.30 3.35 3,36 


pin 


Paoli” kg 31.00 32.67 3444 3744 4095 44.99 51.26 55.28 61.42 65.45 


70 


y= 24.641 + 0.17313 
Sees : 


(p/n)/(kPa mot"! kg) 


40 


0 50 100 «84150 6©2000=—s_ 250 300 
p/kPa Figure 21.11 


] 
———$_—_————— =|5.78 mol kg"! 
n,, = 0. 17313 mol! kg 


The y-intercept is 


1 1 
K =. Se ee ee 
Kn. bn, (24.641 kPa mol kg) x (5.78 mol kg") 


K =7.02 x 10° kPa” = 
Solutions to theoretical problems 
P21.17 (a) A+P > P+P autocatalytic step, v = k[A][P] 


Let [A]=[A], —x and [P]=[P], +x. 


We substitute these definitions into the rate expression, simplify, and integrate. 


- 4) aye 
a ik yet 


. I 4 Ms = 
((A],-=)((P] +2) 
1 1 
[A], +[Pl, aces - “Ls cea °S 
1 1 
faa1Py, res “x Pl, ma} sho 


1 [A], ‘ [P], +x 2 
[A], +{P], (m(rapes| | [PI | c 


{tee iss) tobe 


CO") ee ee | 
(i once aaa 

1 [P] Pe ae | olRh. 
(3) atom where a=k([A], +[P],) and As Tay 


Leer 


[A], +[P], -[P] 


[P]=([A], +[P], )be” - be” [P] 


(1+4e*)[P]=[P], ae at =P (1+ ;) be” =[P], (6+1)e” 


(b) See Figure 21.12(a). 


Autocatalytic Process 


[P]/[Plo 


Figure 21.12(a) 


The growth to [P] reaches a maximum at very long times. As f—00, the exponential term in the 
denominator of [P]/[P], =(b+1)e% /(i+be*) becomes so large that the denominator becomes 
be”. Thus, ([P]/ Pe =(b+1)e” /(be“) =(b+1)/b whereb=[P], /[A],, and this maximum 
occurs as t+, 

The autocatalytic curve [P]/[P], =(b+1)e% /(1+e% ) has a shape that is very similar to that of the 
first-order process [P] /[A] » =1-e™ . However, [P]max = [A]o at f+00 for the first-order process. 


whereas [P]max = (1 + 1/b)[P]o for the autocatalytic mechanism. In a series of experiments at fixed 
[A]o and assorted [P]o, only the autocatalytic mechanism will show variation in [P],... Another 
difference is that the autocatalytic curve is initially concave up, which gives an overall sizmoida! 
curve, whereas the first-order curve is concave down. See Figure 21.12(b). 
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First-Order Process 


[PI/[A]o 


Figure 21.12(b) 
(c) Let [P| be the concentration of P at which the reaction rate is a maximum and let fmax be the 


corresponding time. 
v=k[A][P]=«([A], -x)([P], +x) 
= k{[A], [P], +([A],-[P],)=-2"} 
~ = k([A], -[P], -2z) 


The reaction rate is a maximum when dv/d¢ = 0. This occurs when 
= [A], -[P], or Ph = b a 1 


-[P] —I[pl = p= 28tle 
x [ 1 [ i 3 [Pi ?b 
Substitution into the final equation of part (a) gives 
P Ang 
[P| : 2b 1+be™™ 


Solving for tax, 
1+be%™ = 2be%™ 
eo Mnax = a 


at, = In(b') = —In(0) 


1, =|-~In(b) 
a 


4) gar 
(d) Fe A{A] [P] 


(Al=4-% Pl=R+x, TIS oa 4-9 R40) 


dx 
ercrrae 
(A, ~ x) (Fp +x) 
Solve the integral by partial fractions. 


RTS ES ee Tee 
(4,-x) (P.t+x) (4-x" A-x Bt+x 


(A, -x)°(R +x) 


Pat+ARB+Ay=l 
at+(A,-F)B-24,7=0 
-B+yv=0 


Lh P 


Les we dk ee @ 


entibes ct oben ot ——i—io eae ae ht A 


This set of simultaneous equations solves to 


1 
ee: aL 


Therefore, 


mater cere 
sCerd Ceturauee We 


gers ergs ter rere 
A, +P, }|\ A(4,— a ee oP, 


Ve 
Therefore with y = ri and p=—-, 


A 


A, (A, + Fy )kt = [| Has iol 


The maximum rate occurs at 


oe) 
} 


—=0, v,=A{A]’[P] 
and hence at the solution of 


a 2 AIP] _ 
24{ Z Joma 7 70 


—2k{A][P]}y, +A[A]} vp =0 [asv, =—v,] 
k[A]((A]-2[p])vp = 


The rate is a maximum when [A] = 2[P], which occurs at 


A—x=2R,+2x, or x=1(4-2R); y=4(1-2p) 


Substituting this condition into the integrated rate law gives 


1 1 1 
A, (Ag + Fo it ax (5) 50-29] 


or (A, + RY Rtg, = 5 - p—ln 2p 


(e) 


=k(4,—x)(R+x) [x=P-R] 


= Pe 
TEES, 
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Integrate by partial fractions (as in part d). 


sOert codmicers Exe ob 
allah alte} 
‘(salle zis | Gea bares: = {| 


Therefore, with y = —- and 


fy 
es 


4 


4,(4 +B) kt = 


The rate is maximum when 


a anfay| “E}. «(her 


= 2k{A][P]v, -&[P] vp =k[P](2[A]-[P])», = 


—that is, at [A]= ¥[P]. 


On substitution of this condition into the integrated rate law, we find 


Say ae A ew  () 
Alda + Fo) seecslatedae 


Be ted a 
2p p 


ee ee 


P21.19 Assuming a rapid pre-equilibrium of E, S, and ES for eqn. 21.1 implies that 
k [ES] 
k [EI[S] 


But the law of mass balance demands that [E]=[E], -[ES], so [ES]=X([E], -[ES])[S], and 
solving for [ES], we find that 


[E], 


aoe 
K{S], 


and [ES]=K[E][S] 


[Es] = 


where the free substrate concentration has been replaced by [S]o because the substrate is typically in 
large excess relative to the enzyme. Now substitute the latter expression into the Michaelis-Menten 
rate law [21.1]. 


k,[E], 
l 
1+ 


v=k,[ES]= where v,,, =k, [E], 


K{s], 


(rate law based on rapid pre-equilibrium approximation) 


P21.21 
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With K,, =(k, +k,)/k, eqn. 21.2 is 


Vnax 


v= (rate law based on steady-state approximation) 


1+ 2M 

[S], 

Inspection reveals that the two approximations are identical when Ky = 1/K, which implies that 
(ki +k,)/k, =k, /k, or [kz > k, | 


(a) We add to the Michaelis-Menten mechanism [21.1] the inhibition by the substrate 


SES = ES+S K, =[ES][S)/[SES] 


531 


where the inhibited enzyme, SES, forms when § binds to ES and thereby prevents the formation of 
product. This inhibition might possibly occur when S is at a very high concentration. Enzyme mass 
balance is written in terms of [ES], Kj, Ky (= [E][S]/[ES]), and [S]. (For practical purposes the free 
substrate concentration is replaced by [S]o because the substrate is typically in large excess relative 


to the enzyme.) 


[E], =[E]+[ES]+[SES] 


Thus, 


v=k,[ES]=———™———_ where v,,, =k,[E], 


The denominator term [S]o/K, reflects a reduced reaction rate caused by inhibition as the 


concentration of S becomes very large. 


(b) To examine the effect that substrate inhibition has on the double reciprocal, use the 
Lineweaver—Burk plot of 1/v against 1/[S]o to take the inverse of the above rate expression and 


compare it to the uninhibited expression [21.4b]: 


ee ee 
t-te} [21.4b] 


The inverse of the inhibited rate law is 
rose ey Yee ee 
ee es oe [S], ae «i [S], 


ay ST 
No pt. eX, [S], 


max 
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The uninhibited and inhibited line shapes are sketched in Figure 21.13. 


Substrate inhibition at high concentration 


liv 


Without inhibition 


1/Sly Figure 21.13 


Comparing the two expressions, we see that the two curves match at high values of 1/[S]o. 
However, as the concentration of [S]o increases (1/[S]o decreases), the 1/v curve with inhibition 
curves upward because the reaction rate is decreasing. 


P21.23 For association: 


dR 
a honda Ry —R) [21.26] 


= k,,a)at 
Ry —R 
R f 
I = = [oa @qalt =k, ,4ot 
0 Be —-R 0 


—In(R,, — R) lo = Kon %! 


=R 
-u(* |; Kon Ant 


R 


eq 


P21.25 


P21.27 
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of 2 | ete 
R., 


R=R,e™ where k, = kop 


Solutions to applications 


Equilibrium constants vary with temperature according to the van’t Hoff equation [17.28], which 
can be written in the form 


K, _ {4 
Ki 


or 


K, 160x10’Jmol™ { 1 l 0.02471 
K, | ere mol” Es az) a 


As measured by the equilibrium constant of absorption, NO is less strongly absorbed by a factor of 
0.0247 at 500°C than at 400°C. 


(a) eter = K(RH)"" 


With a power law regression analysis we find 


k= 0.2289], standard deviation = 0.0068 
Un = 1.6182, standard deviation = 0.0093; [n=0.6180 
R=0.999508 


A linear regression analysis may be performed by transforming the equation to the following form 
by taking the logarithm of the Freundlich type equation. 


ng =ink + twRH) 
fn 


Int =—1.4746 standard deviation = 0.0068; |k = 0.2289 


| 1.6183, scmmdend deviation = 0.0093; [n = 0.6180 
n 
R = 0.999508 


The two methods give uactly Gite same cesalt because the software package for performing the power 
law regression perfonms Ge Gaesiacsates = imear form for you. Both methods are actually 
performing a linear regscssom. The Gomeiiies coefficient indicates that 99.95% of the data variation 
is explained with the Freundic®?)| Ge Sette The Freandlich fit hypothesis looks very good. 


(b) The Langmuir isothenmm made! Gesccites a@serpsem ste: thai are independent and equivalent. 
This assumption seems t be wal Gee Ge WOC cee m= which molecales interact very weakly. 
However, water molecules Iniezact Gmc G@agee Seely Geomch forces soch as hydrogen bonding, 
and multilayers can readily forms: af Ge ewer Sempecserss. The intermolecular forces of water 
apparently cause adsorption sites 9 esume see—cauewaiest and dependent. In this particular case. 
the Freundlich-type isotherm becomes The Sem Geacooner 
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(c) Wor =!—water Where Moc = Yyoc / Fvoc,rH=0 

hog =1=- k(RH)"” 

ly oe = k(RED!" 


To determine the goodness-of-fit values for k and m, we perform a power law regression fit of 
1—ro¢ against RH . Results are 


k = 0.5227], standard deviation = 0.0719 


2 = 1.3749, standard deviation = 0.0601; |n = 0.7273 
n 
R = 0.99620 


Since 99.62% of the variation is explained by the regression, we conclude that the hypothesis that 
Kyo =1-warer May be very useful. The values of R and n differ significantly from those of part 


(a). It may be that water is adsorbing to some portions of the surface and VOC to others. 


This solutions manual provides detailed solutions to the “a” exercises, and the 
odd-numbered discussion questions and problems that feature in Quanta, 
Matter, and Change by Peter Atkins, Julio de Paula, and Ronald Friedman. 
Intended for students and instructors alike, the manual provides helpful 
comments and friendly advice to aid understanding. The Student Solutions 
Manual is an invaluable resource wherever Quanta, Matter, and Change is 
used for teaching. 
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